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Abstract

Spectral methods rely fundamentally on the stability of principal eigenspaces under ran-
dom perturbations. Classically, this stability is quantified by the Davis-Kahan and Wedin the-
orems, which bound the eigenspace error using the operator norm of the noise and the relevant
spectral gaps. While these worst-case bounds are sharp for arbitrary deterministic perturba-
tions, they can be wasteful in the low-rank signal-plus-random-noise setting, as they fail to
capture the fine-grained interaction between the signal geometry and the noise distribution.
In this paper, we study the spectral perturbation of signal-plus-noise matrices corrupted by
sparse, random noise with an arbitrary, inhomogeneous variance profile. We demonstrate that
under heterogeneous noise variances, the empirical eigenvectors suffer a systematic, deter-
ministic geometric bias that is entirely invisible to classical perturbation bounds. By leverag-
ing the Quadratic Vector Equation (QVE) and establishing fine-grained isotropic local laws,
we derive near-optimal, non-asymptotic perturbation bounds for the leading eigenspaces in
the operator and 2 — oo norms. The bounds separate the usual signal-to-noise contribution,
stochastic fluctuations, and structured geometric bias terms determined by the alignment be-
tween the signal eigenspaces and the row-wise variance profile. We further develop refined
rowwise bounds that adapt to the variance-weighted leverage of the signal space, leading to
sharper guarantees in delocalized regimes.

As applications, we establish strong consistency of adjacency spectral clustering for degree-
corrected stochastic block models with heterogeneous degree parameters and unbalanced
communities, recovering the logarithmic expected-degree scale in the regular balanced case.
We also study spectral embedding for generalized random dot product graphs, showing that
the full signal embedding admits sharp rowwise control, whereas spectral truncation can retain
a systematic geometric bias determined by the omitted signal directions and the heterogeneous
variance profile.
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1 Introduction and main results

Spectral methods provide a simple and powerful way to extract low-dimensional structure from
high-dimensional data. They underlie principal component methods, low-rank matrix denois-
ing and approximation, spectral clustering and community detection, latent-position estimation in
networks, and many other procedures in modern statistics and data science. In these problems,
the statistical object of interest is often encoded by a small number of dominant eigenvalues and
eigenvectors of a population matrix, while the available data produce only a noisy version of that
matrix. Understanding the stability of the leading spectral structure is therefore a basic step in
understanding the performance of the resulting statistical procedure.
We study the signal-plus-noise model

A=A+E,

where A € R™*™ is a deterministic symmetric matrix of low rank and F is a symmetric random
perturbation with independent centered entries up to symmetry. Our main tasks are to understand
the locations of the empirical outlier eigenvalues and the perturbation of the corresponding signal
eigenspaces, both in the usual operator-norm geometry and in the 2 — o0 norm that measures the
largest rowwise error. We also study a closely related object, the weighted spectral embeddings,
that arises naturally in applications.

Classical perturbation results such as Weyl’s inequality and the Davis—Kahan—Wedin sin ©
theorem control these quantities through the operator norm of the perturbation and the relevant
spectral gaps. Such bounds are sharp for arbitrary deterministic perturbations, but they can be
conservative when the perturbation is random. A substantial literature has therefore developed
stochastic perturbation bounds that exploit independence, concentration, leave-one-out arguments,
and resolvent methods; see Section 4 for a detailed discussion. The present paper addresses a fea-
ture that becomes essential when the noise is heterogeneous: the variance profile does not merely



change the size of the random fluctuations, but can also change the geometry of the population
signal space.

More specifically, heterogeneous noise produces a systematic second-order effect governed by
its row-variance profile. As a consequence, two population signal directions that are orthogonal
in the usual Euclidean geometry need not remain orthogonal in the variance-weighted geometry
induced by the perturbation. This creates a systematic mixing of signal directions, which we call
the geometric bias. The phenomenon is invisible to a perturbation bound based only on || E||. It
also disappears in the homogeneous case, where all row variances are equal, but can be of leading
order for a genuinely inhomogeneous variance profile.

Our first contribution is a non-asymptotic perturbation theory that retains the geometry induced
by the heterogeneous variance profile. Using the Quadratic Vector Equation (QVE) together with
isotropic and compressed local laws, we separate the eigenspace error into a deterministic geo-
metric bias, stochastic mixing within the signal space, and leakage into the population null space.
For truncated eigenspaces, the omitted signal directions interact with the variance profile and can
produce a systematic error amplified by a small within-signal spectral gap.

Our second contribution is a row-adaptive refinement of the 2 — oo bound. A leave-one-
out local-law argument replaces the global null-space fluctuation scale by a variance-weighted
leverage scale tailored to the signal eigenvectors, while leaving the signal-space mixing terms
unchanged. In the full signal eigenspace, the geometric-bias and within-signal mixing terms dis-
appear. The same refinement also yields sharper bounds for weighted spectral embeddings, which
are used in our network applications.

We illustrate the two sides of the theory through two statistical applications: for the degree-
corrected stochastic block model, where the full signal eigenspace is retained, the row-adaptive
bound yields strong consistency under heterogeneous degree parameters and unbalanced commu-
nities, reducing to the logarithmic expected-degree scale in the regular balanced case; for gener-
alized random dot product graphs, we instead focus on the choice of embedding dimension and
show that truncation introduces the geometric bias predicted by our theory through the interaction
of the omitted signal directions, signed spectral gaps, and heterogeneous variance profile.

Roadmap. The remainder of this section states the precise top-k eigenspace perturbation theo-
rem and its row-adaptive refinements and consequences. Section 2 develops the two statistical
applications. Section 3 explains the geometric-bias mechanism through a rank-two model and the
QVE expansion, and includes numerical experiments and an oracle debiasing procedure. Section 4
discusses the related literature. The technical arguments are developed in Sections 5-9: we first
derive the QVE expansion responsible for the variance-profile bias, then establish the isotropic,
compressed, and row-adaptive local-law inputs and the outlier eigenvalue locations, and finally
combine these estimates with blockwise eigenvector equations. Additional proofs and extensions
are collected in the appendices.

Notation. For a vector v = (vy,...,v,)" € R™, we let |v| denote its Euclidean ¢, norm and
|v]oo := max; |v;| denote its maximum absolute entry. The oscillation of a vector v is denoted
by osc(v) := max; v; — min; v;. For a matrix B, we define its off-diagonal part as Off (B) :=
B — diag(B), where diag(B) is the diagonal matrix formed by the diagonal entries of B. We
use various matrix norms throughout the paper. Let || B| denote the operator norm, and let | B| r
denote the Frobenius norm. The 2 — o0 norm of a matrix is defined as | B| 2, := max; e B,
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which is the maximum Euclidean norm of the rows of B. The infinity operator norm is denoted
by [Blo—w = max; > }; |B;j|. We let O(k) denote the set of k x k orthogonal matrices. For
two non-negative sequences X, and Y,,, we write X,, < Y, (or Y,, = X,) if there exists an
absolute constant ¢ > 0 such that X, < cY,, for all sufficiently large n. We write X,, =< Y,, if both
X, <Y, and X,, 2 Y, hold. Throughout the paper, C,C’ denote positive absolute constants
whose exact values may change from line to line.

1.1 Top-k eigenspace perturbation

We now introduce the precise model notation and assumptions. Write the rank-r eigendecompo-
sition of the signal as

T
A=UAUT = > Nugu/,
i=1
and order the nonzero eigenvalues algebraically. Let

ry o= #{j : \j > 0}, r_i=r—r,

so that
Mz 22X, >0> M 1= 2 A

The ordered eigenvalues and their corresponding eigenvectors of A are denoted as Xi, u; for 1 <
1 < n. In the main text we focus on the right-edge outliers and the top-k (1 < k& < r4) positive
signal eigenspace and its perturbed counterpart

Uk == (u1,...,ug), Up := (W1, . .., ).

We write Ay, := diag(\q, ..., \) and define A, analogously. For an index set J < [r], Uy
denotes the submatrix of U formed by the columns indexed by J. The negative-spike case follows
by applying the same argument to — A; see Remark 1.3.

Throughout the main results, fix D > 0. We impose the following assumptions on random
noise E:

ASSUMPTION 1.1 (Structural assumption on the noise). Let E be an n x n symmetric random
matrix with independent centered entries (up to symmetry) and variance profile ¥ = (01-2]-)1@3 j<n
where E(EZQJ) = U,?j. Assume there exists a parameter K > 1 such that the sub-Gaussian norm*
of each entry satisfies:

| Eijlly < Koij.

Equivalently, we can write E;; = 0;;&;; where the random variables &;; have mean 0, variance 1,
and satisfy max; j &y, < K.
Let omax := max; j 055 > 0. We further assume that there exists a parameter 3 > 1 such that

max

2

E|E’LJ |3 < BKomax Oij>

*The sub-Gaussian norm of a random variable X is defined as | X |y, := inf{t > 0 : E(exp(X?/t?)) < 2}.In
particular, P(| X | > t) < 2exp(—t>/| X|3,). See [93] for details.

E|E;j|* < B°K?0%,, 03 (1.1)




REMARK 1.1 (The role of 3). The parameter 3 separates the third- and fourth-moment controls
from the sub-Gaussian norm K and is useful in sparse regimes. Under the sub-Gaussian assump-
tion alone, one may always take < +/log(eK), but this can introduce an artificial logarithmic
loss. For example, for centered Bernoulli noise with edge probability p, one has K < p 12
whereas the third and fourth moments satisfy the sharper bounds in (1.1) with f = O(1). Thus
keeping B explicit allows our results to retain the correct logarithmic scale in sparse network
applications.

Let us denote R; := Z?:I afj. Define the diagonal matrix

R := diag(R1,...,Ry)
and the geometric bias matrix
V:=U'RU = (u] Ru;)1<i j<r- (1.2)
To capture the heterogeneity of the noise profile, we define the variance oscillation parameter:
0s¢(R) = Rmax — Rmin,
where
Ryax := mlax R; and Ruyin := miin R;.

Assumption 1.1 is imposed throughout. In addition, we work under one of the following two
auxiliary regimes.

ASSUMPTION 1.2 (Auxiliary regularity conditions). Fix D > 0. We assume that one of the
following conditions holds.

(i) General sub-Gaussian regime:
V Rmax = Co(D + 8)Kopax logn.

(ii) Bounded-entry refinement: If there exists an absolute constant co > 1 such that max; j | Eyj| <
co K 0 max almost surely, then we only require

\ Rmax = Co(D + 8) K opaxy/logn.

Here Cy > 0 is a sufficiently large absolute constant.

The second regime is a refinement of the first noise model rather than a separate distributional
assumption: in both cases Assumption 1.1 holds, while the bounded-entry condition in (ii) allows
the variance condition to be weakened by a factor +/log n. Note that the bounded-entry condition
implies (1.1) with 8 < ¢.

REMARK 1.2 (On the Assumption 1.2). The regularity condition prevents any single maximal

entry from dominating its row sum. Under this condition, our estimate (see Lemma 5.4) yields
|E| < 3v/Rmax with high probability, thereby guaranteeing a macroscopic signal-to-noise sep-
aration (N, = 3| E|) for any supercritical spike \i; = 9+/Rmax. Both assumptions naturally
accommodate sparse regimes. For example, for centered Bernoulli noise with parameter p, As-
sumption 1.2 requires p 2 logn/n.



For technical convenience, throughout the main results we impose

M <R Rmax < n'%, ool < nt%.
These conditions only restrict the range in which we carry out the local-law analysis and are not
essential to the perturbation phenomenon. The polynomial bounds are extremely mild; the expo-
nent 100 is arbitrary and may be replaced by any sufficiently large fixed constant. In particular,
they are automatic in the network models considered below, where Ry ax < n.

The upper bound \; < R3 . merely excludes an ultra-strong signal regime. When |z| »

tion bounds follow by simpler arguments. We therefore exclude this regime to avoid a separate
treatment; see [98] for related arguments without such an upper restriction.

Define the spectral gap

5 e Ak = Akt1, ifk <ry;
T = 3V R, ik =1y

With the convention that dy := +00.
We define the regime-dependent fluctuation scale

C'(D + 6)%2rBKomax(logn)?, in the sparse sub-Gaussian regime, 1.3
D = .
C'(D + 6)rco K omax log n, in the sparse bounded-entry regime,
where C’ > 0 is a sufficiently large absolute constant.
Furthermore, for fixed k € [r} ], define index sets
J={k+1,....ry}, T:=[r]\T,
Ni={ri+1,...,r}, K:=[r]\W,
and denote
10\F Wk 80vk  Rinax
By, := V % —_— R), 1.4
g || gzl + N [Vl + SV osc(R) (1.4)
where V77 = UJRUz and Vi = U RUk. If k = r (thus J = @), then [Vzz|| = 0.
We also set =
Pk = pr,p = 10Mp + 15&().
k

THEOREM 1 (Top-k eigenspace perturbations). Fix D > 0. Under Assumptions 1.1 and 1.2, for
any k € [r] such that N\, = 9/ Riax + 100py, p and

R
e = VEk (65pk,D n 2008‘;( )> ,
k

we have the following bounds with probability at least 1 —n=P:



(i) For the operator norm bound, we have

Isin £(Uk, D) < B+ 10VE 2 + 2|A|,
k k

(i1) For the 2 — oo norm bound, we first have

. . M R M
1Tk — Pu, Oelzo < 1U |20 <Bk +10VE=E + A )> + 3RS,
k k

X
Consequently,
qin Uk = UrOlae < 10k = PoUklaco + [Uklz.zol sin £(U, Ui P,

M R Ruax M
< AU 200  Br + 20vVE=2 +3\/EOSC(2 )y o7 L N
’ Ok )‘k )‘k py?

Theorem 1 separates three distinct mechanisms in the eigenspace perturbation. The first is
the geometric-bias term By, which comes from mixing between the target eigenspace and the
non-target signal directions. Its leading components are governed by

Vs =U,RUsz, Vi = UVR U,

and quantify how the signal eigenspaces interact with the row-variance profile R = diag(R;).
These couplings vanish when R = cI. Indeed, by orthogonality,

1
[Vozl = [UF(R — el) Uz] < Fose(R)

by choosing ¢ = £(Rmax + Rmin). Likewise, [Vyk| < osc(R).

The term Mp/dy is the stochastic contribution associated with mixing between the target
eigenspace and the remaining signal directions. It therefore appears in both the principal-angle
and 2 — oo norm bounds. By contrast, the standalone term Mp /A in the 2 — o0 norm bound
comes from the component of the empirical eigenspace in the null space of A. For the principal-
angle loss, this rowwise null-space leakage can be controlled at the coarser operator-norm scale
IE1/Ak-

REMARK 1.3 (Bounds for general eigenspaces). Theorem 1 is stated for the top positive eigenspace
only to simplify notation. Analogous bounds hold for bottom and intermediate signal eigenspaces
by symmetry and elementary projector decompositions. See Appendix F for details.

REMARK 1.4 (Extension to rectangular matrices). Our eigenspace perturbation results extend
to singular subspace perturbation for rectangular matrices via the standard Hermitian dilation
technique. See Appendix G for a brief discussion.



1.2 Refined perturbation bounds and consequences

Although Theorem 1 focuses on the operator-norm principal angle and the 2 — o0 loss, its proof
actually controls the empirical eigenspace in both the non-target signal directions and the null
space of A. Following the framework of [98], these estimates can be extended to other error
metrics, including Frobenius and unitarily invariant norms, linear forms, max norms, and weighted
rowwise losses. We only record the extensions needed for the applications below.

In our heterogeneous setting, the same decomposition also allows us to refine one term in the
2 — oo bound of Theorem 1. The term Mp/d; comes from stochastic mixing with the non-
target signal directions and is unchanged by the refinement below. In contrast, the standalone term
Mp/\y arises from the null-space action and can be sharpened using the row-adaptive local law
from Section 6.1, at the cost of a slightly stronger signal-strength condition. This refinement is
important in the applications, where it allows us to reach the logarithmic-degree regime.

Before stating the refined bounds, we record a stronger variance condition required by the
leave-one-out argument.

ASSUMPTION 1.3 (Row-adaptive variance condition). For fixed D > 0, we assume

C1Komax(D + 1) logn, in the sparse sub-Gaussian regime,
e C1Komaxr/ (D + 7)logn, inthe sparse bounded-entry regime,
where Cy > 0 is a sufficiently large absolute constant.
We further define the regime-dependent entry scale

I {Kamaxq/(D + r)logn, in the sparse sub-Gaussian regime, (15)

Dy - . .
" Komax, in the sparse bounded-entry regime.

In the sub-Gaussian regime, L5, is the truncation level used in the leave-one-out argument,
whereas in the bounded-entry regime the deterministic entry bound is used directly.
Denote

Rp(U) := /(D +r)lognT(U) + ((D + r)logn L, + Mp) |U 2,0, (1.6)

where
1/2

I'(U) := max <ZO’Z»2]-H€;—UH2>
J

PROPOSITION 1.1 (Refined rowwise top-k perturbation). Fix D > 0and 1 < k < r4. Suppose
Assumptions 1.1 and 1.3 hold. Assume

AL = C\/(D + 7)Rmaxlogn and i = vk <MD + OS(;\(R)> .
k

Then, with probability at least 1 — n=P,

2,00 (Bk + 10@? + 3«%050(72)) Lo Be )
k

I— Py U,
I( 0 ) Uk \2 "

2,00 < |U




Consequently,

[7 M max
Jmin [0 = UiOlays < ¢ (zs’k VM R R ) oyt
€ k

A2 A2 A

Compared with Theorem 1, the only change is that the null-space term of order Mp /A is
replaced by Rp(U)/Ag. The latter can be far smaller for delocalized signal spaces: unlike the
global scale Mp, Rp(U) depends on the variance-weighted row leverage I'(U'), with its remain-
ing terms scaled by |U2,0. For instance, for a fixed-rank incoherent signal with ||U 2 .0 = n~/2
and R; = d, in the sparse bounded-entry regime,

dlogn N logn

vn'
whereas M p is of order log n. Thus the refinement can be much sharper in the delocalized regimes
relevant to the network applications below.

Next, we present a clean refinement for the full signal eigenspace, where the signal-space
mixing terms disappear. This is a direct consequence of Proposition 1.1.

Rp(U) S

COROLLARY 1 (Full signal eigenspace). Suppose A > 0 has rank r > 1. Fix D > 0. Suppose
Assumptions 1.1 and 1.3 hold. Assume

A € (VD + 1) R logn + Mp)

Then, with probability at least 1 — n P,

L~ Rp(U) A/108¢(R) + Rmax
01261(1) HUT‘ — UOHQ,OO < C,\/; T + C, 2,00 )\z .

The same row-adaptive refinement carries over to the weighted spectral embedding given be-
low. For k € [r,], define the population and empirical rank-k spectral truncations

Ak = UkAkUl;r, Avk = ﬁkj\kﬁ];r

We write
A=A+ Ask, Aspi=UspAsyUL = > Augu],
s=k+1
where U~ := (Uk+1,...,uy) and Asg = diag(Ag41, ..., Ar), with the convention A~, = 0.

We also introduce the weighted spectral embeddings
Yk = UkAllc/z, ?k = ﬁkxllfﬂ

For later use, set

and

E
e = U EU| + (1Ask] + [ E]) (Bk + 1()[* " 2|)\k‘>
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PROPOSITION 1.2 (Refined weighted spectral embedding). Under the assumptions of Proposi-

tion 1.1, with probability at least 1 — n=P,
MpT
min 3\/%086(72)
0e0(k) Ok 232
k
Rp(U)
+CVE +
VAR Vﬁ

For the full signal embedding, the corresponding simplification is obtained directly by setting
the non-target signal space to be empty; we use this form in the proof of the network application
below. The proofs of the above results are given in Appendix 1.

2 Applications

2.1 Strong consistency for the degree-corrected stochastic block model

The degree-corrected stochastic block model (DCSBM) extends the stochastic block model with
vertex-specific degree parameters [70]. Let 7 > 2 be the number of communities, let g : [n] — [7]
be the community assignment, and let Z € {0, 1}"*" be the corresponding membership matrix.
We allow r = r,,.

Let © := diag(fs,...,60,) with §; > 0 contain the vertex-specific degree parameters, and let
B € R"™7" be a symmetric block-connectivity matrix. Conditional on the deterministic probability

matrix
P:=0zZBZ'eO,

the observed adjacency matrix A — (Kw) i1 satisfies Au ~ Bernoulli(P; ) for i < j indepen-
dently up to symmetry. Throughout, every community is nonempty, 0 < P;; < 1, and B has full
rank r. Write

A=P+E, P=UANU'", E:=A-P

We next introduce the quantities that describe community imbalance and degree heterogeneity.
For a € [r], set the community size and community weighted mass parameters as

o:=#{i:9(i) =a}, Z 9 S_ := min s,.

i) = a€(r]

Define the diagonal matrix
S:=7'0%Z = diag(s1,...,5,)

and the population row scales

i 1= : P— 1= i fi;, oy 1= IAX [1;.
Sq(4) i€[n] i€[n]

Let

n
d; = Z Pij, dmax 1= maxd;, Pmax ‘= max ;.
i€[n] 12¥)



In our setting,
n
Ri:= Y Pyj(1=Py),  Ruax = max R;,  R:=diag(Ri,..., Ry),
j=1

and define the variance-weighted leverage scale

n 1/2
ch = Imax (Z Pl](l - PZ])ILL§> .
j=1

i€[n]

Finally, denote the extreme singular values of B as oin (B) = mini<j<, [A;j(B)] and opmax(B) =
|B|. Note that the nonzero eigenvalues of P coincide with those of S/2BS'/2. To see this,
set Xp := ©Z5 Y2, Thus XOTXO = I, and P = XO(SI/QBSI/Q)XOT. Hence, the smallest
population signal of P is denoted by

Tn 1= 1I<nji2r IA;j(P)| = 0min (SI/ZBSI/Q> .
In particular, we have
Tn = O'min(B)S*' (2.1)

ASSUMPTION 2.1 (Heterogeneous DCSBM). The matrix B = B, is symmetric, entrywise non-
negative, and nonsingular. Moreover, the graph is sparse in the sense that ppax = o(1).

Assumption 2.1 places no lower bound on the community proportions and no comparability
condition on the degree parameters. It also allows oy (B) and opmax(B) to vary with n and r. In
particular, opax(B) may grow with r.

Assumption 2.1 allows the number of communities r, to increase with n. As n increases,
it is natural to have more communities. However, the discussion about theoretical guarantee of
community detection with an increasing r,, is quite limited. On SBM, [17] provides the average
degree requirement for nontrivial community recovery, and [109] establishes a minimax theory
for both strong consistency and weak consistency. However, both works do not involve degree
heterogeneity and unbalanced community sizes.

Spectral clustering algorithm. Our goal is to recover the unknown labels g(1), ..., g(n) from
A. We use the same raw-adjacency eigenspace and spherical normalization as in Lei and Ri-
naldo [74]. To accommodate highly unbalanced communities, Algorithm 1 combines this em-
bedding with the farthest-first traversal of Gonzalez [58], followed by nearest-center assignment.
Unlike a global 7-means objective, the final step depends only on geometric separation and does
not weight a community in proportion to its size.

To see why the algorithm works, the population eigenvector matrix satisfies

for some V' € O(r); see (K.1) in Appendix K.1. Row normalization therefore removes the vertex-
specific factor y; and maps all vertices in community @ to the same population center e/ V. These
r centers have pairwise distance v/2 (see Lemma K.1).
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Algorithm 1 Farthest-first spectral clustering for the DCSBM

Input: adjacency matrix A € R™*" and number of communities 7.

Output: estimated labels g € [r]".

Step 1. Compute the r eigenvectors of A corresponding to its r eigenvalues with largest absolute
values, and collect them as ﬁr e R™"*7,

Step 2. Normalize the rows: ; := e] U,/|le] U, | i € [n].

Step 3. Choose any i1 € [n]. For £ = 2,..., 7, choose is € argmax;cp,,; mini<s<¢ |2 — i, |-
Step 4. Assign each vertex to its nearest selected center: g(i) € argmin <o, |2 — Z;,| .

A uniform rowwise perturbation of size at most a sufficiently small multiple of p_ preserves
this separation after row normalization. The farthest-first step then selects one representative from
each community, regardless of the community sizes, and nearest-center assignment recovers every
label exactly.

For fixed D > 0, set

tpyr = (D +r)logn

and define the error scale

epn(mh) : T

VtpsTae +1 Ao
_ NP d; Dl (1) o 2.2)
n n

Since 7, = omin(B)s— asin (2.1), we get ep ,,(7) < €p.n(Tmin(B)s—).

THEOREM 2 (Strong consistency for heterogeneous DCSBMs). Suppose Assumption 2.1 holds.
For every fixed D > 0, there exist constants Cy p,Ca p,cp > 0, independent of B, such that, if

dmax = C1,ptps and 1, = C1 pA/tprdmax, (2.3)
then, with probability at least 1 —n=P,

min |U,0 —U
O€eO(r)

2.0 < Cop-€pn(mh). (2.4)

If, in addition,
ED,n(Tn) < Ccplh—, (2.5)

then Algorithm 1 exactly recovers the communities up to a permutation of their labels.

REMARK 2.1. Since 7, = omin(B)s—, the signal condition in (2.3) may be replaced by

Umin(B)S— = Cl,D’\/ tDﬂ”dmaXv

which is stronger but directly verifiable. Accordingly, the right-hand side of (2.4) may be replaced
by Ca.p - €pn(0min(B)s—), and exact recovery follows whenever e p ,(0min(B)s—) < cpp—.

Theorem 2 does not impose uniform bounds on the singular values of B, which is useful when
the number of communities » = 7, grows and the spectral scale of B may vary with r. The
dependence on r is retained explicitly through tp , = (D + r)logn and the quantities 7,,, dmax.
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and I'yc. Thus the admissible growth of » depends on the accompanying signal and sparsity scales.
For example, if 7 = log n, then tp - = (logn)? and the signal condition becomes

dmax 2D log? n, Tn 2D V dmax logn + (log n)z.

When r is fixed, [90] establishes strong consistency when the expected degree exceeds C logn.
When r increases, the required degree also grows with r, reflecting the need for a denser network
to achieve exact community recovery. We next consider fixed r, where these quantities admit a
simpler interpretation in terms of community imbalance and the degree scale.

The following corollary gives an explicit singular-value formulation when the degree param-
eters remain comparable but the community sizes may be highly unbalanced. Assume that 7 is
fixed and that, for constants ¢y, Cy > 0 and a scale 6y = 6p(n) > 0,

cpby < 0; < Cyby for all i € [n]. (2.6)
We also assume 020,.x(B) = o(1). Since

C@ 00 max B, < Ce HOUmaX(B)

Pmax = max P = max 0i0; By(i).q(j) <

this implies that the condition pyax = o(1) in Assumption 2.1 is satisfied. Let

My, := Min ng, N, := maxng, Kp = —, d_ = mneg.
a€lr] a€lr] My

Thus, 1 = 1/4/N, and s_ = m,0% = d_.

COROLLARY 2 (Unbalanced communities with a varying block matrix). Suppose Assumption 2.1
and (2.6) hold, and suppose 1 is fixed. For every fixed D > 0, there exist constants C1 p,Cop >
0, depending only on D, r, cg, and Cy, such that, if

2 Omax(B) 3/2
d_ = mn90 = CLDm <I{n IOgTL + Ky / ) (27)

then, with probability at least 1 — n=P,

min [T, C2 D \/Jmax Kn logn Omax(B) /ff’/ 2 2.8)
OeO(r) Nn Umln Umln ) _ ) ’

Moreover, C1 p can be chosen sufficiently large so that Algorithm 1 exactly recovers the commu-
nities up to a permutation of their labels.

The corollary is particularly clear in the regular case. If the communities are balanced, so that
n = N, = nand k, = 1, and opax(B) = omin(B) = 1, then Corollary 2 reduces to the
logarithmic degree condition
nbz >p logn.

Thus the spectral algorithm achieves exact recovery down to the optimal logarithmic expected-
degree regime (see [1]). More generally, if B = ¢, By for a fixed well-conditioned matrix By,
then omax(B) = omin(B)cn, and the condition becomes

can(% Zp logn,
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again corresponding to logarithmic expected degree. In this case, the leading term in (2.8) is

logn
-1/2 g
" \| b}

For unbalanced communities, condition (2.7) further quantifies the losses due to the weakest block
direction, through op,;,(B), and the increased noise associated with oyax(B) and community
imbalance. The proofs of Theorem 2 and Corollary 2 are deferred to Appendix K.1.

Numerical simulations. We consider the DCSBM
P=020ZBZTO, ;" Unif(0.8,1.2),

where 0(2) denotes the overall network density. We consider » = 5 communities with a severe
imbalance level. For each setting, we report mean Adjusted Rand Index (ARI) [68] with one-
standard-deviation bands over 100 repetitions. A larger ARI indicates a better community detec-
tion result. We apply our Algorithm 1 and the classical spectral community detection algorithm
in [74], where the only difference is at the k-means step. To avoid extreme values in empirical
analysis, we take the center of 10 farthest data points in Step 3. The results are shown in Figure 1.

In the first experiment, the community sizes are (8000, 3000, 800, 300, 80), so £ = 100, with
diag(B) = (1,1, 3,8, 20) and off-diagonals of B as 0.2. The diagonal entries mean that smaller
communities usually have denser connections. As 63 increases, our proposed method recovers
the communities substantially earlier than the standard spectral community detection method in
[74], where the main difference is the k-means step. In sufficiently dense networks, both methods
perform well.

In the second experiment, n = 12000, 9(2) = 0.02, and the community sizes follow n; =

n%, k=1,2,3,4,5,so that ny/ns = k. We take x = 50, .. .,400. For each «, we set

the diagonals of B matrix as
ny 1111
By = Cp,— C=11,-,—-,-,-].
k‘k‘ knk7 ( ’4’4’474)

Hence, as x increases, the smallest community n5 enjoys that the same order of n5 Bss. Our pro-
posed method remains nearly perfect through x = 250 and consistently outperforms the classical
spectral community detection method as imbalance increases. When « exceeds 250, Bss cannot
increase since the probability must be cut at 1. Hence, the performance declines due to the shrunk
signal strength.

Relation to earlier DCSBM results. Lei and Rinaldo [74] established weak consistency for
spherical adjacency spectral clustering under the DCSBM. Related spectral procedures include
regularized clustering [88], SCORE normalization [69], and normalized-adjacency methods [60].
Lei and Zhu [75] subsequently obtained exact recovery at logarithmic degree by combining a
consistent initializer with sample splitting and cross-clustering; their main presentation assumes
community sizes proportional to n. Su, Wang, and Zhang [90] establish strong consistency for
regularized spectral clustering under a different normalized-Laplacian framework for balanced
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Figure 1: ARI under unbalanced DCSBMs. The curves report the mean over 100 Monte Carlo repeti-
tions, with shaded regions representing one standard deviation. The proposed method is more robust to
community-size imbalance than classical spectral clustering.

communities. When r — 0, existing theory is much more limited and is primarily available
for balanced SBMs; see, for example, [17, 109]. Theorem 2 instead analyzes the raw adjacency
eigenspace directly and allows the number of communities » = 7, to increase with n. Its guar-
antees retain arbitrary imbalance and degree heterogeneity through s_, p4, and I'q.. Corollary 2
provides an explicit imbalance-dependent guarantee without sample splitting or a local refinement
step.

2.2 Generalized random dot product graphs

The generalized random dot product graph (GRDPG) provides a broad latent-position framework
for network models, including stochastic block models and their variants; see [89, 11]. In par-
ticular, degree heterogeneity can be incorporated through vertex-specific scalings of the latent
positions, so the DCSBM considered in Section 2.1 may be viewed as a structured special case.
Since the preceding application already treats heterogeneous degree parameters and unbalanced
communities, here we impose a regular latent design and focus on a different question: the effect
of the embedding dimension.

When the full signal dimension is retained, adjacency spectral embedding estimates the latent
positions up to the natural non-identifiability of the GRDPG. In practice, however, one may embed
into a smaller dimension k < r, either because the signal rank is unknown or because a lower-
dimensional representation is desired. Our perturbation results show that such truncation can
introduce a systematic geometric bias when the variance profile is heterogeneous.

Consider a GRDPG with deterministic latent positions 1, ..., y, € R". Let

J = diag(1p, —1,), p+q=r,

and write Y = (y1,...,y,)' € R™*". Conditional on the latent positions, the edges are indepen-
dent with

Aij ~ Bernoulli(Pij), Pij = pnyg—Jyj’ i< j,
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where p,, controls the network density. We allow independent self-loops for theoretical simplicity.
The population adjacency matrix is

P:=EA=p,YJY .

The matrix J specifies the signature of the latent inner product, allowing P to have both positive
and negative eigenvalues; the ordinary random dot product graph corresponds to ¢ = 0. The
primary inferential goal is to recover the latent positions Y from A.

Define

1 1 <
dp 1= Npn, A, = fYTY, Yn 1= — Z Yi-
n n =

We work first under a regular-design condition.

ASSUMPTION 2.2 (Regular GRDPG). There are fixed constants ¢, C' > 0 such that
max ||ly;| < C, cl, < A, <CI,, c<y! Jij, <C, iceln],
(2

and
0<Pyj=pny Jyy<l—c, i,jen] (2.9)

In Assumption 2.2, the bound max; |y;|| < C keeps individual latent positions bounded, while
cl, < A, < C1I, ensures they span all r directions at a nondegenerate scale. Since Z?Zl P =
dp, ylT JYn, the quantity le Jyp, is proportional to the expected degree of vertex ¢, so the bounds
c < yiT Jyn < C force all expected degrees to be of order d,, = np,. Finally, (2.9) keeps all
edge probabilities valid and uniformly below one. Together, these conditions make the nonzero
eigenvalues of P of order d,, while allowing the model to remain sparse as p,, — O.

Let

P=UAU", A=diag\,...,\)

be its rank-r eigendecomposition, with the positive eigenvalues listed first and the negative eigen-
values last, each ordered by decreasing magnitude. Set

X = UA2, [A] = diag(IMls - [ ]).

Then XJX ' = P. Since P = p,YJY T, there exists Qg € O(p,q) := {Q e R™*" : QTJQ =
J} such that

XQo = +/pn Y. (2.10)

Thus X represents the latent positions Y up to a scaling and an indefinite orthogonal transforma-
tion.

For the observed adjacency matrix A, select its k eigenvalues of largest magnitude and reorder
the selected eigenpairs so that the positive eigenvalues precede the negative ones, with decreasing
magnitude within each sign class. Denote the resulting eigenvalue matrix by

Kk = diag(xl, ce ,Xk)
Denote |Ay| = diag(\xl\, e |Xk\) The k-dimensional adjacency spectral embedding is

Xy, := Up| A2
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When k = r, the selected eigenpairs are the r empirical eigenvalues of largest magnitude, ordered
by the same sign convention as the population eigenvalues. In this case, X, estimates X up to a
block-orthogonal transformation in O(p) ® O(q), and hence the scaled latent positions /p, Y up
to the intrinsic Q(p, ¢) nonidentifiability.

In practice, however, the latent dimension r is typically unknown, so the embedding dimen-
sion k must be selected from the data. The statistical behaviour depends qualitatively on whether
k =r,k <r,or k> r. The choice of the embedding dimension is itself a model-selection prob-
lem. Existing methods include network cross-validation [43] and spectral procedures that retain
eigenvalues above an estimated noise floor [65]. Our purpose here is complementary. Conditional
on a chosen embedding dimension, we quantify the rowwise error of the resulting embedding and
determine how the heterogeneous Bernoulli variances distort its population target.

Full embedding. We first consider the correctly specified case k = r, where the adjacency
spectral embedding targets the full latent position matrix, omitting no signal directions. The next
theorem gives a finite-sample 2 — oo error bound for this embedding and, consequently, a uni-
form latent-position recovery guarantee down to the logarithmic expected-degree regime. The
logarithmic-degree threshold follows from Proposition 1.2; we defer the proof to Appendix K.2.

THEOREM 3 (Full GRDPG spectral embedding). Suppose Assumption 2.2 holds. For every fixed
D > 0, there are constants C1,p,Co, p > 0 such that, if

dn, = Cy plogn,

then, with probability at least 1 — n~, the r empirical eigenvalues of largest magnitude consist
of p positive and q negative signal outliers, and

- 1
min X, W — X|a00 < Copy/ —2, @.11)
WeO(p)®0(q) n
logn

inf [pn2X,Q — Y200 < Cop 2.12)

Qe0(p,q) dn

Consequently, the rescaled adjacency spectral embedding is uniformly consistent whenever d,,/ log n —
00.

Theorem 3 strengthens existing uniform recovery guarantees for the GRDPG. Rubin-Delanchy,
Cape, Tang, and Priebe [89] established uniform consistency and asymptotic normality under an
i.i.d. latent-position model and a polylogarithmic expected-degree condition, i.e., d,, = w (log40 n)
for ¢ > 1. In contrast, Theorem 3 is finite-sample, allows a deterministic latent design, and is valid
down to the logarithmic degree regime d,, 2 logn. Moreover, the bound 4/log n/n in (2.11) has
the same order as the minimax lower bound of Yan and Levin [103] in the bounded-condition-
number regime. Thus the usual adjacency spectral embedding attains the optimal rowwise scale,

up to constants, at essentially the weakest degree scale at which uniform recovery can be expected.

Truncated embeddings and geometric bias. The situation is qualitatively different when k& <
r. Under-embedding necessarily loses information about the omitted signal directions, but it can
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also distort the retained coordinates themselves. Our interest is in this second effect: heteroge-
neous noise variances induce a systematic geometric bias through the interaction between retained
and omitted signal directions. This is complementary to the recent work of Taing and Levin [91],
which studies dimension misspecification relative to the full latent-position target. Here we in-
stead compare X r with the truncated population spectral factor X and quantify the additional
bias within the retained signal space.
Write
P=UAU -UANUT,

where
Ay :diag()\f,...,)\;), A =diag(Ay, ..., 7)),

and both sequences are decreasing and positive.
FixO0<k; <pand0 < k_ < gwithk :=k; + k_ < r, and define

Uk = (U+’k+,U7,k7>, Ak = diag(A+’k+,_A77k7), Xk = Uk|Ak|1/2,

where

Ay g, = diag(A],..., /\,;:), A i=diag(A],..., A ),

and empty blocks are omitted. The empirical embedding X % is defined analogously from the
selected positive and negative empirical outliers.

For the centered adjacency noise £ := A — P, we have R; := Z?:l P;j(1 — Pj;) and
R := diag(Ry, ..., Ry). Define the within-sign boundary gaps

(5+’n = )\}2_ — )\+

ky+1) 677” = )\k_ B )\k_+1’

whenever 0 < k4 < pand 0 < k_ < g, respectively. We adopt the convention that 6 ,, = o0 if
ki e{0,p}andd_, = wif k_ € {0, ¢}.
For k. > 0, set

)‘Jr,* = )\]—;_7 VJr,l = HUI,>I€+R(U+,]€+7U*)H7 Vi = ||UIRU+H,
where V, 1 := 0if ky = p, and define
104/k R V
+ + max +
= Akt ——.
B, Srnhi <V+71 +8 X, osc(R)) + 44/ +)\%ﬁ*

Set Bf := 0. Define A_ . and B, analogously by interchanging the positive and negative signal

blocks, and set B := 0.
Finally, define the geometric-bias contribution to the truncated embedding by

2,00 (\/M,* By, + \/AT*B,;_> , (2.13)

where a term is omitted when the corresponding retained sign block is empty.
The leading components of (2.13) are

VI o RO VU RV |
0 :

’2700 5+,n\/ /\+,* ’ 5—,n /\—,*

19

GBiasy, = |U

U




They measure the failure of the retained and omitted signal directions to remain orthogonal under
the variance-weighted inner product induced by R. Now we present the truncated embedding
result. Denote

Op :=min{dy , 00—},

PROPOSITION 2.1 (Truncated GRDPG embedding). Suppose Assumption 2.2 holds. For every
fixed D > 0,there exist constants C1 p,Co p > 0 such that , if

n=Ciplogn, and 6, > Ciplogn,

then, with probability at least 1 — n=P,

/1 [dn 1
min “ka XkHQ o0 GBlaSk+ k_ +CQ D < Ogn ogn) . 214
WeO(k.)D0(k

Proposition 2.1 separates the systematic geometric bias from the stochastic rowwise error. The
leading bias is governed by the variance-weighted couplings

T T
Ui ok, RUt 1k, and U- o, RU_ 1,

and is amplified when the truncation boundary lies near another same-sign signal eigenvalue.
Thus networks with comparable signal eigenvalues and noise levels may nevertheless exhibit dif-
ferent truncated-embedding errors because their variance profiles interact differently with the sig-
nal eigenspaces. In particular, the leading bias vanishes when R = cI. This provides information
complementary to methods that select eigenvalues above an estimated noise floor [65]: such meth-
ods determine which directions are distinguishable from noise, whereas our bound also quantifies
the stability of truncating within the signal spectrum. In the well-separated regime §,, > cd,, the
geometric bias is of smaller order, and Proposition 2.1 simplifies to

logn

(2.15)

mln
WeO(k.)®O(k n

A short verification of (2.15) is given in the appendix. The over-embedded case k > r involves
noise-bulk eigenvectors rather than signal outliers and is outside the scope of the present pertur-
bation theory.

3 Geometric bias, sharpness, and debiasing

3.1 Interpretation of the geometric bias

The present variance-profile model introduces a new deterministic geometric bias term

10\/% Rmax HV/\/'/C“
By = —— 8 4
= (vl o)) + avi el

which captures the interaction between the signal eigenspaces and the inhomogeneous row-variance
profile R = diag(R;). In the homogeneous noise setting where R = ¢/, the geometric bias term
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Bj, vanishes; our current bounds in Theorem 1 match the two-term bounds studied in [98], up to
logarithmic factors and rank factors.

The two quantities V77, Vo play different roles in the bias term. The term V77 captures
how the target top-£ cluster interacts with the lower positive cluster {k + 1,...,r, }, appearing at
the gap-dependent scale (9x\;) L. By contrast, Vyrx captures interactions between negative and
nonnegative signal directions, but at the weaker scale )\,;2. In practice, the contribution from Varx
is often negligible. For instance, when all spikes are nonnegative, we have A/ = ¢ and this term
vanishes. Even when negative spikes exist, the term involving Varx is usually dominated by V77
as it has a stronger suppression factor )\,;2.

We believe that the leading geometric bias terms

Vozl  [Vnkl
S VDY:

are intrinsic to the variance-profile model.

A rank-two model illustration. To explain where these terms come from, consider a simple
rank-2 model A = \ju; ulT + )\gu2u; with Ay > A2 > 0 and the leading empirical eigenvector
u1. Let @ be the orthogonal projection onto the null space of A. From the decomposition @1 =
ululTﬂl + ugu;r u1 + Qu1, taking the £5 norm on both sides and rearranging terms, we have

sin24(u1,ﬁ1) = (ug Ul) + HQU ”2

The term u;ﬂl captures the interaction between signal directions. In our proofs, this quantity

is controlled by projecting the eigenvector equation u; = G (Xl)Aﬂl onto ug, where G(z) :=
(2 — E)"lis the resolvent of E. To precisely estimate this term, from the eigenvector equation
(A + E)u; = A\uy, we solve for

i = (A — E)" Auy = G(\)Au;.

A key technical input in our proof is to show that the random resolvent GG can be precisely approx-
imated by its QVE approximation, a deterministic matrix ® (defined (5.1)). This & isolates the
deterministic contribution of the variance profile. Indeed, from

ug Uy ~ ug () Al = Ap(ug (A )ur)u] Gy + Aa(ug @Ay )ug)ug i,
plugging in the expansion of ® ~ z~'I + 73R in (5.3), the leading off-diagonal term is

~ ug Ru
Uy D (A )uy ~ 2X3 L
1

Substituting this back and approximating Xl ~ A1 and u] U1 ~ 1, we obtain

~ A2
Ug Uy ~ (u2 Rup) + “2ug .

)\2 A1
Rearranging this equation to solve ug ;1 yields

|ug Ru|
PN

|ug 1| ~

21



which mirrors the % term in our theorem. If instead A\; > 0 > Ao, the same calculation reveals

_ lug Rus| |ug R |
|ug U1 | ~ = )
A(A—A2) A+ [ Ae])

|ug Rus | |ug Ru |
A(A+e]) N2

: : : : : Vazl [VYaxkl
The preceding calculation explains the leading bias terms S0 Az

We bound in our perturbation results for simplicity.

By contrast, the

higher-order term in By, involving

Rmax
S0 osc(R)
k

comes from bounding the diagonal remainder (z) in the second-order expansion of ®(z) in (5.1):
1 1
O(z) = ;In + ;R + e(2).

We control this remainder using a uniform oscillation estimate, which may not be sharp. A higher-
order expansion of ®(z) would reveal additional structured variance-profile terms beyond R and
replace the uniform osc(R) bound with finer geometric couplings, yielding a sharper higher-order
term. However, isolating these higher-order structures requires substantially more delicate analysis
to control the deterministic remainders and extract the finer stochastic fluctuations. This is beyond
the scope of the current paper.

3.2 Sharpness and numerical experiments

Before presenting the numerical experiments, we briefly discuss the sharpness and necessity of
the different terms in our perturbation bounds. In the homogeneous-noise setting studied in [98],
eigenspace perturbation is governed by two mechanisms: stochastic mixing between distinct sig-
nal directions, of order v/k/d), times the relevant fluctuation scale, and leakage into the noise
subspace, of order | E|/A;. As discussed in [98, Section 4.1], these contributions are near-optimal
in the i.i.d. Gaussian noise case.

Under a heterogeneous variance profile, Theorem 1 contains an additional contribution, namely
the geometric-bias term . Its leading components are determined by the variance-weighted cou-
plings between the target and non-target signal eigenspaces, and vanish in the homogeneous case
R = cl. Thus the first two mechanisms are inherited from the homogeneous theory, whereas By,
is specific to variance heterogeneity.

The rank-two example above shows explicitly that this geometric contribution appears at the
predicted scale and therefore cannot in general be removed from the perturbation bound. The sim-
ulations below are designed to isolate this effect and illustrate that the deterministic bias persists
under random perturbations and is visible at finite sample sizes.

Numerical simulations. We consider a rank-2 model A = )\ ululT + )\quuQT with spikes A\; >
A2 > 0 and eigenvectors u1 = %(61 +e9) and ug = %(61 — e2). The noise variance profile has

row sums Ra = diag(p+ A, p—A,p,...,p), where p > 0 is the baseline variance and 0 < A <
0.8p is the heterogeneity parameter. This gives the geometric coupling V12 = ug Rau; = A.
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Figure 2: Geometric bias under varying spectral gaps. Setup: dimension n = 1200, baseline noise p = 400,
top spike A\; = 360, heterogeneity parameter A € {0, 16,32, ...,320}, with 300 Monte Carlo samples.
Each panel shows the empirical alignment E[u] 1] versus A, compared with the theoretical prediction

A/(/\lél)

To show that geometric bias is deterministic rather than random, we compute the Monte Carlo
average of uzTﬂl, where in each trial we align the empirical eigenvector so that ulTﬁl > 0. Since
the noise is zero-mean, averaging removes random fluctuations while preserving the deterministic
bias. Figure 2 compares these empirical averages with our theoretical prediction ﬁ for two
different spectral gaps 1 = A1 — Ao.

3.3 Oracle de-biasing

The goal of this subsection is modest. We show, at the oracle level, that the leading V7z-bias in By,
can be removed. As discussed earlier, }V 77 causes the main deviation from previous homogeneous
bounds. When k& = ry, J = J and this bias vanishes. For intermediate eigenspaces (k < r4),
correction may help when the deterministic bias dominates the stochastic fluctuations, i.e.,

[Vl

> M.
Ak

For s € [k], consider the block matrices U}@(XS)UI and U}@(XS)U 7. Define
Toi= (I~ UJ®(\)Us A7)~ UF®(A)Uzhz. (3.1)

The next result guarantees that 7, is well-defined on the event considered in Theorem 1. Its proof
is provided in Appendix H.1.

LEMMA 3.1. Assume J = {k+ 1,...,r.} # &. Under the assumptions and with the same
probability as in Theorem 1, for every s € [k],

s
<6022

' (I - U}cb(XS)UJAJ)_1 5
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Define the oracle corrected vectors

w2 .= Pyus — UJﬂU;ﬂS, s=1,...,k.

S

Let
WP = (wi™, ... wp'), U™ = orth(Wg*).

We denote by orth(1V) the orthonormalization of the matrix W, which consists of orthonormal
columns spanning the same subspace as W.
Define the oracle error term

Runax M
£ = 4k ”VAQ’C” + 24VETE % 05¢(R) + 124VE =2
A2 A Ok

PROPOSITION 3.1 (Oracle blockwise de-biasing). Assume that the conditions of Theorem 1 hold.
The following holds with the same probability as Theorem 1:

| sin Z(UE™, Ug) |

min |U* — UO|
00 (k)

26¢°

<
< 3||Ull2,00E8"

2,00

The proof of Proposition 3.1 is deferred to Appendix H.2. The key point is that the ora-
cle correction subtracts the deterministic contribution from the 7-block predicted by the QVE.
This removes the leading V 7z-term in Bj. Additionally, the projection Py removes the null-
space component, which explains why the signal-noise term | E| /A in Theorem 1 is absent from
Proposition 3.1.

The oracle estimator uses the unknown population eigenspace. A natural plug-in version re-
places the population blocks by empirical outlier blocks. We provide a plug-in de-biasing im-
plementation and explain its limitations in the Appendix J. Developing optimal data-driven bias
correction methods is left for future work.

4 Related literature

This section highlights perturbation results relevant to heterogeneous random noise. A broader
review of matrix perturbation, rowwise eigenspace analysis, and statistical applications can be
found in [98]. Here we focus on work most closely related to variance heterogeneity and random
matrix perturbation with non-identically distributed noise.

Perturbation bounds beyond worst-case theory. Classical perturbation results, including Weyl’s
inequality [101] and the Davis-Kahan-Wedin sin © theorem [50, 100], control eigenvalue and
eigenspace errors through the operator norm of the perturbation and the relevant spectral separa-
tion. While sharp for arbitrary deterministic perturbations, these bounds can be conservative for
structured random perturbations. Modern refinements include population-gap variants, Schatten
and unitarily invariant norm bounds, perturbation projection error bounds, and other deterministic
or stochastic improvements; see, for example, [107, 97, 36, 79, 110, 99, 8, 22, 112, 95, 84, 27].
Extensive work has also addressed entrywise and rowwise perturbation bounds. Representa-
tive works include [54, 3, 2, 34,39, 45,76, 113,27, 105, 106, 104]. Perturbation of linear and bilin-
ear forms of eigenvectors and singular vectors has been studied in [73, 102, 52, 77,47, 4, 5]. These
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results play an important role in high-dimensional statistics, including matrix completion, spectral
clustering, ranking, community detection, submatrix localization, and Gaussian mixture models;
see, for example, [38, 37,71, 9, 10, 35, 46, 81, 94, 96, 78, 15, 72, 32, 33, 80, 51, 55, 61, 82, 31, 49].
For a statistical survey of spectral methods and perturbation bounds, see [44].

In the homogeneous Gaussian-noise setting, [85, 98] obtained sharp singular-subspace per-
turbation estimates showing that the error is governed by a signal-to-noise term and a stochastic
signal-space fluctuation term. Recent work of Tran and Vu [? 92] develops combinatorial contour-
expansion and relative-norm perturbation bounds that exploit structural interaction between the
signal and the perturbation. Our work shares the goal of moving beyond worst-case perturbation
theory, but through a different mechanism: we use variance-profile local laws and QVE expansions
to identify a deterministic geometric bias induced by heterogeneous noise.

Heterogeneous noise in statistical spectral problems. There is a substantial statistical lit-
erature on spectral estimation under heteroskedastic or heterogeneous noise. Zhang, Cai and
Wu [108] introduced HeteroPCA, based on diagonal deletion and imputation, to correct the bias
caused by heterogeneous diagonal noise in spiked covariance models. Yan, Chen and Fan [105]
developed inference for heteroskedastic PCA with missing data, obtaining distributional guaran-
tees for the estimated principal subspace and entrywise inference for the spiked covariance matrix.
Related work on high-dimensional heteroskedastic PCA and weighted PCA includes [64, 66, 67].
Zhang and Mondelli [111] recently studied rank-one matrix denoising with doubly heteroscedastic
noise and derived asymptotic fundamental limits and optimal spectral methods.

These works are close in motivation but differ from ours in both model and mechanism.
Much of this literature concerns sample covariance, missing-data, or rectangular denoising mod-
els, where the main issue is often diagonal-noise bias correction, whitening, optimal shrinkage,
or statistical inference. By contrast, we study a symmetric additive signal-plus-noise model with
arbitrary entrywise variance profile and possible sparsity. The bias identified here is not merely a
diagonal variance bias; it is a geometric bias governed by V = U T RU, which records how the
row-wise variance profile changes the geometry of the signal eigenspaces.

We also cite related work on rowwise, entrywise, and inferential perturbation for complete-
ness, including [54, 39, 3, 2, 34, 76, 27, 105, 106, 5, 4, 47, 42]; these works concern fine-grained
perturbation and distributional inference in related spectral models, but they do not address the
variance-profile geometric bias studied here.

Related literature in random matrix theory. Our work is also connected to the random matrix
literature on finite-rank deformations and outlier eigenvectors. The BBP transition was introduced
by Baik, Ben Arous and Péché [13], with subsequent developments for spiked covariance models,
matrix denoising, and finite-rank deformations in [14, 87, 12, 24, 25, 23, 30, 40, 41, 19, 20,
21, 26, 53, 83]. The variance-profile setting is closely related to the theory of general Wigner-
type matrices and the quadratic vector equation. Ajanki, Erdés and Kriiger [7] developed the
QVE/Dyson-equation framework and proved local laws and universality for matrices with general
variance profiles. Our use of the QVE is more elementary and takes place in the large-z outlier
domain, where the solution is stable and admits a direct expansion.

Recent asymptotic work has begun to study outliers, detection, and inference limits in spiked
models with variance-profile, inhomogeneous, or structured noise. Bhattacharya, Chakrabarty
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and Hazra [29] analyze outlier eigenvalues and eigenvectors of generalized Wigner matrices with
finite-rank deterministic perturbations. Guionnet, Ko, Krzakala and Zdeborova [59] study low-
rank matrix estimation with inhomogeneous output channels and detection thresholds. Bao, Cheong,
Lee and Li [18] study signal detection from spiked noise via asymmetrization. We also mention
the physics work of Ferreira and Metz [56] on the BBP transition in an inhomogeneous rank-
one spiked Wigner model. These results are complementary to ours: they are mainly asymptotic
and focus on limiting distributions, information limits, detection thresholds, or BBP transitions,
whereas our results are finite-sample perturbation bounds for deterministic low-rank signals under
sparse independent variance-profile noise.

S Deterministic QVE estimates and preliminary bounds

Consider the resolvent (Green function) of £
G(z) = (21 — E)7}, zeCt.
For z € C", define a deterministic diagonal matrix

P = ®(z) = diag(1(2), ..., Pn(2))

where ¢(z) = (¢1(2), ..., ¢n(2)) is the solution to the Quadratic Vector Equations (QVE) given
by:

gﬁtz)_z—Zafj@(z), i€ [n], (5.1)
7 j=1

with Im ¢;(2) < 0 for z € C*. Each ¢;(z) is analytic on C*. It is shown in [7, Theorem 2.1] that
such a solution exists, is unique, and extends continuously to the real axis outside the spectrum
(so in particular ¢;(z) > 0 for z sufficiently large).

We collect deterministic estimates for the QVE solution ®(z) and elementary bounds for re-
solvents G(z). These estimates are used in two places: to identify the deterministic locations of
outlier eigenvalues, and to extract the geometric bias from the expansion of ®(z).

Recall that

R; = 20'%, Rmax:miaXRiv R:diag(Rl,...,Rn).
i=1

The next result provides basic bounds on ¢;(z) and the second-order expansion of these ¢;’s
for large z. The proof is provided in Appendix A.1.

LEMMA 5.1. Assume z € C satisfying |z| = /6 Rmax-
(i) For every i € [n], we have

oo SleiR)l < 5=

1 3
2|7| 2|7|

and

3 )
2lel < [2 = 03 05(2)] < T2l
J
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Furthermore, we have
/ / 4 " VA 28
[9(2)[| = max[¢;(2)] < e and [ ®"(z)| = max[4j(z)] < F

(ii) For i € [n], we have the second-order expansion:

Gi(2) = 4 () with [ei(2)] < ‘fRigX. (52)
In particular,
B(z) = “I, + SR+ e(2), (5.3)
z z
where )
e(z) = diag(e1(2), -+ ,en(2)) and |e(2)| < 485172?(
Furthermore, we have
/ 1 3 /
d'(2) = —;In — ?R +€'(2), (5.4)
where
(e) = diag(E] (1o () and |<(2)] < Pt e
The entrywise bound in Lemma 5.1 is not sufficient for the eigenspace perturbation theorem.
For the error term £(z) = diag(e1(2), ..., en(z)) in the second-order expansion of ®(z) in (5.2),

we control its oscillation. For z € C satisfying |z| = /6 Riax, denote

osc(e(z)) 1= max lei(2) —€;(2)].

)

If z is a real number, then osc(e(z)) = max; £;(z) — min; £;(2). Recall that
0s¢(R) = Rumax — Rmin-
The bound on osc(e(z)) is given below; its proof is deferred to Appendix A.2.

LEMMA 5.2. For any complex number z with |z| = /6 Ryax, we have

15Rmax
2[5

The same QVE expansion also determines the typical locations around which the outlier eigen-
values concentrate. We prove the next result in Appendix A.3.

osc(e(z)) < sc(R).

PROPOSITION 5.1 (Deterministic outlier location). Let j < ry and assume \; = 6+/Rpax.
Define
aj(z)=1- /\ju]TqJ(z)uj for z =34/ Rmax.

Then @j has a unique real zero ¥ € [3v/ Rmax, 0). Moreover, this zero is simple and satisfies

L j—?j

Rmax
< 145 3 osc(R).
J
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Since aj(A;) is increasing and &;(A;) < 0, we also have
v = Aj. (5.5)

The following result provides crude bounds on the operator norms of Green functions G(z) =
(2 — E)""and G® = (2I — E®)~1, where E*) is obtained from E with the k-th row and
column replaced by zero.

LEMMA 5.3 (Lemma 16 from [85]). For z € C with |z| = 2||E||, we have
2 2
6@ < 0 16W< (5.6)
2] 2]

LEMMA 5.4 (Bound on the noise matrix). Let E = (Eij Ynxn be a symmetric matrix whose entries
are centered and independent (up to symmetry) random variables. Assume the entries I;;’s are
sub-Gaussian with | E;j||y, < Koj;. Denote Ryax = max; ), ; O'Z-Qj. Then for any D > 0, we have

P (HEH < 2.9v/ Runax + ¢K 0max (D + 2) log n) >1-3n7P

for an absolute constant ¢ > Q.

The result is a direct consequence of the sharp non-asymptotic norm bounds established in
Bandeira and van Handel [16]. We provide a short derivation in Appendix A.4.

6 Proof strategy and technical inputs

This section states the probabilistic inputs used in the proof of Theorem 1 and explains how they
combine with the deterministic QVE estimates from Section 5. The two main probabilistic ingre-
dients are the isotropic local laws for the resolvent G(z) and the location theorem for the outlier
eigenvalues of A + F.

6.1 Isotropic local laws

Consider G(z) = (2I — E)~! for z € C*. Recall the QVE approximation ®(z) defined in (5.1).
Our first main technical step is to establish an isotropic local law for G(z). Denote
B {Céen(D + 6)328K 0 max(logn)?, in the sparse sub-Gaussian regime,

Cl 4(D + 6)co K omax logn, in the sparse bounded-entry regime.

Here, C’,

gen and C{ 4 are sufficiently large absolute constants.

THEOREM 4 (Isotropic local law). Fix D > 0. Suppose Assumptions 1.1 and 1.2 hold. For any
deterministic unit vectors v,w € R™ and every fixed z € C with |z| = 6/ Rmax, we have

0T (G(2) — B(2))w] < %Ig

with probability at least 1 — n= P4,
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Theorem 4 is proved in Section 8. We also need a version that is uniform over the spectral
domain where the outlier eigenvalues are located. Define

Sout 1= {z € C:64/Rmax < |2] < 2R13nax}.

This result is a direct consequence of Theorem 4; its proof is provided in Appendix E. Recall that
A=UAUT.

COROLLARY 3 (Uniform compressed local law). Fix D > 0. Suppose the assumptions of Theo-

rem 4 hold. Then, with probability at least 1 — nP,
sup [2|*|U"(G(2) — ®(2))U| < C'r -mp = Mp, (6.1)
ZESout
sup [2[2 max |le] (G(z) — D(=))U]| < Mp. 62)
2€Sout 1<i<n
Consequently,
sup |z|? max HeTQ (G(z) — ®(2))U| < 2MDp, (6.3)
z€Sout I<isn

where Q = I —UUT and Mp is defined in (1.3).

We next establish a row-adaptive local law that retains the rowwise variation of the determinis-
tic test matrix. This refinement will be important in the applications, where it allows us to reach the
sharp degree regime. For flexibility, we formulate the result for a deterministic matrix B € R"*",
The proof combines a leave-one-out argument with the isotropic local law in Theorem 4. The
leave-one-out step requires a slightly stronger variance-dominance condition.

Fix D > 0. For simplicity, define

tpy = C(D +r)logn, (6.4)

where C' > 0 is a sufficiently large absolute constant. For the deterministic matrix B € R™*",
define

n

vi(B)? := 2 ollle; BJ?, I'(B) := max v(B).

- 1<i<n
Jj=1

Note that ;(B) = (E|e] EB|?) 12 s the standard-deviation scale for the ith row of E B, while
I'(B) is the largest such rowwise fluctuation scale.
Finally, define the row-adaptive spectral domain

Sra i= {2 € C: Cran/tpr Rimax < |2| < 2R2,. }, (6.5)

where Cy, > 0 is a sufficiently large absolute constant.
We are now ready to state the row-adaptive local law. Recall that Lp , is defined in (1.5).

COROLLARY 4 (Uniform row-adaptive local law). Fix D > 0. Suppose Assumption 1.1 and

Assumption 1.3 hold. Let B € R™ " be deterministic with | B| < n'®°. Then, with probability at

least 1 —n= P,

sup [2[*(G(2) = ®(2))Blzw < C [/t T(B) + (tp, L3, + mp) | Blaw] . (6.6)

2E€Sra

Here C > 0 is an absolute constant.

The proof of Corollary 4 is given in Appendix E.
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6.2 Qutlier eigenvalue location

We next state the outlier-location results used in the proof of the eigenspace perturbation results.
For any \; > 6+/Rmax, Proposition 5.1 guarantees that there exists a unique solution ¥; to the
equation )\;1 — u}@(z)uj = 0 for z > 34/ Rm.x. Besides,

VA .
J J + )\]
For a simple supercritical eigenvalue A\, we will show that 1J;, is the typical location of Xk
Recall that
osc(R)

pr = pr,p := 10Mp + 15
Ak

Denote the index set for the supercritical eigenvalues as

O+ = {l € [T+] : )\l = 6’\/ Rmax}~

THEOREM 5 (Individual outlier eigenvalue location). Fix D > 0 and k € [ry]. If \p =
6/ Rmax + 100pg is a simple eigenvalue and the gap condition holds:

min(¥; — ¥;) = 50pr  and min (9, — ¥;) = 50p%

i<k leOy, 1>k

with the convention that the minimum over an empty set is +o0, then, with probability at least
1—nP,

N — Ok < pi-

The proof of Theorem 5 is given in Section 9. Furthermore, we provide the following re-
sult on the outlier eigenvalue clusters, which will be used in the proof of the top-k eigenspace
perturbations.

THEOREM 6 (Lower edge of the top-k outlier clusters). Fix D > 0 and k € [r4]. Define

¥, = min %.
=R i<k

If A\, = 64/ Rpnax + 100py, and the gap condition holds:

e |
i (G = 91) > 50p 67

with the convention that the minimum over an empty set is +00, then, with probability at least
1—n"P,

In particular, for every s € [k],

)\s Zﬁk_pk
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REMARK 6.1. Theorem 6 holds under a stronger but more conventional assumption that the k-th
deterministic root lower-bounds the preceding roots (i.e., ¥y = Oy for all | < k). Under that
assumption, ¥, = V. However, we introduce ¥;, to avoid the internal ordering of these 9s’s for
s < k. Indeed, the deterministic roots can physically cross and permute, even when the underlying
As’s are strictly ordered. For instance, even if \j > As for | < s € [k], as given in Proposition
51,09 ~ A\ + K—’; could be dominated by 95 ~ \s + KSSS. This is because the shift V; = ulTRul
depends on the alignment of the l-th population eigenvector with the variance profile R. In the
presence of anisotropic noise, it is entirely possible for a lower-ranked spike’s variance projection

(e.g., Vss) to be significantly larger than that of a higher-ranked spike (e.g., V).

The proof of Theorem 6 parallels that of Theorem 5 and can be found in Section 9.

6.3 Proof roadmap

We briefly explain how the technical inputs above are used to prove Theorem 1. The proof is car-
ried out on a high-probability event where || E| < 3+/Rmax and the isotropic local laws Theorem
4 and Corollary 3 hold.

The signal condition A; = 94/ Rpax ensures that the outlier eigenvalues satisfy

Xs = )\k - HEH = 6\/ Rmax (68)

for all s € [k] by Weyl’s inequalty. Thus the uniform local law Corollary 3 applies at the random
eigenvalues z = A;.
The deterministic part of the proof starts from the eigenvector equation

U = GOW) AT, se[k].

Projecting this identity onto the non-target signal directions and the null space gives separate
bounds for how much u; extends outside the target space. The null-space projection produces the
usual signal-to-noise contribution | E'|/Ag. For the signal-space terms, we decompose

The compressed local law controls the contribution of =(z), while the large-z expansion of ®(z)
identifies the deterministic variance-profile contribution. This yields the stochastic term involving
Mp and the geometric bias term ;. The final operator-norm and 2 — oo estimates follow from
these blockwise bounds through deterministic reductions.

7 Proof of the main perturbation bounds: Theorem 1

Set

Fix D > 0. Define the events
gOp = {HEH < 3 V Rmax}
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and

Eloc(D) = {Sup|z|2|UTE(z)U|| < MD} N { sup |z|> max ||eiTQE(z)UH < 2MD},
zeS

2eSons | 1<i<n
where Sout 1= {2 € C: 64/Riax < |2| <2R3, }and Q =T —UU". Set
Ep = Eop N Eloc(D).
By Lemma 5.4 and Corollary 3, we have
P(Ep)=1—n"P.

All estimates below are deterministic on £p, except when the outlier-location theorem is invoked.
In that step we intersect with the corresponding outlier-location event, which still has probability
at least 1 — n P after adjusting constants. B
On the event £p, note that our signal assumption 9v/Ryax < \p < Rf’nax ensures \s € Sout
for all s < k by Weyl’s inequality (see (6.8)).
For simplicity, we write
M=M D-

We first present deterministic bounds on the difference between the eigenspaces Uy and U k-
Let J = [r]\[k] denote the complement index set and Uy = (ug41,...,u,). Let Py be the
orthogonal projection onto the subspace .

PROPOSITION 7.1. For 1 < k < r+, assume N\, = 2| E|l. Then the following deterministic
bounds hold.

() For the operator norm bound, we have
. ~ ~ E
Jsin 20, Tl < 10T Tl + 211 .

(i1) For the 2 — o0 norm bound, we have

Orgl@i)& | U — UOll2.0 < Uk — Pu, Url2.o + |Ukll2.00|| sin Z(Us, Up) |12, (7.2)
where
15 ~ Pl < 1Ulaco - [UF Tele + SVRIU 2500
k
k ~ ~ 2
+2 ;1)\3 max eJQE(AS)UH . (7.3)

Given these deterministic bounds, the main technical contribution of our perturbation analysis

is the estimation of
k

2 U as|2.

s=1

|U Ukllr =
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We first present a deterministic bound for each |U] is|. The geometric bias matrix V = UTRU
is defined in (1.2). For any index sets I, J € [r] with Ur = (u;)ier and Uy = (u;)jes, We denote

Viy:= U{ RUS;.
For a matrix B, we denote by Off (B) the matrix obtained by setting all diagonal entries to zero.
PROPOSITION 7.2. Define index sets
J={k+1,....r4}, T:=[r]\T,
={ry+1,...,r}, K:=[r]\W.
Fix s € [k]. Define the gap
AL () = A min 11— Nju] @(\s)uy]

with the convention that the minimum over an empty set is +00. If the following gap condition

holds:

2)\k+1

4

[0Vl +

S S

sc¢(R), (7.4)

then we have

- 4 V 13 Riax -
o) < 2l 13 B o ) L 2T 0] 75)
AJ()‘S) >\s 2 )‘g)
VNIC 13 Rmax —_
+mf<” Ly 2, <>+AHUT<>U>

Note that when J = ¢J, we have A\‘I}(XS) = 00, so the corresponding term on the right-hand
side of (7.5) vanishes. The proofs of Propositions 7.1 and 7.2 are deferred to Appendix B. On the
event p, the condition A = 9/ Rpax implies A\;, = 3| E| = 2| E|, so Proposition 7.1 applies.

Now we continue with the estimation of |U ] % and split the discussion into two cases: k =
ryork <ry.

Case 1. Assume k = r,. Then J = (J and A?(XS) = +00. In this case,
J=N = {7"++1,...,7’}.

We just bound

~ V/\/’ K 13 Rmax —
Ui < mf( L 22 B, <>+AUT<>UD

By Theorem 6 (note that the gap condition (6.7) holds trivially), for every s € [k],

~ 99
As Z Uy — pr = N — pr = ——=\i-
s Z Vg — Pk k= Pk Z 1007k
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Thus,

HVNIC ” Rmax M
24 4— 7.6
Ai + )‘i osc(R) + " (7.6)

T~ T~
Uy us]| = [Unts | < 4

and

|UF Ukl =

k
v ”VNKH Rinax M
;1 U7 )2 < fry (4 ey +24 Vi osc(R) + 4)\r+ NN

T+

Case 2. Assume k < ry. Under our gap assumption

osc(R)

5y = 65py, + 20
Ak

A
> 65p + 20 i;losc(R), (7.8)
k

we first show that (6.7) holds, that is,

min (¢, —9;) = 50 where 4, = min ;.
z€o+,l>k(*"” 1) = 50px =k i<k

If O4\[k] = &, then the inequality holds because the left-hand side is 400 by our notation.
Assume O \[k] # &.
Suppose
9y =

for some 1 < ¢t < k. Observe from (5.5) that

791& =M = )\k > /\k+1 = )\j (7.9)
foranyje J ={k+1,...,r4}.
Define two auxiliary functions
Rmin Rmax Rmax Rmax
L(x):=xz+ i 145 3 osc(R), U(z):=z+ e 145 3 osc(R)

for £ = 64/Rpax. Note that both £(z) and U(x) are increasing functions. Note that \; >

94/ Rimax. Thus,
L) <Y <UN).

For any [ € O satistying | > k, since A\; < A1, by the definition of ¥J; for and Proposition 5.1,
we have
L) <9 <UN) SUNgt1).

In particular, for any [ € O \[k] (note that ¢ € O.), we have

Ve — 9 = L(A) —UNgs1)

Rmin Rmax Rmax
— 145
At Akt1 A3

osc(R) — 145 R;nax osc(R).

k+1

= O\t - )\k+1) +
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Rewriting
Rmin o Rmax _ )\k+1 - )\tR . Rmin - Rmax
At Ak+1 MNgpr o8 Ak+1

and using the assumption Ay, \p 11 = 94/ Rmax = 64/ Rumin, we further get
Rpin — Rmax 1450sc(R) 145 0sc(R)

Rmin
Oy — = (1— A — A —min Thwmax SRRV 2
e ( AtAk+1) (e = Awer) =200 36 A 36 A

35 145\ osc(R) 145 0sc(R)
>0 — 1+ — - —

36 36 ) Aes1 36 A
- 35, 18losc(R) 1450sc(R)
“36°° 36 A 36 A

where we used \; > Ay in the last inequality. To proceed, note that

osc(R)  osc(R) osc(R) - osc(R) N 1

= 1) < — 0.
Akt1 Ak - SNk 1 Ak 36"
We get
35 181 326 osc(R)
Y= === |0k — == = 50
Lo <36 362> 5736 P

by our assumption (7.8) on J;. Hence, the conclusion of Theorem 6 holds. In particular, for every
s € [k],
Xs =), — pr =Vt — i (7.10)
Recall A? defined in Proposition 7.2. Next, we show that for any s € [k],

- ~ ~ 1
A%()\s) = As Ijrégl |1 — )\ju}—@()\s)uﬂ > §5k-
Denote o (z) = /\;1 — u}@(z)uj for each j € [r]. Then

AL () = 5%1}1 XA ()]

For each j € 7, by the expansion of ®(z) in (5.3), we have

1 1 1 Vy
aj(z) = )\7 - u;—q)(z)u] = )\7 L % —&j5(2),
where €;;(2) 1= u; €(2)u;. Similarly,
1 1 Vi
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Therefore,

~ ~ - s - - \j
AsAjaj(As) = As <1 - )\J> + AsAjon(As) — T2 = (Vij = Vut) — Ashj i (€55 (As) — €xe(As))
t

=11+ 15 + 15 + Ty.

S

It follows that
(%)
We estimate 7T;’s respectively. For T, by (7.9), we have
Ty = A (1—2) > )\, (1— /\21) - i\kdk'
Then, by (7.10), we get
O W

O
T1>(19t—pk))\k )\*5 _Pk/\

=Ty + 15 — |T3| — |T4|.

= 0 — pr

since /\ > 1by (7.9) and 5k
Next, we estimate Th = )\s)\] oy (XS) By the same estimates as (9.20) and (9.21), we have

5 2
@ < Oéé(ﬂf) < ﬁ for x > 3\/ Rmax.
In particular, oy () is increasing for x > 3+/Rpax. By our definition, ay(1;)=0. Since Xs >
vt — pi by (7.10),

ar(Ns) = (O — pr) = (P — pr) — () = —pra(€),

where the last equation is due to the mean value theorem and ( is a value between J; — pg and ;.
Then, by (7.9),

~ ~ <2 XA
Ahju(hs) = =Mk ok = —2W7k;€1)2pk.

Since 9¥; — 100 9919, and )\ %/\S < 3195 by Weyl’s inequality and (5.5), we have
100 19 )\k+1
Ty > —2(=—)22="" > —dpyp.

Finally, for 73 and T}, by Lemma 5.2, the bounds )\s < %)\s and

~ 99 99
)\5 = 'lgt pk; = 719t =

100 1007

we have

A - -

‘T3| + |T4‘ ,)\V2 OSC(R) + )\3)\j . OSC(€()\3))

15 - 24 AMO
36 )\i

g)\kﬂo
30N

A
<425 ose(R) +

s¢(R) =
A

sc(R).
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Combining the above estimates, we arrive at

~ ~ 32 A\
/\SAjaj()\s) >0 — bprp — — k-2i-10
3N

sc(R) = %(5k

by our gap assumption (7.8). Hence,

< x < 1
A% (Ns) = 51;1}1’)\5)\]-043-()\5” > 20k

Furthermore, (7.4) in Proposition 7.2 holds. To see this, note that the right-hand side of (7.2)

2\ 13\ 11 Rimax
2RO (V)| + T ose(R)
100\ * Ajp1 13 100\ * Apsq
<2(=—= R) + — ( — R
<99> 22 ose(R) + 35 99 A2 osc(R)
A
<3 f\;los ¢(R) < 5k AL ().

k

We continue from the bound established in Proposition 7.2. On the event £p, substituting the
uniform local law bound |UTE(X,)U| < M/A2 and using X, > 2Nk,

~ 4 )% 7 13 Rmax -
0T < e ('5 |y 22 e e ) + R2UTE(R >U|)
AT\ X 3
13Rmax -
+2\F<|VN’C % 050 (R) + X UTE(R >U|>
2 2 X
3
< 3 (100 Vsz| 13 (100 OSC(R)SRmax+ v
e\ 99 n T2\ 99 p¥]
100\? [Vnic| 13 /100 0sc(R)Rmax 100 M
+2 TPANRN 22 222 ) 22/ - max
\F<<99> a2 2 g 2 T

Now the bound above simplifies to

10 Rinax Wikl M
s 10—.
|U; T | < — S <|VJI| +8 )\% 050(72)) +3 )\z + 05k

Finally, we establish the bound

|UT Ukl =

k
DU s
s=1

10vk Roinax % M
< J0vk (\vﬂu +8 OSC(R)) T3Vl ;’C 10V
oy A k
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Combining (7.7), for any k € [r, ], we always have
U] Ukllr < By + 10\F

where

)\2

10vEk Rinax V
By, ::<||vﬂ|+8 Aa sc(R )) +4\F” Wl

) k A k
Consequently, by (7.1),

k

]

| sin Z(Uy, Uy)|| < By, +10\F— +2A
k

From (7.3), using (7.11), on the event £p, we also have

|Ux — Py, Ukll2,00

< U2 - |UF U

OSC
2 A2 max
k 1<i<n

M R
< U ]2.00 (Bk + 10V 3@053(2 )
k

< U200 (Bk + 1off + 3\F°SC( )

using Xk 100 9 \i. Now, from (7.2), we obtain that

min HUk — UiO||2,0
00 (k)

HUk - PUk

(Ux, Up)|?
< 4| U200 <Bk + 20\7— + S\fosc( ) 4 27Rm‘“> + 3\/%)\%
k

A2 A2

by our assumptions on A and .

8 Proof of the isotropic local law: Theorem 4

Let z € C satisty |z| = 64/ Rpax. Recall that
G(z) = (21 — E)7!

Denote

H=H(z) = diag(h(2),....ha(2), hi = hilz) = 2 0%:5(2)

Then the QVE can be written as
O(z) = (2f — H)™?
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Since (21 — E)G = I and (2] — H)® = I, subtracting these identities, we have
2(G-®)=FEG—-H®=(E—-H)G+H(G—-?).

Rearranging the terms, we further obtain (21 — H)(G —®) = (E — H)G. Hence, for deterministic
unit vectors v, w € R,

v (G —®)w=v'(z—H) Y (E - H)Gu. (8.1)
Set
~T — 'UT(Z _ H)—l
Then
v (G = ®)w=7"(E - H)Guw.
We also define

L=L(z) = diag(l1(2),....In(2)),  L=1l(z) =) 05Gj;(2).
j=1

Then (8.1) gives the decomposition
v (G—=®)w=0"(E—-L)Guw+79' (L - H)Guw. (8.2)
We start with a bound on ||[7]. By Lemma 5.1,

3Rmax < M
22| T 4’

N

HH” < Rmax m?X |¢z(z)|

where the last inequality follows from |z|? > 36 Ryax. Hence

1 4 (8.3)

18] < |1 = H) 7 < =7 < arop
2| = I H[ 32|

With this |?]| bound, the control of the first error term in (8.2) reduces to the following propo-
sition, which we prove in Appendix C. The proof follows the cumulant expansion strategy of
He, Knowles and Rosenthal [62], which compares the random resolvent with its deterministic
self-consistent approximation. Our application is simpler in two ways. First, we work only in the
large-~ outlier regime, where resolvent derivatives have elementary bounds. Second, we need only
a second-order cumulant expansion with a controlled third-order remainder. The main challenge
is handling highly inhomogeneous and sparse variance profiles.

PROPOSITION 8.1. Fix D > 0. Let v,w € R"™ be deterministic unit vectors, and let z € C,
satisfy |z| = 6+/Ruax. Under Assumptions 1.1 and 1.2, with probability at least 1 — n=P~4,

0T (E — L)Guw| < T2 + Cn ™.

Here, the Cn~=°% term appears only in the general sub-Gaussian regime; in the bounded sparse-
entry regime, it may be omitted.

m
|z
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The second error term in (8.2) is controlled using Proposition 8.1 and a deterministic stability
argument for the diagonal self-consistent equation. Its proof is given in Appendix D.

PROPOSITION 8.2. Fix D > 0. Under the assumption of Propositon 8.1, with probability at least
1— TZ_D_4.'

"UT(L — H)Guw| < C <TZT + n_500) :

In the bounded sparse-entry regime, the n=°% term may be omitted.

Proof of Theorem 4. We use the decomposition (8.2). For the first error term in (8.2), Proposi-
tion 8.1 and (8.3) yield

—500
67 (B - L)Gu| < |7 (mD + Cn—50°) <cD ot (8.4)
] 2] 2]
Similarly, for the second error term in (8.2), from Proposition 8.2 and (8.3), we get
—500

67(L — H)Guw| < CT‘T’; + c”‘i‘. (8.5)

z z

Combining (8.4) and (8.5) with (8.2), we obtain
—500
|UT(G - Q)| < C'm—D2 +ol
] ]

100

Since Rpax < n'% and 0!, < n'%, we have mp > en 1% for an absolute constant ¢ > 0.

max
Absorbing the n~5%-term, we get

mp
|UT(G — Q)| < 2

This completes the proof. O

9 Proofs of the outlier eigenvalue locations: Theorems 5 and 6

9.1 Proof of Theorem 5

For notational convenience throughout this section, we replace the target index k with j. We first
consider the case that A; > 6+/Ruax for j € [ry] is a simple eigenvalue. In this section, we use
the normalized version
-1 T
aj(2) = A, —u; ®(2)uy,

so that &;(z) = Aja;(z). The deterministic root ©J; defined in Proposition 5.1 is equivalently
characterized by «;(¢;) = 0.

We still work on the event £p. However, we only need a weaker signal assumption \; >
61/ Rmax + 100p; since the local law is applied on deterministic contours around A;, whereas in
the eigenspace proof, it is applied at the random points z = A;.
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By Proposition 5.1, there exists a unique deterministic location 9J; satisfying

1-— )\juJT<I>(19j)uj =0

with b =
0 —\j — Aij < 145 %a".
In particular, since V;; > 0, we have
v < Aj+ ]j\jj + 14£'>]'!%)2r\’§aX <A+ %/\j + %Aj < 1.16);
and directly by Proposition 5.1,
V= N\ 9.1

We will show that on the event £p, there exists exactly one eigenvalue Xj lying inside the disk
D(9;,p) i= {z € C: |2 — ;] < p}
for p = p; defined in (9.2). Denote
K(z):=A'—U"®(2)U and B(z):=U'(G(z) — ®(2))U.
Set
g(2) :=det(K(z)) and f(z) =det(A™! —UTG(2)U) = det(K(z) — B(z)).

By Lemma 21 from [85], the eigenvalues of A outside the [—|E|, | E|] are the zeros of f(z).
Besides, the algebraic multiplicity of each eigenvalue matches the corresponding multiplicity of
each zero. Next, we show that the zeros of f(z) are close to the zeros of g(z).

The following result is a special case of the generalized Rouché’s theorem for operator func-
tions (see [57]). We include a short proof for completeness.

LEMMA 9.1. Let I' < C be a simple closed contour. Assume K (z) and B(z) are analytic in a
neighborhood of T and its interior. If

sup [ K1 (2)B(2)] <1,

zeT’
then f and g have the same number of zeros inside I, counting multiplicity.
Proof. Fort € [0, 1], define Fi(z) := det(K(z) — tB(z)). For z € T,
K(z) —tB(z) = K(2)(I — tK (2)B(z)).
Since [tK~'(2)B(z)| < 1, I — tK~'(2)B(z) is invertible. Hence, F;(z) # 0 on I for all

t € [0,1]. By the argument principle ([6, Section 5.2]), the number of zeros of F} inside I is a
constant in ¢. Taking ¢t = 0 and ¢ = 1 proves the claim. O
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We will take a circle
Li(p) :={z€C: [z = V;| = p}

with the radius

osc(R) ‘

J

p=pj:=10M +15 (9.2)

To apply Lemma 9.1 on I';(p), we bound

sup K (2)B(2)| < sup [K7'(2)|- sup |B(2)].
z€T'j(p) z€T'j(p) z€T'j(p)

To bound sup_.cr; (| B(2)]. first note that I'j (p) S Sout. To see this, since Aj = 61/ Rmax+100p;
and p; < A;/100, for every z € I';(p;),

’Z’ 279]‘ — Py = )\j—pj 26\/RmaX7

2] <9+ p; < 116N + L < 2R}

100 max
Hence, on the event £p, we get
100\ % M
sup |B(2)] < <99> 77 9.3)
zel';(p) J

To bound sup_cr ) |K~1(2)|, we rewrite K (z) for z € I'j(p) in block form. Without loss of
generality, by relabeling the columns of U and the diagonal entries of A, we may assume that the
index j is the first one. Namely, write

U= (u;,U_;) and A=<>‘j O).

0 A_j
Thus, )
= -uteew = (50 50 )
where

aj(z) = )\;1 - u}—q)(z)uj, bj(z) := Ujj@(z)uj, Dj(z) = A:} - Ujj<1>(z)U_j.

The following lemma provides the estimates of |a;(2)], [b;(2)|, and the smallest singular value
smin(D;(2)) on the circle I';(p). Its proof is deferred to Section 9.1.2.

LEMMA 9.2. Fix j € [ry]. Assume \j = 6v/Rmax + 100p and \; is a simple eigenvalue of A.
Assume the following gap condition holds:

min(¥; —9;) = 50p and  min (Y; — ;) = 50p. (9.4)
I<j leO4,l>j5
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where O, = {l € [ry] : \j = 6+/Rmax} is the index set for the supercritical eigenvalues. Then
for z € T'j(p), we have

P 3p
479? <Jaj(2)] < 19*?7 9.5)
L p
. < ——, .
smin(Dj(2)) = 3%' ©.7)
J
In particular, (9.7) suggests that D;(z) is invertible on I';(z) and
197
-1 j
D7)l < 5. ©08)
Define
hj(2) == aj(2) = bj(2) " D; ' (2)bj(2)
for z € T'j(p). By Lemma 9.2, h;(z) is well-defined on I'; (p). Besides,
2 y—1 P 1L p 37 p
|hji(2)| = |aj ()] = [b;(2)|71D; (=) = @ - ﬁ@g = ﬁﬁ? >0
and
150 95
hl(z) < =2 9.9
()] < ©.9)
Now we are ready to estimate | K ~'(z)| on I'j(p). By Schur’s complement,
- hit(2) 7 (2)i(2) "D (2) >
K(2)! = ( B J J
O = @b one) D7 e+ 8 D) b () D7 )
We decompose K (z)~ ! as
(0 0 . 1 bj(2)T D} (2)
K(z 1=< _ )+h-1z( _ .
O =0 ) T O btene) Dy @b ) Dy ()
Note that by setting v := bj(z)TDfl(z), we have
= (D eme) Db s >TD i) v wi) = '
Hence,
[B] =1+ [v[* = 1+ [b;(2) ' D7 () I* < 1+ b ()17 - | DF (=)
It follows that
[K)7H < 107 ()] + [hy ™ (2)] - ] (9.10)

<D+ 05 )] (1 + 15 ) D7 )1?)
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Plugging the bounds in Lemma 9.2, (9.8), and (9.9), we get

192 15002 1 9 92
IK() <2+ 22 (14— ) <22
3p 37T p 900 2

Together with (9.3), we arrive at

_ _ 997 /100\* M
sw K @B < sw KGO sw [B1< 52 () 5 <L
zel'j(p) zel'j(p) zel'j(p) p j

where we used p > 5M in the last inequality. Hence, by Lemma 9.1, the functions f(z) =
det(K(z) — B(z)) and g(z) = det(K(z)) have the same number of zeros inside I';(p), counting
multiplicities. This comparison alone, however, does not yet identify that number, since K (z)
is not diagonal. We therefore perform the zero counting by comparing K (z) with its diagonal
approximation.

Recall that D(9;, p) := {z € C : |z — ¥;| < p} denotes the disk centered as J; with radius p.
Set

D} :=|JpWi,p),  Dj =D uD;,p), (9.11)

l<j

and let C;-L = é’Dji be positively oriented on each connected component. By our gap assumption

(9.4), the disk D(¥}, p) is disjoint from D;T. Moreover, the disks corresponding to roots ¥; with
I < j lie strictly to the right of D(¢;, p), while the supercritical roots ¥; with [ > j lie strictly to
its left.

Define the diagonal matrix of K (z) as

Ap(2) = diag(ai(2),...,an(2)) with a(2) := N1 — ] @(2)u. 9.12)
We show the next result whose proof is deferred to Section 9.1.1
LEMMA 9.3. Under the assumption of Lemma 9.2, we have

sup [Ao(2) (K (2) — Ao(2))] < 1, sup |K ()" B(2)] < 1.

+ +
zeCj zeCj

Applying Lemma 9.1 twice on the contours C]i, first to Ap(z) and K (z), and then to K(z)
and K (z) — B(z), shows that

det(Ao(2)),  g(2) =det(K(z)),  f(2) = det(K(z) — B(2))

have the same number of zeros inside each of the regions D;f and Dj_, counting multiplicities.
Now

det(Ao(2)) = [ Jeu(2),
=1

and among these factors on the right-hand side, only «;(z) with [ € O have zeros in the super-
critical regime, namely at z = 1J; (see Proposition 5.1). Since J; is supercritical, all \; with [ < j
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are also supercritical. Hence, by construction, det(Ag(z)) has exactly j — 1 zeros inside D;f and
exactly j zeros inside D;". Consequently, f(2) has exactly j — 1 zeros inside D;f and exactly j
zeros inside D"

Since D;\D;f = D(¥j,p) and I';(p) = 0D(¥Y;, p), it follows that f(z) = det(K (z) — B(z))
has exactly one zero in D(1);, p). This zero is the same zero enclosed by I';(p) = dD(¥;, p).
Denote it by A. As noted above, the zeros of f outside [—||E|, | E|] coincide with the eigenvalues
of A = A+ E, with matching algebraic multiplicities. Moreover, by (9.1) and p < A;/100, the
disk D(¥, p) lies strictly to the right of the noise bulk [—||E||, | E||]. Therefore X is an eigenvalue
of A.

It remains only to identify its index. The zero count above shows that exactly j — 1 zeros of
f lie in D;r, which is strictly to the right of D(?J;, p). The gap condition also places all remaining
supercritical roots ¥; with [ > j strictly to the left of D(¢J;, p); applying the same comparison on
the corresponding separating contours rules out additional zeros of f in the gaps between these
root neighborhoods. Finally, all non-outlier eigenvalues of A lie in [—[E], | E|]], which is also
strictly to the left of D(¢;, p). Hence there are exactly j — 1 eigenvalues of A larger than A Hence,

=

9.1.1 Proof of Lemma 9.3
We estimate | Ag(z) Y|, | K (2) — Ao(2)], and | K ~1(z)| respectively for z € C]i. Since
K(z) — Ag(z) = —Off (U ®(2)U),

we have
|K(2) = Ao(2)| < [OF(UT @(2)U))] .

Claim. For z € C;—L, the following estimates hold:

g (2)] = IEER (9.13)
()l < o b5 ©0.14
25 |z|?’
|OR(UTB(=)U)| < Lo (9.15)
52
IOFUT (=)0 < — L. (9.16)
10 |z|?
We defer the proof of this claim to the end of this section. Using these bounds, we first have
-1 -1 1 Els
) = e ) = o T <2

Hence,

sup [ Ao(2) ™! (K (2) — Ao(2))] < sup [Ao(2) "] sup | K (2) — Ao(2))]

zECji ze(,’;L zECji
2> 1 p
<ol 2 P
ST 5z
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Next, we estimate HK ()71 for z € Cf which is similar to the previous estimates on I';(p).

Since HOff UT H HOH (UT®(2)U)|, from (9.22) and by the Claim, we get

sin(D3(2)) 2 _min Joa(2)] ~ [0 (UT,2(:)0)|

and thus

Recall that hj(2) = aj(2) — bj(2) ' D' (2)b;(2). By the claim,

_ 1 p 2 p\? 322 359 p
hi(2)| = |ai(2)] = |Ib: (2)|I2| DT >- L (= L) =& =2 B
13(2)| > ey ()] = I IPID} () > 5770 ( ) 00 = TSP

Hence, |1;}(2)] < 129 L and by (9.10),

|K ()7 < D7 ()] + |05 (2)] (1 + ;=) - \ID*1(2)|\2>

1022 750 |z|? 2 p \*(3[z2\°
ST+ 1+ (=5
3 p 359 p 25 |z|2 10 p

2
. ey
p

Finally,

2> M

sup |K7(2)B(:)| < sup [K(2)| - sup |BE)] <550 -

+ + +
zeCj zeCj zeCj

<1,

where we used p > 10M in the last inequality.

To finish the proof, it remains to prove the claim.

Proof of (9.13) We bound |« (z)] for z € Cji. The proof is similar to that of (9.29). We split the
discussion into three cases: [ € O, l € [r;|\O4, and [ € [r]\[r4].

Case 1: 1 € O,. We have \; = 6+/Rnax. By Proposition 5.1, define ¥; as the unique solution to
al(z) = 0. Also, ¥ > 5\/@.

Forz =z ++/—1y € Cji, we have [y| < pandz >0, — p > 19(?075‘ > 4+/Rpmax. Note that
using the same estimates as (9.20) and (9.21), we have

4 1 3
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Indeed, we refined the constant for the lower bound using > 44/ Rnax:

1 243 R2 1 243 4
/ max
ai(w) = —ul V(@) > S5~ = 2:c2<1_5-256>>5x2'

Since ay(¥;) = 0, from |ay(z)| = | §y, o (t) dt|, we get

4‘1‘—19[‘

x ’1‘—'[9[’
5 .%'79[ '

:(:191

< |og(x)| <3 (9.18)

Now the Taylor expansion of a;(z) at x yields:

a(z) = au(x) + vV —1lyaj(z) + az (O(W-1y)?,
where ( lies in a vertical segment connecting = and z. In particular, |(| = = > 44/ Rpax. It follows
from part (i) of Lemma 5.1 that

28

28
o] ()] = [ @"(Qu| < |@"(¢)] < FS @

Next, plugging in (9.17) and (9.18) yields

() + V=Tyaf(@)] = y/aa(@)? + 20 (2)?
16 (x — )2 16y> 41 x?
> 4| o — @ =925 2
\/25 22 tasar 5\ E Ty
If 9, < Wa, then z/9; > 0.99 and

19
lu(@) + vV_Tyal(z) 099W 0.79212 il > 0792

If ¥; > 100x we use the fact that the function f(¢) = =2 is increasing for ¢ > z. Its minimum
value occurs at the boundary ¢ = 10033 By (9.18),

49— 4100x—a: 4z
+ vV —lyaj(z)| = > > = :
Since z > 99p, we have 4L, > 299 = 0.7925,.

Hence, we obtain

2
(2)] = | (@) + vV=Tyaj(a)| - 1475

14
>079028 — =L L P o5 P

x2 9922 7 222 7 2|z’

where we used |z| = = > 99p > 99]y|.
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Case 2: | € [r4]\O4. The lower bound on |y (z)| follows the same approach as (9.27). We skip
the proof. In this case, we have

99 P P
> 70* > 70 > 60—.
loa(2)| > 7059 <1oo> EEREE

Case 3: 1 € [r]\[r+]. Wehave \; < 0. For z = x + /-1y € C ,wehave z > 0; —p >
1909019 44/ Rpnax. From (5.3), we expand

1 1 1 1
a(z) = N ul ®(2)u; = N o ?ulTRul — ) e(2)uy.
Note that
1 1 >R 1 1 1 N T T
— — | = Rel——-= — >
Nz Nz \)\l| |z[2 |z|2

Furthermore, we have

1

max

23 7 8 2P T 128 |22 T 128-16]z2

R 45 R? 173 R 173
ul Rup + u) e(2)uy| < =2 =% < i

using the bound |z| > = > 44/ Rpnax. Hence,

g (2)] = = — A8 T g9 L
|2|2 12816 |z|2 | 2]

Combining the above estimates, we have proved (9.13).

Proof of (9.14) The proof is almost identical to that of (9.6). We briefly it here. Following the
same approach as (9.6), we first get

0s¢(R)  15Rpax osc(R)
Hb](z)” 2|Z’3 + 2’2’5 OSC(R) < |Z’3
Since [z| > ¥; — p = 751; and
osc(R)
=1 ;
3 9;
we further get
osc(R) _ 100o0sc(R) 1 100 p
< — — , 9.19
P S09 9, AP S 99-13P ©-19)
and hence 5
p
b € —=173-
” ](Z)H 25 |Z|2
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Proofs of (9.15) and (9.16) The bound for Off (U To(2)U ) are almost identical to the bound for
Off (Ujjfb(z)U,j) derived in (9.7). We briefly sketch it here. It follows from the same steps that

1 1
se(R) < 5 osc(R) L

15R
ﬂ‘ —l— . < max <
|Off (U e(2)U_j)| 0v2 27 1022

< 0
V2[2f?

and

T OSC(R) 15 R max
HOH(U—J’(I)(Z) *J)” = 2[2|3 \/*’2‘5 osc(R)

osc(R) (1 15 1 p
< - <.t
2° \2  9v2) "5z

where we used (9.19).

9.1.2 Proof of Lemma 9.2

Recall from (9.2) that
osc(R)
Aj

By our assumption, p < A;/100. From the estimates in (9.1), we also have

p=5M+15

osc(R) - 1305(:(72)‘

> 15-0.87
4 U; U,

For z € T'j(p) satisfying |z — ;| = p, we have

99 101
mﬂjgﬂj—pﬁbfﬁﬁj—pgi

Proof of (9.5). We first estimate |c;(z)|. Recall that «;(¢;) = 0. By Taylor’s theorem,
aj(z) = aj(9;)(z = V;) + Ez,
where

1 1
Ep| < =|z — 9> max [o/l(C fp max |o//(¢)].
ol < gle = 95 mas (0 = 3o max ja¥(0)

By part (ii) of Lemma 5.1 (see also (A.15)),

1 243 RZ 1 243 2
T max
;(0;) = —u; ¥'(Ij)u; > o5 — =5 > 55 (1 - 5~81) =z 020
J J J j
For ( satisfying |( — ¥;| < p, we have (| >V, —p > 1909019 > 44/ Rmax. It follows from part (i)

of Lemma 5.1 that

28 100\ 1 29
") = luld” ; " (¢ <2 —
|5 (Q)] = Juy D" (CQuy| < [@7(Q)] < p <28 ( 99> 7 < 3
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Thus,

2902 29 p
Bl< =" < ——
[Bo| 2 93 = 200 92

and
2p 29 p P

()] = =L >
o (2)] 502 20002 407

For the upper bound, observe that

laj (2)] = la(2) — e (95)] < \4%?§p|a9(<)| - p.

By part (ii) of Lemma 5.1 (see also (A.15)), we have

1 3V 243 RZ 2 3
05Ol S T + T = e S T S g 9.21)
’ [ (L I (L (S
using |¢| = %ﬁj and ¥; > 54/Rmax. Hence,
3p
(=) < 26,
j
Proof of (9.6). Next, we estimate ||b;(z)] = HUIJ-@(z)uj |. Since Ujjuj = 0, using the expan-

sion of ®(z) in (5.3), we immediately get
Lo T
bj(z) = gU,jRuj + U_je(2)u;.

Thus,

|UT; Ry

Iy ()1 < i

+ HUIje(z)ujH.
Since UIjuj =0,
1
U7 Rus | = |UT(R — eDyu| < |R el < sosc(R)

by selecting ¢ = %(Rmax + Rpin)- Similarly, we also have

15 Rmax

oF osc(R),

U7 e (25 < %osc(e(z)) <

where the last inequality follows from Lemma 5.2. Thus

0s¢(R)  15Rmax
2|23 2|2

16;(2)] <

) < R (10 )

p

3 a0 3 —
2] 99 5} 1092
by our assumption p > 15%&73)'
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Proof of (9.7). Finally, we show the lower bound on spin(D;(2)). For each [ € [r], set
a(z) == N1 = D).

We rewrite
Dj(z) = AZ} = UL ®(2)U_
= AZ} — diag(u] @(2)w)iepy 5y — OF (UL ®(2)U_;)
= diag(y(2))ief\ ) — OF (UL, @(2)U_;).
Thus,
smin(Dj(2)) > min. Joa(2)| — | OF (UL, 8(2)U) | 922)

We first bound Off (UT;®(2)U_;). By (5.3),
Off (UL, @(2)U_;) = Off(lf + iUIjRU_j + U e(2)U-;)
= Off (5 Lo, JRU_;) + Off (U e(2)U_;). (9.23)

Note that
Off(UL;(R — e1])U_;) = OfF (U, RU_j).

Choosing ¢; = %(Rmax + Ruyin), We get
HOH(ULRU_]-) H IR — i1 < OSC(R)
Similarly, we also have
[OB(UT2(z)U_y)| = [OB(UT(e(2) — exD)U_y)| < |£(2) = es -

Decompose ¢(z) = diag(ex(z)) = diag(xy) + +/—1diag(yg). Set ca = ¢ + /—1l¢y, =
%(maxk Zg + ming x) + /—1(maxg yg + ming yx ). Then

1 1 1
ler(z) — 02]2 = |z) — cw]2 + |y — cy]2| < Zosc(ac)2 + Zosc(y)2 < iosc(z-:(z))Q.
It follows that . 15R
Off (U .e(2)U_;)| < —=osc(e 2% hse(R
|OfE(U_;e(2)U—j)| 7 (e(2)) < \ﬂz|5 sc(R).

The last inequality is by Lemma 5.2. Combining these estimates with (9.23) yields

[oft (UT,0(2)U ;)| < OZTEE) . 1\5}725 se(R) (9.24)

osc(R 1
z|3 2"

oscR 18p
3 < 13 92
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where we used |z| > 7549, and p > 13°SC(] )
It remains to bound minge[, 5y |1 (2)| where

a(z) =N = u) (2)uy.
Define
O+ — {l S TJ,_ : 6\/ max}
We split the discussion into three cases: [ € Oy, [ € [7’+]\(’)+ and [ € [r]\[r4]-

Case 1: | € Oy. We have \; > 6+1/Rnax. By Proposition 5.1, define 1J; as the unique solution
to ay(z) = 0. Also, ¥; = 5v/Rpax. Using similar estimates as (9.20), we get, for any real

t = 3v Rmax,

2
aj(t) = —u ' () @-
Since ay(9;) = 0,
i i 2 2100 =95 |01 —
a(V; =Jo/tdt‘>f dt’ )
e ()] " i) 9, Bt2 5 0 w (95 + [0, — 0,])

The last step is from ¥; < 9, + |U; — v;|. Since |¥; — ;| = 50p by our assumption (9.4), together
with p < 9,/100, we get
40 p
i (95)] = ?197?'
Next, using the same estimates as in (9.21), we also have

p
05) = < <31
|l (9;) — au(z)] . glga‘)iplal( Ol p 319?

Hence,

40 10
)] = )] - fou0y) — a2 > (g 3) By = Pk 029
J

Case 2: 1 € [r1\O4. We have 0 < \; < 64/Rmax < A;. From

a(2) = ay(2) = (N1 = A1) = (] @(@)u — ] (2)uy)
observe that
A=A
NN

lay(z) — aj(2)] = - }ulTCD(z)ul - uTCD(z)uj‘ . (9.26)

Furthermore, by (5.3),

L T L T T
Ll Ruy — 3% Ruj — (uy e(z)uy — uj e(2)uy)

’u;— )ul—u ®(2)u;| =

1
< WMTRW - u;rRuj] + | e(2)uy — ujTa(z)uj\

< OS‘Zﬁ?) + osc(e(z2)).

52



For the last inequality above, since u;, u; are unit vectors, their quadratic forms represent convex
combinations of the diagonal entries. Therefore, the difference between them is strictly bounded
by the maximum pairwise distance in the complex plane, which is the oscillation.

By Lemma 5.2,

osc(R) 15Rmax 8 0sc(R)
DAY (o Emax ) 2PV
<+ 22 ) 3 2P

Continuing from (9.26), together with |a;(2)| < % from (9.5) and the triangle inequality, we
i
obtain

Aj— A 8osce(R)  3p

2 3 92
)\j 3 |z] 19j

| (2)] = |eu(z) — @ (2)| = | (2)| =

Since A; < 64/ Rmax and Aj = 64/ Rimax +100p, we have \; —\; = 100p. Using our assumptions,
2| = 13595, 0.87); < 9 < 1.16); from (9.1), and p > 13%5F) Thus we get

p 8 (100\° osc(R) p
> (100-0.872 —3) = — = [ — 70 9.27
ou(2)] > ( 55 () T g ©0.27)

Case 3: | € [r]\[r4+]. We have \; < 0. Using the expansion (5.3), we get

1
ul—ri’(ﬁj)ul = 197] + ﬁ + 6[(193)
J
1 1 45 R?
2 _ 19 > — — — max
19] ||€l( J)H 19] 3 1935

Thus, oy (9;) = A, ' — ] ®(9;)u; < 0 and

67 1 - 6700 p.

Nzt s 2P
e (9)] 29,0 72 9

Using similar estimates as (9.20), we have |a}(()| < 19% for any ( satisfying |¢ — ¥;| < p.
j

Consequently,
— ()| <p- Q) < 3L
lau(2) —au(95) < p Kg@@pl%(()l 7
and
6700
\m@ﬂ>mﬂmn—mma—mwp;a<rz—3>£:am£. (9.28)
J J
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Finally, combining (9.25), (9.27), and (9.28), we obtain

10 p

min |o(2)| = ——. (9.29)
ol =)= 5 92

Continuing from (9.22), together with (9.24), we arrive at

smin(D;(2)) = min_ |ay(2)] — HOH(U_Tj AU H > ( _ 18) ﬁﬁ >32.

le[r\{s} 19]

This completes the proof.

9.2 Proof of Theorem 6

Theorem 6 will be proved using similar techniques and estimates as Theorem 5. We briefly sketch
it here. Recall that p = p; = 10M + 15O§C(R)

To establish the lower bound for the top j outlier cluster, we define the block contour enclosing
the deterministic roots 1, . . ., ¥;. Following our previous notation (9.11), let

J
U 79[7103

andletC;” := 6Dj_ be its positively oriented boundary. By our gap assumption min;~ (9, —9;) >
50p, every supercritical root excluded from D, lies at a distance 49p from C, , ensuring the
contour is strictly isolated.

Recall from (9.12) that

Ap(2) = diag(ai(2),...,an(2)) with q(2) := N1 — ] @(2)u.
The main goal is to establish an analogous result to Lemma 9.3:

LEMMA 9.4. Under the assumption of Theorem 6, we have

sup [Ao(2) 7 (K (2) — Ao(2))| <1, sup [K(2)7'B(2)] < 1.

ZEC]- ZGCj

Because the boundary C{ maintains a distance of at least p; from any enclosed root ¥;, the

uniform estimates established in the Claim of Section 9.1.1 hold identically for all z € C;". Con-
sequently, Lemma 9.4 holds.

Hence, by Lemma 9.4 and Lemma 9.1, det(Ag(2)), g(z) = det(K(z)),and f(z) = det(K(z)—
B(z)) have the same number of zeros inside the region D .

Since det(Ag(z)) = [[;_; ai(), its zeros in the supercritical regime occur at 9;’s. By con-
struction, D ; contains exactly j suchroots: 91, ..., v;. Therefore, f(z) has exactly j zeros inside

D> . As noted previously, the zeros of f(z) outside [—| E|, | E|] correspond exactly to the eigen-

values of the perturbed matrix A. Since the eigenvalues are strictly ordered (i.e., Xl == Xr),
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these j enclosed roots inside ;" must be exactly the top j perturbed eigenvalues Xl, e ,Xj. Be-

cause all j of these eigenvalues lie strictly inside D", their locations are bounded from below by
the leftmost boundary of the region.

Recalling that ¥; := mini<<; ¥, the real part of any z € D, satisfies Re(z) > Uy — px.
Thus, we conclude that for all s € [k],

>\s Zﬁk_pk

The proof is complete.

A Proofs of Lemmas 5.1, Lemma 5.2, Proposition 5.1, and Lemma
54

A.1 Proof of Lemma 5.1

Fix z with |2|2 > 6 Rpax.

Proof of Part (i): Define a mapping F' : C" — C" componentwise as

1 1
(F(y)); = Z_ijfizjyj = =)

Consider the metric |y = max; |y;| on C". Note that ¢ is a fixed point of F, i.e., F'(¢) = ¢.
Define a closed set

3
= " <— 7.
Bim {yeCilylo < 5 |

We first show F'(B) < B. For y € B and every i € [n],

e = | b < e s < o <
by our supposition |z|? > 6 Ryax. Hence,
o= (Sl 1l - |5l 312 A
and . ;

This shows that F'(y) € B.
Next, we show that F' : B — B is a contraction. Take y,y’ € B. For each i € [n], using (A.1),
we have

- 275y — v))
= (Ey)i)(z = (By)i)

RmaxHy - y/HOO 9 Rmax / 3 /
212]/3)2 1P ly = ¥llee < Gl =¥l

| (F(y); — (F(¥))
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Since (B, | - ||o) is a complete metric space, by Banach’s fixed point theorem, F' has a unique
fixed point in y* € B. Since the solution ¢ to the QVE (5.1) is unique and ¢(z) — 0 as |z| — 0.
Therefore, ¢ = y* € B. In particular,

3

e (A.2)

max [6:(2)] <

We have
(56(2))

03,6;(2)| < 2] and

3
2 < — Riax. A3
204(2) 375 e (A3)

Hence,

5
< 5= Yokei(a)| < 2lel
J

To show the bounds on ¢’(2), differentiating the equation ¢;(2) ™! = z — 2105 oZ.¢;(z) gives

—¢i(z ) 2(251 =1- Z Uz]éj
hence
(,ZS;( ) = _¢Z ( Z 01]¢] )
and
64(2)] < len(=) (1 + Z o3 165(2)1).
Let M; := max; |¢}(2)]. By (A.2),

M; <

9
’2‘2 (1 + Rma.le)

Since Ruax/|2]? < 1/6, we solve M < 4‘2|2 + 2 M to obtain

18
521>

My = max |¢;(2)] <
(2

To bound ¢”(z), similarly, differentiating the equation one more time yields

i(2) = —26i(z (I_ZUU )+¢l ZJUJ

Hence,

n

167(2)] < 2064 (1+ Y oBle(2)]) + iz |2 o3 16(2)].

7=1
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Let My := max; |¢) (z)|. Using the previous bounds on M; and (A.2), we have

My <2

3 18 ( 3) ngaXMQ.

PERC AR AR FE

Thus,

3456 28
<

M2 = max|qz5”( )| 125’,2‘3 = ‘Z|3

Proof of Part (ii): In the following, we prove (5.2). From ¢;(z) = m and the exact identity
1
=14

, treating x = (X¢);, we get

z—T z(z z2(z—x)’
(oL (Bg)i 1 ()i, .1 o
oi(z) = s = (0 + (2) := s 3i(2), (A4)
e ()] 0 R
lél(z” < ‘Z| - ’¢l(’z)| < Z |;11’§X

by (A.2) and (A.3). Next, from the algebraic identity ﬁ = % + Z% + ﬁzﬁ), we also have

1 (20); | (2¢); 1 (2¢)
(Z)l(z) = ; + 22 + 52 ¢Z(Z) = ; 22 Z(z)a (A.5)
where, by (A.2) and (A.3), we have the estimate
5 (Z¢)il> 27 Ry x
6i(2)] < 22 ’¢l ‘ ) 2[5

Now we plug (A.4) into the term (Zz%ﬁ)l in (A.5):

B3, 0%0(2)
=2 222% ( J Z>> =St

Observe that )
Zj Jijdj(z> Rma 9 R?
X (S < max‘
| < max ()] < e

Combining the above estimates, we arrive at the final expansion:

023, (> |
0i(2) = 1+R+(5< >+W> S e

z oz

with the error term ¢;(z) satisfying

- 2, 0505(2) 27 R? 9 R 45 R?
i < 51 Y2 max max __ max'
()] < 1) +| | < e 4 e = e
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This proves (5.2).
To prove (5.4), we start with

6 = (245 +a)) = -5 - Tt a o)
Recall that 1
ei(2) = 0i(2) + ;20%5j(z)7
J
e (20) (20)?
di(z) = p; i(z) and 9;(z) = 2 oi(2).
It remains to bound |¢}(z)|. Note that
X)) ¢ )i Xp)i

() =~ i) 4 EDig ) 4 By

. NH T/

3i(z) = —2 0 () 4 2 BN ) | B0 )
Plugging in the previous estimates

3 ) 18 3 Rimax o 18Rmax
i ' < oo (B0l < - %¢')il <
62 < g DI < 5o I(Denl < S5 | <
yields
/ Rmax N r2nax
|07(2)] < 13.05 2 and [0;(z)| < 31.05 2[o
Together with |J;(z)| < %ITZII%X’ we obtain that
el (2)] < |6}(2) 2%5 Z% "(2)| < 48.6 |ng

We have proved (5.4).

A.2 Proof of Lemma 5.2

Fix z € C with |z| > v/6Rpax > 0. Let /- denote the principal branch of the complex square
root on C\(—0o0, 0]. Recall that in (5.1), ¢;(z) = m For comparison, for each i € [k],
j 9 Pi

if R; > 0, define an auxiliary function

and if R; = 0, define m;(z) = 1. Then m;(~) satisfies the quadratic equation

2?2 —4R;
2R,

iR,

22

m;i(z) =

2R

1

B e (A0
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Set
di(z) = ¢i(z) —mi(z) and d(z) = (d1(2),...,dn(2)).
Then
®(z2) = diag(m1(z),...,mu(2)) + d(2).

‘We can rewrite

i(z) = ¢i(z) — Pt S mi(z) — et + d;(2),
which yields
1 R
osc(ei(z)) < osc <mi(z) - z> +2[|d(2) ] o0- (A7)

We now bound each term on the right-hand side separately.
We start with the first term on the right-hand side of (A.7). Since ]4;}'
series for /1 — w is absolutely convergent at w = 4:?. Hence,

w28 s () () e Sa ()

where Cj, = %H (Qkk) denotes the Catalan number. Applying this expansion

mq(z) = 2;@ (1—4/ 42‘?'),

< % < 1, the binomial

we get
0 o\ k+1 k+1
4R;/z R;
e 1—<1—2m< )4 (£ )
1 Ri
L Z ot =5 + 55 () o
and thus
1 1 .
P(z) = ;I + ;373 + diag(vi(2))1<i<n + d(2). (A.9)
It follows that
1 R;
osc <mi(z) - - 23> = max |vi(z) — v;(2)]
0 Rk — R
i J
— ) 2 O
Y k=2
0 k—1
kRmax
< (Z C’“‘,%H) osc(R),
k=2



where we used
[RE — RY| = |(R; — R)(RI™ + RER; + - + R{| < 0se(R) - kREL.

Since Rumax/|2|? < 1/6 by our assumption, we continue to have
1 R; Rinax Rﬁlai
osc <mi(z) - 123> PE (Z kCy—r"= 2202 osc(R)
R ECy,
|ngosc(7€) (Z 6k2>

k=2
11 Ry
|2[°

N

sc(R). (A.10)

Ck

In the last step, we used > 7~ 25 *Ck < 11. This can be derived by taking the generating function

of the Catalan numbers

0
:chxkzil_”l_“. (A.11)

2z

The sum is S = Zf:2 kCja*=2 evaluated at x = 1/6. Differentiating the generating function
gives ¢/(z) = 377, kCra*~1 = 1 + 2S. Therefore, the sum is exactly given by S = C/(xizg_l
Taking the derivative yields ¢/(z) = 1_222”_7\/17 ”_t;lx. Evaluating this at x = 1/6 gives ¢/(1/6) =

124/3 — 18. Substituting this back into the sum formula yields the exact value:

Z gkck = 6(12v3 — 19) <

Furthermore, we obtain the following bound for later estimates:

|R; — Rl 1 R
Im;(z) —m;(z)] < TF L+ osc [ my(z) — S5

0s¢(R)  11Rpax

STLP PE osc(R)
1\ osc(R) T7osc(R)
< (14 = = - . A.12
(1+5) 5 - 5 —

In the last inequality, we applied Rpax/|2|? < 1/6.
Next, we turn to the second term on the right-hand side of (A.7). For each ¢, we have

1 1
=3 J%(Z)j(z) © z— Rimy(2)
C Rem() - 5, 0%65(2)
2 =2 070i(2)] - 12 — Rimi(2)]

| |2’le )—Zafj%(z)‘- (A.13)
J

|di(2)| = |i(2) —mi(z2)| =
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For the last step above, observe that [z — >, afjgﬁj (2)| = 2|z| by Lemma 5.1 (i). In addition, we
claim that
2)|

3
To see this, from (A.6), we have |z — R;m;(z)| = m Using the series expansion of m;(z) in
(A.8) and Ry /|2|? < 1/6, we get

. 1 &G c1f6) _ 15
|m; (2 |\||Z (||2>\\z|26 |2| <|Z|7

where c(x) is defined in (A.11). The claim is proved.
It remains to estimate |R;m;(2) — aquﬁj(z)\. We write

Rimi(2) = D 0%,65(2)] = | D0 (mi(2) = my(2)) + 3 0% m(2) = 65(2)|
J J J

< 2012]|ml(z) — mj(Z)| + Rmade(z)HOO‘

|z — Rim;(2)| =

Plugging in (A.12), we further have

7 Rmax
|Riml Zazj(b] \ |Z| C(R) + Rmade(z)HOO

and thus from (A.13),

2 7 Rmax
) = e 442 = (205 (R) + R
7 Rmax 1
<3 PE osc(R) + ng(z)Hoo.
Rearranging terms, we arrive at
7Rmax
|d(2)] e < 2P osc(R). (A.14)

Finally, we conclude that

osc(ei(2) < ose (i) = £ = T ) + 2d(e) o < 14575 ose(R),

A.3 Proof of Proposition 5.1
By part (ii) of Lemma 5.1,

1 Vi 45 R?
ul ®(2)uj = — + % + €;(2), lej(2)] = ‘%Tff(z)“ﬂ ) ;)ax’

for all real z > 31/Rpax. For brevity, denote f(z) = u] ®(z)u; and thus @;(z) = 1 — X, f(2).

J
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We first show that &; has a unique zero. Note that V;; > 0. At 2z := 34/ Rmax.

2
) = @y > oo = e — (3 ) = e
0 8 2 3 8:3°) VRuax 216 v/Ryax

hence
67 Aj

ai(z0) <1 — —
3(70) 216 v/ Romax
since Aj = 6+/Rmax. On the other hand, j(z) — 1 as z — 0. Next, by part (ii) of Lemma 5.1,

<0

, , 1 3V , , 243 R2
Fl(2) =uj® 2y = —= — L+ €(2),  16(2)] = ] (2] < e A1)

22 24

Therefore, on the interval [3v/Rmax, ),

. 1 243 R},
@(z) = —f'(z) = A (22 - =% ) >0

since
243 R2 243 1 243 1 1

max =" =
5 5 S5 812 40527 2
Therefore, o is strictly increasing, and has a unique and simple real zero ¥; € [31/Rmax, 0).
Observe that at z = \;/2 > 3v/Ruyax and z = 2);, we have

. 2 452°R?
5 (%/2) = 1= Njuy @(Xj/2)u; < 1= (A, -3 /\Enax>
J J
5
<-1+-—-<0
36
and
1 45 RZ
~ T max
O[j(z)\j) =1- )\juj @(2)\])16] = 1— )‘j <2)\J 8 25;? )
1 45
2 9216
Since @ is strictly increasing, we have
)\.
o <V <2\

Now we locate ¥;. Note that f(1);) = )\j_l. We introduce a scalar comparison function

s Ry,

2ij

my,;(z) =
which satisfies the quadratic equation

(A.16)



This function approximates f(z) = u]TCI)(z)uj by noting V;; = >_. u;(i)*R; and the definition of
@i(z) in (5.1).

Denote Y
Tj = /\j + /\i]]
Then x; is a zero of 1 — Ajmy j(z) = 0. Indeed, plugging my ;(z) = % into (A.16), we get
Aj=z—=Vymy;(z) =z — % and thus z = \; + %

J
Next, we expand my ;(z) as a Catalan series the same as (A.8) at z = x;:

1 1V v
= my j(z;) = - + Z Ck 541 2k+1‘ (A.17)

j ijk2]

>

To estimate |); — x|, we first show that f(x;) = u}@(xj)uj ~ + = f(V;). Then we apply
J
the mean value theorem to bound [J; — z;|.
In the proof of Lemma 5.2, we have the expansion of ®(z) given in (A.9). Hence,

)2R¥
Fzj) = u) ®(z))u; = {J + Z c %H + ) d(z;)u;.
Ty Lj

Subtracting with (A.17), we obtain

0

Fw5) — F05)] = | (ay) — jj\ <y Sk

k=27

]J Z u] Rk

+ [l d(z;)] -

Note that

< kRp. Z uj(i)? [Vij — Ryl

< kRF

max

Vij = 2, ui(i)*R

< Yy (i)? Vi - R

OSC(R).

Following the same step as (A.10) and combining the bound on ||d|, in (A.14), we arrive at

Rmax 7 Rmax Rmax
) — f(0)] <11 R)+ = R) <145 R).
)= S0 < N5 ose(R) + 5 "5 ose(R) < 145 ose(R)
Finally, by mean value theorem, | f (:U]) f(95)| = |zj — ;|- | f'(w)| for some w between x; and
¥j. Since A;/2 < ¥; < 2)\; and z; < 2);, we have w < 2/\ By (A.15), we get

1 243R§nax>1< 243) 2 1

"(w) = — — > — = > :
)= 5= 570 = 5-81) 5w~ 102

Rearranging yields that

V..
N+ 2=
J )\] J

=|z; — V| < 145Rmaxosc(R).
Aj

The proof is now complete.
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A4  Proof of Lemma 5.4

We apply Corollary 3.12 from [16] with a standard truncation technique. Denote
Ly := Komax ((D + 4) logn)"/2,

By a union bound, we have

P(max |Eij| > L) < n?-2exp(—(L,/K)?) = 2n~(P+2),
2y

,

We split E into big and small parts according to L,,. Namely, we write £ = Z + M + B, where
we define these symmetric matrices via

Zij = Eijlyp,<r,) — B(Eij g, 1<0.y), Mij = B(Eijlyp,1<r.}), Bij = Eijlyp,|>L.)-
Note that if max; j |E;j| < Ly, then B = 0. We work on the event £ = {max; ; |E;;| < Ly}

below and previous calculations suggest that P(£) > 1 — on~(P+2),
Next, we bound || M |. Note that since Ej; has mean 0, M;; = —E(E;;1 g, |>L,))- Therefore,

0
M| < BBy 15 1,0) = || BB > )t < 2004
since P(|Ey;| > L) < 2n~ (P4 Then we have

| M < max Y[ M| < 2Lyn~ P+
b

Finally, for the bound on ||Z|, we apply Corollary 3.12 from [16]. Note that Z;;’s have mean
0 and |Z;j| < 2Ly. Also, E(Z3) < E(E};) = o7;. Applying of [16, Corollary 3.12 ], together
with a standard symmetrization (as in the proof of [16, Corollary 3.3 ]), yields that for ¢ > 0,

i <\|Z|| > 2v2(1 + €)5 + t) < nexp(—t2/(ccLy)?).

We choose € such that 24/2(1+¢) = 2.9 and denote ¢, = c. The parameter & = max; p E(ZEJ) =
max; U% = v/ Rmax by our supposition. Choosing t = c¢L,+/(D + 3) logn, we obtain that

P (HZH > 2.94/Rmax + ¢LnA/(D + 3) log n) < n-(D+2),
Combining the above estimates, we have that with probability at least 1 — 3n~(P+2),

IE| < |1Z] + | M]| + | B| < 2Lnn~P*3) 4+ 1.50/Rmax + cLn\/(D + 3)logn

< 2.9v/ Rpax + cKomax(D + 4) logn.

64



B Proofs of Proposition 7.1 and Proposition 7.2

B.1 Proof of Proposition 7.1

etQ =1—UUT be the orthogonal projection onto the null space of A. Set Py = U, SUT 7 where
= [r[\[k] and Uy = (ug+1,- .-, ur). Then

PU/i' =P;+ Q.

We first prove (7.1) in part (i). Starting from | sin Z (U, Uy)| = HPL% Py | (see, for instance,
[28, Exercises VII. 1. 9-1.11]), we have

| sin (U, Uy)|| = |

(Pr+Q)Pg | < |PsPy || + QP |
< |U; Uklr + QP |-

It remains to bound HQP@ | = |QUy|. From the spectral decomposition of A, we have (A +

E)~ﬁ;€~ = ﬁkf\k; Multiplying by @ on the left and noting that QA = 0, we obtain QEﬁk =
QU A,. Since A is invertible, we have

Qﬁk = QEﬁkKlzl

To see that Kk is indeed invertible, note that by Weyl’s inequality, for every 1 < s < k,

3 1
2As = As + | B = X=X — |E| = > 5 (B.1)
where the last inequality follows from our assumption Ag = A, = 2| E||. Therefore,
T 12l 121
|QP5, | = IQEUA| < IQETL - AL < VIRV (B.2)
k

Now we turn to part (ii). Note that (7.2) is given in Eq. (10) of [98]. It remains to prove (7.3).
It follows from the decomposition us = Pp, us + Pjus + Qu, for each 1 < s < k that

ﬁk = PUkﬁk + Pjﬁk + Qﬁk
and thus

|0}, — PUkﬁk||2,w =

20 < |USUSU
<

U200 - |US

To finish the proof, we show that

k

Rmax Z max |le] QZ( )UHQ.

1<z<n

13

s=1
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For 1 < s < k, from the (A + E)u, = Xsﬂs, we have Aug = (XS — E)ug. Therefore,
Us = G(As) Aliy = D(N,) Alis + Z(Ns) ATl (B.3)
and for any canonical vector e;, we obtain
e] QUi = (¢] QP(N) ATy o + (6] Q2O AT oy = al) + .

It follows that
1QUL 2,00 = Iax lef QU| < max (qu |+ llas™])-

We bound qu(l) | and qu )H on the right hand side. We start from

k
lai") = 2 o) Aiy)2.

For each [ € [n], observe that
e/ Q2(No) Aty = |e] QRN)U - AU G| < [/ QAU - [AUTE@|. (B4

Note that
AU T2 < 2
This is because from (A + E)i, = Ay, we have Aty = UAU Ty = (A\sI — E)iis. Multiplying
UT on each side, we further get AU "1y = U' (\y — E)ti, and
JAU G| < (s + | E])) < 2Xs
by (B.1) and our assumption \; > A\, > 2| E].

Next, we estimate [e;] Q®(\s)U||. Since A As = 3+/Rmax. Note that ®(),) is a diagonal
matrix. Indeed, for a general real diagonal matrix D diag(dy, -+ ,dp),

e QDU = ¢/ (I -UU")DU = ¢/ DU — ¢/ U(U" DU)
= e U(d I —U"DU) = ¢/ U-U"(d)I — D)U
due to ¢, D= dlel and hence,

lef QDU < e U max|d; — dy| < (D).

We apply this to D = ®(X,). Since ®(z) = 1+ z%R + £(z) from (5.3), by Lemma 5.2, we get

I

OSC((I)(X )) < 1+ 15Rmax OSC(R) < §OSC(R)
s)) X }\«2 }\«g’ < 3 X?;’)

S

where we used Xs > % > 34/ Rmax from (B.1) and our assumption Ay = 6+/Ryax. Thus,

osc(R)
%

s

lef Q2(\)U| <

~ 8
(®(Ns)) < 3
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Combining the above estimates, we continue from (B.4) to achieve

~ 8 osc(R) osc(R)
-
ler @2(As) Aus| < S[U]2.00 a2 S VI
Thus
k
1 osc(R)
laf”l = 4| D (] Q@A) Ali)* < VWWMD~2.
s=1 k

The estimate for

k
ERIE 2 o) Aily)”

is simpler. Using an estimate similar to (B.4), we have

el QE(Ns)ATs| = |e] QE(N)U - AU Tis| < |lef QE(A)U| - |AU T
< 2\[lef QE(N)U.

Thus

lai”l < memxu Q=G0

1<i<n

Combining all the above estimates, we complete the proof.

B.2 Proof of Proposition 7.2
Fix s € [k]. Recall that J = [r]\[k]. We partition .J into two parts

={k+1,...,7r4} and N:={rp+1,...,7}.

Then
[0 %1% = U7 [* + |Ux |
We estimate each term separately.
Step 1. Bound on |U J . Set Z = [k] U {ry +1,...,r} = [r]\J. We then have the decompo-
sition
A=UANU" =UzA;U) + UzALU].
Multiplying both sides of (B.3) by U} from the left yields

Uiy = UT®(\) At + USE(Ns) Al
= UJO\s)UsA 7 - Uiy + UL®(\)Uz - AzUL s + USEN)U - AU T,

where we have used the decomposition of A. Isolating the term U}ﬂ s gives

(I — UTO(A)UA J) Ubti, = U0 (A)Uz - AzUL Ty + USE(A)U - AU @, (B.5)
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Denote B B
Lg(As) =T —Uz®(A\)UgAg.
5)

We first bound the smallest singular value Spin (L7 (A
U d(X\)Uyz = diag(u] ®(As)u;)jeg + OF(ULR(X,)Uys)
= diag(u] D(A\s)uy)jes + Qz (Ns)

). We split

and rewrite
Ly(Xs) = I — diag(u] @(\s)u;)jes Ay — Qr(As) Ay
= diag <1 — Aju; <I>()\s)uj)jej —Qr(A\s)A7
Then
A% (N
)\s

with AL (X,) = A minjeg [1 - ; jul ®(Xs)u;| defined in (7.4).

Now we bound |Q7(As)A 7| on the right-hand side of (B.6). Since Ay > 3+/Rmax, by the
second-order expansion of ® in (A.5), we have

Smin(Lg(Xs)) = — Qs (XA (B.6)

Q7 (As) = OfF(UTO(N,)U5) = Off (i{f) + Off (U}e(XS)UJ) .

s

Note, by orthogonality, that

HOH‘ (U}E(XS)UJ) H _ HOff (U} (c(he) — c*1) UJ) H < e(hg) — ¢ 1| = fosc(s(xs)),

where we select ¢* = % (maxi ei(xs) + min; &; (XS)> It follows, by applying Proposition 5.2,

that

)\k; 1 13 Rmax>\k: 1
|Qs (M)Al < ZEE[OF (V)| + 5 =5 L osc(R).
/\S 2 A3
Our assumption implies that N
?(A )
5 > 2|Qr () Az
and hence, from (B.6), we get
~ 1AZ(N,)
min L s == { .
smin(Lg () = =5

Next, we turn to the term on the right-hand side of (B.5). Applying the triangle inequality
yields

(U@ AUz - AzUL s + USEA)U - AU i
<|UF@A)Uz| - [AUL | + [USEX) U] - AU i
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For the bound on | AU ], starting from (A + E)tis = Asiis, we have UAU iy = (A I — E)s.
Multiplying U " from the left on both sides and taking the norms yield

IAUT | = 10T (T - E)iis| < X + |E] < 2%
The last step follows from (B.1) and our assumption A; = 2| E/|. Similarly, we also have
|AZUZ ]| < 2Xs.
The right-hand side of (B.5) is bounded by

2%, ([UFe()Uz] + [UTER,)U])

It remains to estimate HU}@()\ )Uz||. We plug in the second-order expansion of ®()\,) in (A.5).
By the orthogonality of eigenvectors, we get

~ UIRU; ~
T J T
qu)(/\s)UI = X% + Uy&()\s)UI
_ Yoz T (00 =) U
)\3 J s 9
where c* = % (maxi € (XS) + min; 5,,(XS)) . By Proposition 5.2, we obtain

Vi1 ~
whaGauzl < 222l ey - e

Yozl 1 N [Vazll , 13 Rmax
<T+§OSC(€()\S))\ % 5 % 0

sc(R).

Therefore, the right-hand side of can be bounded by

Y HVJI” 13 Rmax T._\
2>\s< N 5 % " c(R) + [U =)V

Finally, combining the above estimates, we continue from (B.5) to achieve the bound

2}\5 <HVJZH L 13 R;,axosc( )—i—HUTH( )UH>

~ A3
US| <
Smin(LJO‘S))
4 V 13Rmax —_
<A (Mol | 18 Boax oy 4 210720
Ai{;()‘s) As 2 2

Step 2. Bound on Ui |. Denote the index set K := [r]\N. We decompose

A = UnANU + U AUy
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Following the same derivation of (B.5), we have
(I - U;[@(XS)UNAN) Uity = Uy ® (M) Ui - AU @i + UVE(N)U - AU it (B.7)

Denote o _
Ly(Ns) := 1 — U@\ )UnAy.

We first bound sppip (E N(Xs)) Since A s contains only negative elgenvalues set Dy := diag(|\])ien =
—An > 0. Denote Qs := UN‘P()\ YU for simplicity. Since gbl( s) >0, Qn > 0. Rewrite

Ln(h) = 1+ QuDy = Q37 (1+ QP Dnay ) Q3
Observe that I + Q%QDNQ;\}Q > 1. We get

P Amin (@)
smin (Lar(As)) = x(Qn)

To bound the eigenvalues of Q vr, note that for any unit vector v, v Qv = (UNU)TCP(XS) (Unv).
Combining Lemma 5.1 (i), we get

1 ~ 3
— < min AS < )\min max maX < —
< P(As) (Qn) < (Qn) < $(Xs) =
and thus
~ o~ 1
Smin (L/\/()\s)) = g

By the same estimation as in Step 1, we bound the right-hand side of (B.7) by

1 max
23 <|VN,<+3R~ e
A3 2 3

¢(R) + [UTE(N )U|>

Hence,

~ VN/C 13Rmax =
\UNusr<w§(” el DR o) + AU TR >U>

This completes the proof.

C Proof of Proposition 8.1

Before we prove Proposition 8.1, we introduce the necessary notation and a cumulant expansion
formula to be used in the proof (adapted from [62]).
For any matrix F' € R™*"™ and vectors v, w € R", we write

F, = UTFZU, Fy, = eiTFw, Fyj = UTFej, Fij = eiTFej,
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where {e1, ..., e,} denotes the standard basis of R™. Moreover, for 1 < i, j < n define
AY = (14 6;5)7" (eie;!— + eje;r), (C.1)

and for a differentiable function f = f(H) of a symmetric matrix H = (H;;) (with {H;; : i < j}
treated as independent variables) set

0 f(H) = g f(HthAU)

0if =
il 0H;; dt|,_,

Since there is potential ambiguity between lﬁiZ(va)} and ‘(85-(})% ,

05 (v Gw) = v (3/;G)w

ij
and throughout the proof we therefore write ‘5 va‘ with no confusion.

LEMMA C.1 (Cumulant expansion, Lemma 2.4 from [62]). Let h be a real random variable with
Sfinite moments of all orders. For k > 1 define the k-th cumulant by

k

Cu(h) = (—i) 2

dtk logE[ 1th]

t=0
Let f : R — C be smooth, and write f¥) for its k-th derivative. Fix ¢ € N. Then

4

E[hf(h)] = ), ]il Crp1 () E[f® (R)] + Resr,

k=0

where the remainder Ry, 1 satisfies, for any t > 0,

1/2
Rew| <2(0+2). (E[ sup [FD ()| - E[J1(ln) > t)])

|z[<[h]

+ 240 +2) - E[n[*T2 . sup | D ().

|z|<t

Now we provide the proof. Define

L:=diag(l,...,ln) with I := ) 07,Gss. (C2)
s=1

The main technical task is to establish:

PROPOSITION C.1. Fix D > 0. Let v, w € R" be deterministic unit vectors, and let z € C satisfy
|z| = 64/ Rmax-

(i) Under the general sub-Gaussian regime, with probability at least 1 — 6n~P~4,

k1

’vT(E — L)Gw| < C(D + 6) + Cn %0,
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where C' = 1 is an absolute constant.
(i1) Under the bounded sparse-entry regime, namely if max; ; |EU| < cg K omax almost surely,
then, with probability at least 1 — 6n—D—4,

Kopaxlogn

‘UT(E—L)G’U)‘ < C(D +6)co ]

where C' > 0 is an absolute constant.

The key to proving Proposition C.1 is the following moment estimates, whose proof is deferred
to Section C.1. For brevity, we denote

D:=(E - L)G.

and bound the moments of
Dyw = v (E — L)Gw.

We define a regime-dependent truncation parameter

Lo 100/ D + 6 Kopax logn, in the general sub-Gaussian regime, C.3)
" coK omax, in the bounded sparse-entry regime. '
Define
Qb= {E <3V Rmax, max |[Eg| < Ln}
and a slightly larger event
Q= {\E < 3.5/ Rmax, m%x\Eab\ < 2Ln} . (C4)
a7
Let x = x(E) € [0, 1] be a smooth cutoff such that
x(E)=1 on?, X(E) =0 outside €.
Our main technical estimate is the following bound:
LEMMA C.2. For any integer p = 3,
3 o L 2p—m
B(DoPX(E) <OKS 3 ok | (1D +222) " x(E)
m=1
4 o1 L \2»—m
+ CK?B> Z Pl |ZF;L%11E (|Dvw\ + 22|;|) X(E) | +ep
m=1
for an absolute constant C' = 1. Here, we define
K max 2
ep := CPp? exp(—5000(D + 6)(log n)z)M (C.5)

[

in the general sub-Gaussian regime and €, := 0 in the bounded sparse-entry regime.
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Using this lemma, we first obtain a bound on

Z, = (E(|Dyu|Px(E))) ™.

By the Holder inequality, for any ¢ < 2p,

E[[Dyw|'X(E)] < <E|Dvw|2pX(E)) v o= ZZ~

The same argument gives

[<|DW| 27 ’>q (E)] < (]E [<|Dvw| +22’L;‘>QPX(E)

Note that by the Minkowski inequality,

(E [(mvw\ n 22|Ij,>2px<E>

We get
E[<|Dvw|+22t1’>qx(E)] (z +22’ >q

Therefore, Lemma C.2 implies

2p
Ly
) < (E[Dvw|2px(E))2P Loolm g 4o

Il S

L, 2p—m
ZQP gCKB Z m— 1 max (Z +22| |>

|2|™
9 o 1 O.m-‘rl 2p—m
+CK?*B Z m= B T;jjl (z +22| |> + &p, (C.6)
where ¢, is defined in (C.5).
We claim that
Ln K X K X 2
z,<C (pz‘ +pﬁ |Z’m‘”‘ + (5 ’Z‘ma > +e;/(21’)> . (C.7)

To see this, consider the case where Z, < 88p| P+ 2ep VP this regime, (C.7) holds trivially.
Now, let us assume Z, > 88p| i and Z, > 251/(2;))' Thus, Z, + 22| - < (1+ 4—11))21, and for

1<m <4,
Ly o 1\* 2 1/252
—m —m
<z +22| |) (1+4p) P < et

Moreover, the last term in (C.6) satisfies €, < 2*2”2723” and can be absorbed into the left-hand
side. Hence, (C.6) simplifies to

3 m+1

2p m—19 max 2p—m 252 m—1 9max 2p—m

z2 < ) CKfp s Z CE*F" (C.8)
m=1
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for an absolute constant C' > 1. Next, we apply Young’s inequality for B - Z?,p "™, Letd >0bea
small constant to be specified later. Since

2p—m2p/(2p—m) 2p/m
B _ (620") , @9
5 2p/(2p —m) 2p/m
_ §52p/(2p—m) 2p (1/5)2p/mB2Hp.
2p/(2p —m) * 2p/m

2p— 2p—
B-Z2PT" = (2207 -

Choose § = 1/100. Then % 1/10 for 1 < m < 4. We absorb the ng terms to the

left-hand side of (C.8). Continuing from (C.8), we have
3

2p m—1 "~ max 202, m—1 “max
2y < 3 (oxoShe) e 5] (et )

m=1 m=1

Taking the 2p-th roots on both sides yields

1

1 om m 9 9 1 m+1 m
Z, < C max [ Kpp™m™ -2 +C max (K m—1 Tmax
P mss op |z 1<m<d Fp |z|m+1
Since K3 = 1, p > 3, and |z| = 0yax, We have for 1 < m < 3,

1
( ) - e e <y e
z V4
and for 2 < m < 4,

1

1+1
(KB)mp™“ (Umax> =

2]

|
AN
=
=
S
g
o
"
~_
=
=
(V]
|
3
i)
X
N
19
x| B
—|
"
~_
3=

The above inequality simplifies to

ﬁKo-max BK O max 2
< .
%CG A U

Combining this bound with the exceptional case proves (C.7).

Now we prove Proposition 8.1. Let us first consider the general sub-Gaussian regime. By the
union bound and our sub-Gaussian tail assumption,

P <mal;x |Ey| > 2Ln> < ) P(|Eaw| > Ly) < 20 exp (—10%(D + 6)(logn)?) < 2n~ P74,
@ ab

Moreover, by Lemma 5.4, we have
P(|E|| > 34/Rmax) < 3n P74

74



by selecting the constant Cy in Assumption 1.2 sufficiently large. Hence,
P((Q29)°) < 5n~ P4

From the decomposition [Dyw| = [Dyw|lqo + [Duw|l(o)e and x(£) = 1 on QY we have
‘DkuQ% < |Dvw|X(E)' Thus

‘Dvw’ < |Dvw|X(E) + ‘D”w|1(9%)c'

It follows that
P(|Dyw| = t) < P(|Dpw|X(E) = t) + P((29)°).

Then by Markov’s inequality and 0 < x < 1, for any integer p > 3,

E(|Dyw|?Px(E
B([D) > 1) < P ()

2p
Z
= (tp> + 5TL_D_4.

We choose p = [(D + 4) logn] and in view of (C.7),

2
e C (an +p5Kamax n </8K0'max> " 5;)/(2;))) '

—D—-4

+ 5n

|2] |2 |2]
With this choice of ¢,

2p
Z
It follows that

P(|Dyw| = t) < n~P=4 4y 5~ D4 — g~ D4

Finally, let us simplify the terms in ¢ under the choice of p. For the term e}g/ (2p ), note that by

Assumption 1.2, Ryax < 102, and v/ Ruax = Co(D + 8) K 0ax log n. We have

K< V0
Co(D + 8)logn

As discussed in Remark 1.1, 8 < Cy/log(eK) < C4/logn. Under our assumption |z| >
6/ Rana, 25Z22 < C'. Thus

81/(210) — 01/2p3/(2p) exp | — 10(D + 6) 10g2 n /BKUmax p
! 2p 2]

2
<C ~ 5000(D +6)log™n
2(D +5)logn

> < Cexp(—500logn) = Cn =%,

Next, substituting p < (D + 5)logn and L,, = 54/ D + 6K opax log n, we also have

ﬁKUmax
||

L K 0max log? Kompax |
pﬁ@(m(j)wa?—‘w and p g(maﬁaa‘ogn_
z z z
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Note that

(C.9)

6K0'max (/BKUmax>2
p =

2| 2|

by selecting the constant Cy sufficiently large in Assumption 1.2. Thus, we conclude that with
probability at least 1 — 6n~P—4,

+ (D +5)

K maxl —
Dyw| < C (5(1) +6) PROmaxlogn 500)

2| 2]

< C(D +6) + Cn 90,

2|

We now prove the bounded sparse-entry case. In this regime, L, = coKomax and g, = 0.
Thus from (C.7), together with (C.9), we obtain

Zp <C <pCOKUmaX +p,8KUmax) '

E 2|

Moreover, the entrywise truncation event is deterministic, i.e., max; j | E;;| < L, almost surely.
Also, 8 < ¢p. Taking p = [(D + 4)logn| and applying the same Markov argument as above,
together with the operator norm event, yields

K o 1
Dyw| < C(D + 6) 00 Tmax 087 UT; 08T

with probability at least 1 — 6n~"~%. This proves part (ii) and completes the proof of Proposition
C.1.

C.1 Proof of Lemma C.2
We prove Lemma C.2 in this section. Let
Q Dp IDP

We rewrite
E[Dou"X(E)] = E[(EG)ouQx(E)]  E[(LG),,, Qx(E)]. (.10)

We analyze the first term on the right-hand side of (C.10) using the cumulant expansion. For
1 < 1,7 < n, define the auxiliary functions

hij(E) := Gj,Q, 5(E) = hij(E)x(E).

Thus
BUEC)wQX(E) = YuiE | Barse)].

Let y = x(E). For [ < 3, the product rule gives

aéj z?;: U + Z < > al ah (asz)
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The first term on the right-hand side is the main term estimated below. The remaining terms
contain at least one derivative of the cutoff function. We choose x so that, for 1 < a < 3,

‘asz( )‘ < CGL;a'

These derivative terms are supported in ©,\20. Using the derivative bounds proved below, to-
gether with Cauchy-Schwarz inequality and the high-probability estimate for (©2°)¢, the total con-
tribution of the terms containing J7;x, a = 1, is absorbed into an error O(n~P=?), after increasing
Cy if necessary.

In the estimates below, we write only the terms in which no derivative falls on x. The terms
involving derivatives of x are supported on £2,,\Q2". By the same derivative estimates used below
and the probability bound for this transition region, their total contribution is negligible compared
with the final high-probability bound. We therefore record only the main terms in the moment
estimate. The remainder ¢, below refers only to the tail part of the cumulant remainder; in the
bounded sparse-entry regime this tail part is zero. Therefore, to simplify notation, we suppress the
cutoff x(F) from the main estimates. From this point on, we simply work with

fii(E) := Gjuw@

Since E is symmetric, the independent random variables are F;; (1 < i < j < n). Fori < j,
we write 0;; for differentiation with respect to F;; = F;, and we set dj; := 0;;. For the diagonal
entries, J;; denotes differentiation with respect to F;;. With this convention, for x, y € R",

51’szy = (1 + (Sij)_l(Gm‘Gjy + ijGiy), (C.11)
Now, from
(EG va Z 0 Eii G @ + Z Ez] UzG]w + Uszw)Q = Z UiEijfij(E)7
Z<_] i7j

we apply the cumulant expansion Lemma C.1 to each independent entry E;; (1 < ¢ < j < n)
with [ = 2 to get

E[(EG)UwQ] = X1 + X2 +Rg,
where for k = 1, 2,
1
e = 0 v i (B )E |2k ra(B)]. (C.12)
irj

Here the £ = 0 cumulant term vanishes because the entries of E are centered. The remainder is
written as

Rs = > 0;RY (C.13)
,J
where
g 21
R3j = [ Ufw Z k*CkJrl [awfw( )]
With these notations, we have
E[| D[] = (X1 — E[(LG),,, Q) + X2 + Rs. (C.14)

The next lemma bounds each term on the right-hand side of (C.14).
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LEMMA C.3. (i) For Xy,

2 E||D 2p—1 D 2p—2
X1~ E[(L6), Q)] = 2o L) g, LDl )
3 ] 2]
(ii) For Xo,
4 E||D 2p—1 D 2p—2
|X2| < gﬁKo—maXUq’)’w‘]"i'l?g BK maxW+700p26K Omax
z z

(iii) For Rs, recalling L, from (C.3), we have
m+1

L 2p—m
IR3| <CK2,82 Z m— 1| r::il [(Dvw| +222n|> ]
(5K0maX)2

|22

+ CPp’exp (— 10(D + 6) log® n)

for an absolute constant C' = 1

E[| Dy [~

|2[?

Again, we emphasize that in Lemma C.3, we suppress x (£) from the notation. More precisely,
every expectation in the bounds for X, X9, and R3 is understood to include the factor x(FE),

except for the explicitly separated cutoff-derivative terms.
With this lemma, the conclusion of Lemma C.2 follows from (C.14):

E[|Dou X (E)] < |X1 — E[(LG),,, Q] + [ X2| + [Rs]
3 m
< OKp pm_l%E [ Dy X(E)]
m=1

m+1

2p—m
+CK2,82 Z m— 1| r’rlr?:(_l [<|Dyw‘+22| |) X(E)

(ﬁKO-max) i

+ CPp exp (— 10(D + 6) log® n) PE

In the remainder of this section, we prove Lemma C.3.

Proof of Lemma C.3 (i). From the definition of L = diaug(Z?:1 U%jij)lsKn in (C.2), we

have

E[(LG)pw@] = Z i Li; G Q] Z 00} E[G};GiQ)-
7]
From (C.12), by product rule, we get

Z U'LCQ 2] 'Ljfz]( )]
= Z Vo ju;Q)]
= Z E [(0i;Gjw)Q] + Zvl Gjw(0i;Q)] -

ihj
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Plugging in 0;;Gjw = (1 + ;)71 (Gjiij + ijGiw) by (C.11), we further obtain
X1 = Y 0o E[G};Gin@] + ) viohE [GiGiuw@] + D viohE [Gu(0:;Q)]
12 i#] 2]

Comparing with (C.15), we arrive at

X, —E[(LG),, Q] =TY +T?),

where
= E[ZUiU?jGjiijQ]a T [Z'Uz jw z]Q)]
i#]
We now provide upper bounds for T' (1) and T3,
Step 1. Estimates for T". Applying Cauchy-Schwarz, we have
2 2 2) /2
’ Z UigijGjiij’ < (Z Y zj|GZJ| ) <Z Uij|ij| )
i#£j i#j i#j
Note that
sz z]|G1J|2 ZU ZUU|G1]| < rgnaxZU?HGeng < 0-12nax”GYH2
7] % %

and

051G < D 1Gul* (D) 07) < Rmax| Gw[? < Runax| G
1#] i 7

We get

4 X R X 2 X
’ZW GG, ] < O/ R | G2 < 2 0maxV Ttmax - 2 Fmax
?:7.]‘

|22 RENE

by applying (5.6) and the assumption |z| = 6+/Rax. Consequently,

2 Umax

|T(1)| ’ |

E[|Dyw|* 7]

Step 2. Estimates for T(). Recall that

7@ = Zvia?jE |Guw0ij (DEy ' D) -

i7j
For p > 2, by the product rule,

aij(ng;lfﬁw) = ( - 1)(61JDW)D _25;) +p(aij§vw)|pvw|2(p_1)-
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For p = 1, the first term is absent, and the same final bound follows. Hence, it suffices to bound
the two quantities

A= sz Gjw(0ijDyw), A= sz Giw(0ij D).
We first estimate A. From the identity (21 — F)G = I, we have EG = zG — . Plugging into
D = (E— L)G = EG — LG yields
D= (z21-L)G-1.
Thus 0;;D = (21 — L)0;;G — (0;;L)G. Recall A;; from (C.1). We also have
0ii Dy = v (21 — L)GAYGw — v (0;;L)Gw.

Denote v := v' (zI — L). From the definition of L in (C.2) and the partial derivative formula
(C.11), we compute

(%jls = Z ngaiijk = 2(1 + 51']')71 ZO’?kale]
k k

Hence,
vT(aijL)Gw = 2(1 + (51‘]')71 Z vsag’kain]’Gsw.
s,k

It follows that

aijpvw = (1 + 5@‘)71 (GmG]‘w + GGjGiw — 22 USUEkainstw) (C.16)
s,k

We are ready to bound

‘A| ‘sz ]w az]Dvw ‘ <‘Z’U1,UZ]G]wG~-

2
Z UiaijijGﬂjGiw
i?j

+ 2‘21}1 ijvsaikainstw
s,k

- T1(2) + 7 + 17,
Note that
R max _ 1| |
< —|z
\ 18
|

IL] < Bmax |G <

|
by (5.6) and our supposition |z| > 6y/Rmax. Thus [0]] < |21 — L|| < [z| + | L] < 12]2]. We will

repeatedly use Y., |Giw|? = |Gw|? < |G|

Now we estimate T1(2)7 T2(2) and Tf) respectively. For T1(2), since max; ; afj <ol
2
T < 02 2 0illGil - ) Gyl < o?naxww\?\/E [vif2 ] 1Gil?
i j i i
~ - 7602
< maXHGH H TGH maXHGH:SHvH = 9| II|123LX'
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Similarly,

15" < 020 O [illGil - Y. 1Gul| Gl < o?nax\/z 2 Y. |Giw|2\/2 1Gul? G2
J i i 7 J

(2

- 7602
< PRl G < T

For T§2), observe that

Z ‘USUEkHGsw’ < U?naxZ |vs||Gsw| < Urzna)(”GH
S S

and

(GGl < \/Z Gl2 Y Gl < |G
k k k

by Cauchy-Schwarz inequality. We further have

2
T < 202 |G Y. Jvio| - 103Gl < 2020 |G D 10if20% 302G ul?
1, 1,J

i7j
2 3 2 2 4 801r2nax
< 200,.4[Gl \/RmaX\/RmaanwH < 2040 Pmax | G| < 9[22
Combining the above estimates, we obtain
N 7602, 7602 N 802 16007, _ 1807,
92 922 " 92 92 T e

The same estimate holds fOL 1_&.7 Indeed, since (%jfvw = 0;;Dyw, the preceding argument
applies with G, L, z replaced by G, L, Z. Hence,

Finally, we bound

T®)| < (p— V)|E[|A] - D2* D}, ]| + PIE[|A] - Do [*P~ ]|
36po>

< T‘;a" [1 Do 721,

This completes the proof of Lemma C.3 (i).

Proof of Lemma C.3 (ii). For brevity, we suppress the harmless distinction between Dﬁ;lﬁﬁw
and Dgf{l. The argument with complex conjugates is identical, using 0;; Dy = 03Dy -
Recall that

1
Xz =Y v 5 C3(Eij) E[05(Gjw D )]
i7j
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Using the Leibniz rule and our assumption |C3(E;;)| = \E(Ef’])] BK 0 maxa?:, we get

’L]’

\Xg\gﬁKamaXZ [Em\%\a? (Gl - 15| (C.17)

We estimate the three values s = 0, 1, 2 separately.

3 leikor} 105 (G
Z?]

e Case 1: s = 0. We estimate

Using
05,G = 21G(AYG)?,

one obtains

D vilod 105 (Gw)| < 2 ) [vilodile] GATGYPw| =23 (D] |vilo) - le] GIAYG)?wl.
Let v = (|v;|) and v is still a unit vector. By Cauchy-Schwartz, together with [A¥| < 1, we get

2 ..
D uiled |05 (Gl <2 D0 (o) D le] G(AUG)2w]?
1,7 J ( J
= 2|Zv] - [G(AYG)*w] < 2|Z] - |G

Since [|X[ < A/|Z]1 - |Z]eo = Rmax |G| < 2/|2| and |z| = 64/ Rpax, this gives

Rpmax 41
Z|vl|azj|azj( Jw)|\ 16 |ZZ 9|Z|

7.]

Therefore, the contribution from the s = 0 term in (C.17) is bounded by

E[Dye|?P~1

4
" K max
9/8 o a |Z|

e Case 2: s = 1. We estimate

E[Z |vilo7;10i5 G - |3ij(173$_1)\]-

7
From (C.11), we first have
0ijGjw = (1+ 63j) 7 (GijGjuw + Gj;Giw)-

By the chain rule,
1055 (D21 < 2p| Dy [P 72|05 Do

Recall from (C.16) that

0ijDow = (1 + i)~ <Gm'ij + G5Giw — ’C)7
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where for brevity we define
K =2 0:0%GriGriGow.
s,k

We also recall that 01 := v " (2] — L) and 7] < 12]2].

For vectors v, w, we will repeatedly use the following estimates:

2 |Gul® = [Gw|® <GP |w|? (C.18)

Consequently, by the Cauchy-Schwarz inequality,
2 ViGiw| < |GJIV[w] and ) |Gy;Gjwl < [GV]|Gw] < [GIPIV]|w].  (C.19)
( J

It follows that

K| < 2020] D 0sGin| - | D GitGij| < 202G, (C.20)
s k

Now we are ready to estimate
Z ]viafj(aijij)(&iij)\ < Z ‘UiU%(Gijij + ijGiw)(Gﬁiij + GijGiw)‘
i,j 4,3
+ Y iod(GijGjw + G35 Giw)K]. (C.21)
2

For the first term on the right-hand side of (C.21), expanding the product yields four terms.
We bound each respectively using (C.18) and (C.19):

2 10105 11G1 G0 GriGiul < omax Gl Y 10iGa] Y 1Gul> < o G113
i j

1,J

2 [0i05]1GiGiuGriGinl < 0mmax |Gl Y 10iGiul Y 1Gul|Gyl < oa |G ]
i i

i7j

S 10i021G5 CinCriCul < max G 3 [0iGiil 3 105Gl < Tumac Fona |G 0],
( J

ihj
Z |Uigz‘2j||ijGin5jGiw| < UmaX||GH2 Z prem Z |01 G5j| < OmaxV/ Rmax HG”4H5H
i.J i J

Summing these estimates and using the fact that 02 < 0maxy Rmax, We obtain

max

D |viodi(GijGhw + GiGin) (GriGiw + GrjGiw)| < 40max\/ Raax | G| * 7]

Z’Mj
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For the second term on the right-hand side of (C.21), note that by (C.20)

D 0io?i(GijGiw + G Giw)K| < 200 |G D l0ioFi| (|G Gl + 1G5 Gil)
i i
< 4Ur2nameaXHG“5a

where in the last inequality, we apply (C.19) to bound

Elvm?j!\GinijK Z”z ZJ’GZJ‘Q ZUU\Gng OmaxV maXHGH2
7]

1,J

and
2 [iodil1Gyi Gl < G| Y 10il| Gl Y07 < Runax |G-
.3 ( J
Combining the above estimates, we have
3 10102 (245G (@3 Dus)| < A0y R |13 + 402 Rrna| G-
4,3
Using (5.6) and our assumption |z| = 64/ Rpax, we further have

|z| 2% 19|z iy |2* 2° _ 640max
Omax S
6 |2|* 18 86 (25 T[22

Z ’vl (aUGJ”LU)(aZJDvw)‘ X 4Umax

1]
Consequently, the contribution from the s = 1 term in (C.17) is bounded by

2 2p—1 E|DW|2P_2
BK omasE| 3 ilo? 101Gl - 105D )| < 128p 8K 0
Z’7j

e Case 3: s = 2. We estimate
B[ ) 01102 |Gl 103, (D2 D)
1,

The second derivative gives
|82 (DQp 1) ’ < 2p’Dvw|2p_2|ai2jDvw| + 4p2‘Dvw’2p_3|aijDvw’2-

Hence,

E| ) il |Gyl (D]

?.]
< 20| Y 101103 Gull 0 Do Dons 72| + 4%E| Y 103107 G104 Do Do T P2)

i,j ,J

‘We first estimate

Z|vi“7i2j‘ij||az‘2jDvw’~

i!j
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From (C.16), we have
aijvw = (1 + 51']')71 [aij(Gmij) + 8¢j(G5jGiw) — 8in]
and thus

D |vio G s (65 Duu)| <2|W Giwdij (GG \+21v,ajejwaij(agjc;iw)|

7]
+ Z 007G 035 K] (C.23)
ihj
The first two terms on the right-hand side of (C.23) can be estimated similarly. We provide the
calculation for the first term. By (C.11),

Z’W Giw0ij (GGl

< Z [|UZUZ]G]w(G’ﬁiGij + G§]G11)| + |Ui0'z‘2jijGii(Gijij + G]JG“U)H
%,J

Note that each term on the right-hand side is bounded by (02, + Tmaxyv/Rmax )||G|*|7] by
applying (C.18) and (C.19). For instance,

Z|Uz0 G2, (GyiGij + Gy Gai) |

i jw
< UmaxHGH Do 10iGwl Y 1Giul* + omax| GIP[0] Y 1Gju* Y lviois]
7 J 7 7

< (012nax + Omax\/ Bmax )HGH4”5H

Continuing from (C.23), we have
D 105075 Gu (05 Do) | < 80maxy/ Runax |G [T + D [0:Guii K.
.3 12
It remains to estimate 3, ; [v;Gj,0;; K[, where
6ijIC = 22 ’UsUzkaij(Gkinstw).
s,k

We first estimate |0;;/C|. Expanding 0;;(GiGr;Gsw) using the product rule and (C.11) yields
several terms, each of which admits a similar treatment. We present the calculation for one repre-
sentative term. For instance,

D W02 (05Ghi) G Gaw| < T Y 0s(GriGij + GijGij) Gy Gsul
S,k} S,k

< OmaclGI Y 105G | D (1Gil + |Girg )| G|
s k

< 207 |GI*
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where we applied (C.18) and (C.19) in the last inequality. Hence,

‘aw’c| 12 O-rnaxHG(HéL
and by Cauchy-Schwarz and (C.18),
D 10i07G0iK] < 1207504 [GI* Y [0i0F,G o] < 12071 [GI* - Rinax |G| = 120705 Runax |G-
1;7] 47]’

Finally, using |z| = 64/ Rmax and |G| < 2/|z|, we have

3 10107 G oo (82 Dous)| < 80maxy Renax |G 7] + 12020y Runa | G
i,
’Z’ 24 19’2‘ ’2‘3 2° Omax
+ 12 ——— < 25 .
6 21 18 M6 [ EE

(C.24)

\8 max

Next, we bound
D |vilod |G 105 Do .
i7j
Continuing from (C.16), we get

(03;Duw)? = (1 + 517)—2[((;52-(;]-“, + G Gin)? + K2 — 2K(G5iGu + ngGm)],
where

K =2 0,0%GriGriGsw.
s,k

Plugging this expansion into Z” |Uz-ij(&ijDvw)2 ,
D 1005l K1 < (2070 |GIP)? D 10607 |G| < 40k |GI° - Rinax |G-
i, 12
Next, using (C.18) and (C.19), we also have
22 vi05;Gw(G5iGiw + G5 Giw) K|

40 ol G <§ 0iGi| - |Gyul® + ) [0iGiw| Y !ijGEj|>
i 7 7
1G]]

max ‘

Finally, we claim that

Z 005G (GG + GrjGiw)?| < doma|GI° 7]

To see this, we expand the square in the summation and show that each term is bounded by
2 using a similar calculation with (C.18) and (C.19). For instance,

2 0iGuGE G| < IGIP 0] ) loiGwl )5 1Gju* < I1GIPI5)?,

Y] i J
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and the remaining terms are estimated in the same manner.

Hence, together with ||| < 13|z|, we get

Z 1007,Gju (01 Pow)?| < 40 ax Rinax |G + 80 |G [T] + o7 |G [T

2 (20 20 G P10 2 IO o
PR R 2 |2]* 18 2> 182 |22
(C.25)
We continue from (C.22) to get
E[Dyy|?P~2 E[Dyy|?P~3

I:Z ‘UZ|Uz]|GJwH(92 (D2p 1)’] < 50p0maxT + 700 2 r2nax ‘Z|3
7]

Thus, the contribution from the s = 2 term in (C.17) is bounded by

K] 3 o Gyl )
Dy [ E[Dy [~

< 50pBKo?
|22

+ 700p*BK o3 .

maXT
Combining all the above estimates completes the proof of Lemma C.3 (ii).

A third-order bound for the remainder term. Before turning to the remainder term, we record
an additional derivative estimate required by the cumulant remainder formula in Lemma C.1. This
estimate serves as a third-order analogue of those used in bounding X5 above, corresponding to
the third-order derivatives of
2p—1
ijlpvgj .

The argument follows the structure of the s = 0, 1,2 cases in the proof of Lemma C.3 (ii). We
isolate this estimate here for use in the remainder analysis.
Recall from the truncation parameter L,, from (C.3). For 1 < 4,j < n and |z| < L,, let

E9@) .= B4 (z — E;j)AY,  GY@)(2):= (2] — EV@)~1
Define
L) = diag(17™,.. . 19@)  with 1@ = Z o4, G,
and
Di) .= (FU@) _ [EENGEE) (4),
We use the notation D%x) = v DY@y and G%I) = 0T GU@) gy, Set

2p—1

B o G40 (024
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Recall from (C.4) the event

Q, = {|E <35V Rax,  max|Eu| < 2Ln} .
a,

The goal is to prove the following estimate on the event €2, (the support of x(E)):

4 om—1 2p—m
Z|Uzlaw s‘up 5@]fz] (B19@)) ‘ C Z P |z$‘tl (]Dvw|+22’ ‘> (C.26)

1, r|<Lp m=1

for an absolute constant C' > 0.
We start with some preliminary estimates. On the event €2,,, we have, for |z| < L,

IBY < B + (o] + B[ Aij ]| < 3.5v R + 3Ln < 4V Bmax -~ (€27)

provided the constant Cj in Assumption 1.2 is chosen sufficiently large. Hence, for |z| = 61/ Rmax,
by the Neumann expansion, we have

3

G (3) < 2.
<7

(C.28)
Next, we show that

sup |DH@®) —Dy,| < 995

ja|<Ln 2|
To see this, for |z| < L,,, we bound
DY — Dol = [0 (DI —~ Dy < [PV — D
From the definitions of D(*) and D, we further have

DS = Dyl < (BV®) — LYD)GIW) (2) — (E — L)G(=)|
= |[(EY®) — B) — (L7 — L)]GYD(z) + (B~ L)(GY(2) - G(2))]
< (|1BY® — B| + |27 — LG (2)| + (IE] + |LDIGYD (2) — G(2)].

For simplicity, denote P := E% @) _ p = (x — Eij)Aij. Similar to (C.27), we have
|EY® — E|| = |PY| < (2| + | Eyl)| A < 3L
Next, by the resolvent identity, we have
GI@) (2) — G(z) = GI@ () PUG(z)
Thus, by (C.28) and (5.6),

|67 (2) = G| = 1G9 )] |1PY] - |6(E)] < 187
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Then

|29 — L = max 176 — 1] = max Z o% |G (2) = Gii(2)]

< RuuslGI0)(2) = G| < 181,75 < S,
by the assumption |z| > 64/Ryax. Similarly,
Rmax
|L] = max|ls| < maxZ 02 |G (2)] < Rumax| G(2)]| < 2 .

It follows that
IE] + L] <

max

Rmax 7 1
<
| ( ¥ 18)' -

3 L 7 1\ L L
DY@ D, <1052 +18 ( —= 5T 15 ) 1= 220
| VW vw| |z| + 18 |Z| |Z|

Combining the above estimates, we conclude that

Thus

g L
sup | Dy, (7)| < [Dyw| + 22775

|z|<Ln |2|

(C.29)

Now, we proceed to the proof of (C.26). By the Leibniz rule,

& fiy (BI@) = i C’) (agj—sgéglgm) (agj(Di%x))Qp—1>.

s=0

We estimate the four cases s = 0, 1, 2, 3 separately. The cases s = 0, 1, 2 follow similar arguments
to those used for X5 in (C.17).
First, for s = 0, using
@%Gij(w) = 31IGT@ (AT G @))3

and the same estimate used for the s = 0 term in the X5 bound, we get

34 27
2|vzr%raw A7) < Ol GV < Ry < 5
Therefore,
2p—1 )|2p—1
Z|Uz|0w| ij Jw | |(DZ]( )) P < 2[z |2| Zj(x %P~

Next, for s = 1, since

|0 (DYS)?P 1| < 2p DY PP ~2 105 DY),

&9



we aim to bound

Z [vilo$105,G3, (2)1105 DR -

This is proved exactly as the s = 1 estimate for X9, but with an extra factor of GG. We sketch the
key steps here. Expand

aurD;]u(}:c) — (1 + 5ij)_1 (GZJ( )G ( ) + GEJ( )GU(JE) _ Km) ’

where 0] := v (2I — L)) and
= 2sz oG GG,

Since
Rmax 1

< 5 )
o S

IO < max 3, o3|GIO ()] € R GTO(2)] < 3

we have [0 | < 13|2|. Similar to (C.20), we obtain
K| < 200, |G,
For the second derivative of the resolvent

62G 3 () 2(1 + 5”)_2[((6:3(2:))2 + Gzz(x)G;j](m))Gz j(x )+ 2G2J($)GZJ($)G2 (@]7

17 jw w

we apply the crude upper bound

102G < 4]GT@ 2 (16ED | +1GED)).

17 jw
Multiplying this by the expansion of aijD%x)
mates used for X5, we obtain

Z|UZ|01]’ i ]w HaL]DU 160maxv max”G” H HUﬁUH + 160’max maXHGU H6

||\ 3° [13]z] |22\ 3°
<16 Gl 16 2
max < =p 12 ) TP\ 516 ) e

< 7027max 4 5y Tmax _ ggq0max.
EEPE 2]?

and applying the identical Cauchy-Schwarz esti-

Hence the s = 1 contribution is bounded by

1512p |m|§j‘yD i(@)|2p=2

For s = 2, we use

103 (D)) | < 2pI DI P23 D) | + 4p? DS =20, D,

90



The first estimate needed is
2. lvilodi105GY, (2)1165, D5, ().
]
Using \&Z]G | < 2|GY x)H(|G | + \G x)\) and multiplying by the bounds established in
(C.24), we pull out an extra factor of 2||G%/(*)|| and double the sum to account for |Gjy|:
2 0ilo? 105 G0 DI < 320wy Runase | GTO P, | + 4807 1 Rinax |G
Y]
< 1404 ﬁ;" + 162 |m|*§,j‘ - 15667“1;}(.
We also require the estimate for

Zivila%raijGéw 2) |6, D) 2.

Again, using IOUG | < 2|GY x)H(|G” | + |G |) to the estimates from (C.25) yields:

Z‘”Z'”w’%G 1105 DA < 2402, [GTO O[T ]2 + 16073 Rima| G
7]
35 /1692 124 3%
< 2402, 1602 i
T I6< 120 ) T 0%max {1206 ) o8
0-12nax

Therefore, the total s = 2 contribution is bounded by

0|'m’z;x’Dz] |2p 2 C 20 |II’1|ZX|DZ] x)‘2p 3

Finally, for s = 3, applying the generalized chain rule (Faa di Bruno’s formula [48, p. 137])
to the third derivative of (D(”))2~1 yields:

35 ((@E)r1)| < 20180 22108 D)
+ 12p?| D) 2P=3|0,; D |62 DI "]
+8p ’DU |2p 4|aijpvw )| :

Bounding this requires three separate estimates:

Y3 Umax
S oilo2 |G |63 D) < ¢y il (C.30)
1,7
2
LVACY 7, 7 O max
ZW%’GJ( )HawDJ \]@21)3 )| < Cy i (C.31)
3
17 (x i O max
Z|vz|%|ga( 10, D@3 < Oy |z|a57 (C.32)
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where C1, Cy, C3 > 0 are absolute constants (which are all bounded 10).
We briefly sketch the proof of these estimates. For (C.30), from the identity D = (21 — L)G —
I, we have

03D = (2I — L)33,G — 3(0;;L)0%G — 3(8%,L)8;;G — (93,L)G.

Then we multiply this expansion with \v1|a |G | and sum over i, j. The first term is bounded

by expanding 0};G' = 3!G(AYG)?. The factor ]G” (%)| combined with the variance weight gener-
ates one factor of oy ax, While the remaining Green functions are controlled by (C.18) and (C.19).
This yields the C'0max|2| 2 bound. The terms containing @‘?JL are handled by expanding

ols = Y 025G,
k

together with
|a z](x ’ < CaHGij(m)Ha—l Z |G;€JS(:L“)‘2
se{i,j}

and the Cauchy-Schwarz inequality. This proves (C.30). -

The estimates (C.31) and (C.32) follow by combining the already proved bounds for ¢; ij,]u(,m)
and 07 D" and the factor \G” (7)) Note that each additional &;;D contributes one factor
O max / \z| in the estimate, exactly as in the s = 2 case of the X5 estimate.

Consequently, the s = 3 contribution is bounded by

2p010|'21|3;(|p |2p 2+12p C |m|zZX|D'Lj(:B ’2p 3+8p C |m|%X|DU(:E ’2}7 4

Combining the four cases s = 0, 1, 2, 3 yields

4
Z|Uz|0'zj sup 2 <Gz](a?)(rDl]( 2p 1)‘ C Z pm ‘ F::il |1Dz](x)|2p—m. (C.33)

|z|<L m=1

Using \D%I)| < |Dyw| + 22L,,/|2| from (C.29), we finally obtain

() 4 om-1 L, \ ™™

ij(x i — —1_max il

E |Uz|0zy stlup ij (Gﬂw (D%%Ex))” 1)‘ <C 2 p" ! ’Z|n?+1 <|DW| + 22|z|> ’
m=1

This proves (C.26).

Proof of Lemma C.3 (iii). We estimate the remainder term in the cumulant expansion with
[ = 2. Recall from (C.13) that N
Ry = Z vRY.

1:7.]‘
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By Lemma C.1,

Rs| < ) |viRY
i

< 162 | E[|Ei|*] E [sup 103 fi (EY + xAY)| (Term 1)

i.j |zt

1/2
g 1/2
+16 | <E[ sup ||a§jfij<Ew<w>>\2D (B [1B5 115,154 )) (Term 2)
7:7.]‘

|z|<| B

We choose ¢ = L,,. In the general sub-Gaussian regime, L,, = 5v/D + 6 Konax logn, , while in
the bounded sparse-entry regime, it is equal to zero. Here, as before, the cutoff x is suppressed
from the notation. Also, as explained in the beginning of Section C.1, terms with derivatives
applied to x are negligible.

Let us consider the general sub-Gaussian regime. We first estimate Term 1. Set

0 := K omax-

By Assumption 1.1,
E|Eij|4 < B2K2O_r2naxo'i2j = 920'%-.

Hence, by (C.26), the contribution from Term 1 is bounded by

16 ), [v[E [ B[] E [ sup |35, fiy(BY + wAV)|

[N |z|<Ln

< 16022 ‘U1|U,L2]E [ sup a%fzj(EZ]($)>’]
ij |z|<Ln

4 O_m_l L, 2p—m
< 092 Z pmfl ’ZT;?—)&(-I <‘Dvw| + 22|Z|> .
m=1

It remains to estimate Term 2. By the sub-Gaussian tail assumption, we have

1/2
(E [\E,-j|81{,Eij|>Ln}]) < 6202 exp(—10(D + 6) log? n). (C.34)

To see this, note that the case o;; = 0 is trivial. For o;; > 0, write E;; = 04;&;; with ||y, < K.
A standard sub-Gaussian tail integration yields

8 2
L L
B[1B P15, -1 | < Oo)* <1 " K;) o <_K2Z2.)

12
=C(Koi; + Ln)8 exp <—") ) (C.35)

Because 0;; < omax and L, = 5v/ D + 6 K oax log n, we bound

(KO'ij + Ln)s < CD4K80-18nax(10g n)S'
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Moreover, we write

1.2 afj oh o2 )
exp (— K;;Z-Qj) =~ ;nfx exp | —25(D + 6) ;n;X log“n

max i i

4

o
< — % exp (—25(D + 6) log®n),

max

where we used the fact that the function y +— 32 exp(—cy) is strictly decreasing for y > 1 and
large ¢ > 0, and then 2 exp(—cy) < exp(—c).
Thus, the right-hand side of (C.35) is bounded by CD*K®0 ot (logn)® exp(—25(D +

max"” ij

6) log? n). To get the desired bound (C.34), we only need this quantity
D*K80? ot (logn)® exp(—25(D + 6)log?n) < 04021]. exp(—20(D + 6) log? n),

max" 1j
where 6 = K opax. Since 8 > 1, we require
exp(25(D + 6) log?n) = D*K* exp(20(D + 6)log? n). (C.36)
We now use Assumption 1.2. Since Ryax < 102, and v/Ruax = Co(D + 8) K omayx logn, we
have
K< vn
Co(D + 8)logn

Hence, (C.36) holds and (C.34) is proved.
Now, Term 2 is bounded by

12

g /

16 ) Jvil (E[ sup a?jfij(EZj(x))F]) (E [|Eij|81|Eij|>t])12
i

|z|<| E4j|

1/2
2
< Cexp(—10(D + 6)log? n)6> Z <E [ sup ’\vﬂagj&?jfij(E”(”))‘ ]) .
|

ij |lz|<|Esj

Recall that the cutoff y is suppressed from the notation. On the support €2, of x, (C.33) holds.
Moreover, by (C.27) and (C.28), we also have this crude bound

DY@ = |(E¥@ — [i@)GiuE)| < O,

Therefore,
|DE@ |2 < OP 1< m <4
It follows from (C.33) that
2 A3 TONE . - | T
E| sup ’v‘ 0507 fii (B9 ’ < CP pltT A
jel< /5] 173500 i (B mzzl |2+

Since omax < vV Rmax < |2|/6, we simplify this bound to

|z|<| By

1/2
2 1
(E[ sup ‘]vi\ogjﬁ%fij(E”(z))‘ ]) < CPpP—.
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Combining the above bound and (C.34), the total contribution of Term 2 is bounded by

1/2
162‘”” (E[ Sup |azjfw(E] )2 ]) (E [|Eij‘81\Eij\>t]>l/2
,J

|lz|<| B
92

< CPpdexp (—10(D + 6) log? n)—sy ek

2p—m
(\Dwr+22| |)

m—1 0-3113—&1 pm
KB Z p |m+1 | Dow| + 22| |

The bounded sparse-entry regime follows the same approach. Indeed, the Term 2 in the bound for
|R3| is equal to zero because max; j |E;j| < L, almost surely. This simplifies the derivation. We
skip the details. The proof of Lemma C.3 is now complete.

Finally, we arrive at

om— 1 2

R3] < C6? Z p™" 1‘ r;j‘il + CPpexp (— 10(D + 6) log n)

[ER

2

+ CPp3 exp ( —10(D + 6) log? n)

212

D Proof of Proposition 8.2

Recall that
H = diag(h, ..., hn),  hi= Y, 0565
j=1
L =diag(ly,....ln), L= Y 05Gj;
j=1
Set

D:=(E—-L)G, Dy:=e De.
Note that max; |¢;(2)| < ﬁ by Lemma 5.1. Define

di = ¢ — Gy, di=(dr,....dy)"
We first bound |d|s. From (21 — E)G = I, we have EG = zG — I. Therefore, taking the
(,1)-entry of D = (E — L)G yields
Dj; = (EG)ii — LiGii = (2 — 1;)Gy — 1.
Equivalently,
(Z — lZ)Gu =14 Dy.
On the other hand, we have from the QVE that (z — h;)¢; = 1. Thus
(z = hi) (¢ — Gii) = (2 — hi)gi — (2 — hi) Gl
=1- (Z — hz)G“
= (2 = 1;))Gii — Dizs — (2 — hi)Gii
= (hi —1;)Gii — Di;.
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Multiplying by ¢;, since ¢; = (z — h;) ™!, yields
di = $iGii(hi — ;) — $iDi;.
Moreover,

hi—li = Y. o5i(¢; — Gjj) = . o5yd;.
j=1 j=1
Substituting this into (D.1), we obtain
di = ¢iGiz’< > J?j)dj — ¢iDi;.
j=1

Thus, by taking the ¢, norm, we get

Id]eo < max |0:iGlii| - Rmax|doo + mgx P3| - m?x |Dis .
Since ; ) ;
InZaX|¢7, u| 2|Z‘ |Z| |Z|2
we bound -
L 2|  ma D

Since |z|? = 36 Ryax by our assumption, we further obtain

9
Id]oo < =
|2

We now return to v ' (L — H)Gw. Since v, w are unit vectors,

7

[v"(L— H)Guw| < |L - H] - |G,

where
n
1L~ H| = max| Y 0%(Gy; — 6)| < Rl
j=1

Combining this with ||G|| < 2/|z| and (D.2), we arrive at

4R 1
W (L — H)Gw| < ﬁmﬁxmnl < g max|Dil.

(D.1)

(D.2)

(D.3)

To bound D;;, we apply Proposition 8.1 with v = w = e; and take a union bound to obtain

m
max |Dy;| < <D + n_500>

1<i<n ‘Z‘

with probability at least 1 — n~?~%. In the bounded sparse-entry regime, the analogous bound

follows without the n=5% term.
Combining the above estimate with (D.3) proves Proposition 8.2.
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E Proofs of Corollary 3 and Corollary 4

E.1 Proof of Corollary 3

Write
E(z) = G(z) — ®(2).

We start with the following consequence of the isotropic local law:

COROLLARY 5 (Compressed local law on the signal subspace). Fix D > 0. Suppose the assump-
tions of Theorem 4 hold. Then, for every fixed z € C, with |z| = 6+/Rmax, with probability at

least1 — n—P—2,
mp

[UT(G(2) — @(2))U| < Cr|z|2.

Proof of Corollary 5. Since

|[UT(G(2) — 2())U| < |[UT(G(2) = ®(2))U] p = | D) |eiTUT(G(2) — O(2))Ue|”

ij=1
< TrrT _ )
r 12}32 lei U (G(z) — ®(2))Ue¢],
the conclusion of Corollary 5 follows directly from Theorem 4 and the union bounds. OJ

To extend the pointwise bound Corollary 5 to the spectral domain
Sout := {2 € C: 64/ Ruax < |2| < 2R3},

we use a standard e-net argument. Set

rmD}

:=min<1, ——

Let /\/',7 be a n-net of Syt. A simple volume argument (see for instance [86, Lemma 3.3]) shows

that )
8R3

N < <1 i m) .
n

L < n'%, we have mp = cn 1% for an absolute constant ¢ > 0.
Thus R2 . /n < C'n% and |V, | < Cn8%.
Applying Corollary 5 with D1 = D + 810 and taking a union bound over z € V;,, we obtain

Since Rpax < n'% and o}

P (o [07Z)0] > Crmp, ) < NGl 251 < 700
zeNy
—D—-10

Using mp, = mpyg10 < C'mp, we establish that with probability at least 1 — n

?g/&\mff |z|? HUTE(z)U” < Crmp.
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Now we extend the estimate from /\/'77 to the whole domain Syy¢. Define
f(z):=22UTG(2)U, g(z) == 22U T®(2)U.

We first show that f and g are Lipschitz on S.
Let z,w € Sou and assume without loss of generality that |z| > |w| = 64/ Rmax. By the
resolvent identity,

G(z) — G(w) = (w — 2)G(2)G(w).
Using |G (2)|| < 2/|z| and |G(w)]|| < 2/|w]|, we get

1£(2) = f(w)] < |z]]z = w[|G(2)] + |wl|z — wl[|G(2)]
+ [w?|G(2) — G(w)]
< 2|z — w| +2M|z—w| +4M|Z—w|
] ||
< 8|z — w.
Hence f is 8-Lipschitz on S.
Next we prove the Lipschitz bound for g. For each i € [n], the QVE gives

1 =z 050,z ! —w—) 0%p;i(w
bi(2) Z]] 505 (2), Bi(w) zjj 05 (w).

Subtracting the two identities and multiplying by ¢;(z)¢;(w), we obtain

¢i(2) — di(w) = di(2)¢i(w) |w — 2z + ZU%(%(Z) = ¢j(w)) |-

Therefore, by Lemma 5.1,
9

P(z) — @ < —F— (22— Rpax||P(2) — © .
|®(2) — @ (w)]| 2l (Iz = w[ + Rmax|®(2) — ®(w)])
Since |z||w| = 36 Rmax, We have
9Rmax 1
< =
4)z||w| ~ 16
Thus,
12 |z — w|
[®(2) — ®(w)| < —
5 |z[|w]

Using again Lemma 5.1, we have ||®(z)| < 3/(2|z|). Hence

l9(2) = g(w)|| < [2llz = wl|@(2)] + |wl]z — w[S(2)]
+ [wf?@(2) — @(w)]

3
2

<o w2y 21y
T2 |z

< 6|z —w|.
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Therefore g is 6-Lipschitz on S.
Now take any z € Syy¢. By the definition of the n-net, there exists w € N, such that |z — w| <
7. Then

2P [UTEEU| = [1f(2) — 9(2)]
1£(z) = f

<|f(z) = f(w)| + |f(w) = g(w)| + [g(w) — ()]
< Un + |wf? [UTE(w)U| .
Since 1 < 5, we get
2 T— 147amD /
sup [z ||U"E(x)U| < 50 + Crmp < C'rmp
2€8Sout

with probability at least 1 — n~?~10, This completes the proof of (6.1).
The proof of (6.2) is identical to the proof of (6.1). One applies Theorem 4 to the pairs (e;, ug)
fori € [n] and a € [r], takes a union bound over 7, a, and uses the same net argument over Sgys.
Finally,
e] Q2(2)U = e] E(2)U — ] U - UE(2)U,

so (6.3) follows from (6.2) and (6.1).

E.2 Proof of Corollary 4

We first collect two preliminary estimates used in the proof. We begin with the concentration
estimate used in the leave-one-out argument. It follows from the scalar Bernstein inequality [93,
Theorem 2.8.4], combined with a standard net argument; in the sub-Gaussian regime, we first
truncate the variables at the appropriate high-probability level.

LEMMA E.1 (Vector Bernstein inequality). Let X1, ..., X, be independent centered real ran-
dom variables and c1, ... ,c, € R" be deterministic. Set v? := pI IEZ(X?)HCJ-H2 and co =
maxi<j<n ||cj||. There exists an absolute constant C' > 0 such that the following hold.

(@) If|X;| < L almost surely for every j, then, fort = C'r,
n
H 3 chjH < C(\/%v + thOC)
j=1

with probability at least 1 — 2e .

(b) Suppose || X, < KTj, where TjQ = }E(XJQ) < 02. Then, fort = C(r + logn),
n
H Z chjH < C’(\/%v + tKO'*\/ECOO>
j=1

with probability at least 1 — 4=,

The same conclusions hold conditionally if the vectors c; are measurable with respect to a o-field
independent of X1, ..., X,.
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In particular, taking X; = Fj; andt = tp, = C(D + r)logn, in either regime we have
Z ijCil| S tDr ZU ”01“2 +iprLp, mjax lejll2 (E.1)
J

with probability at least 1 — 4e=tD.r,

Next, we collect several resolvent identities needed for the leave-one-out approach. For i €
[n], let E () be the principal minor obtained from E by deleting its ith row and column, and write

hii=(Eji)jz e R GO(2) = (2 — ED)~!

We also write B(") € R("=D*" for the matrix obtained from B by deleting its ith row. We defer a
short proof of these resolvent identities to the end of this section.

LEMMA E.2. Foreveryi € [n],

-1

Gz’z’ = (Z — Ez'z' — hZTG(Z)hz> s (E2)
el GB = Gy (ej B+h! G@B(i)) , (E.3)
GOBY — (GB)Y —GWhi(e] GB), (E4)

where (GB )(i) denotes the matrix obtained from G B by deleting its ith row.

We first prove the row-adaptive local law for a fixed spectral parameter. Recall the definition
of Lp, from (1.5) and from (6.4) that

tpy = C(D +r)logn.

PROPOSITION E.1. Let B € R"™™" be deterministic and suppose |z| = C' })/tDWRmax for a
sufficiently large absolute constant C'. Then, with probability at least 1 — Cn~P~2,

2[%[(G(2) = @(2))Blaw < C[\/tp, T(B) + (tp, L', + mp) |

o] - (E.5)

Proof. Our goal is to control |[(G — ®)B|2,, by a leave-one-out argument. We first note that
|P|| = max; |¢;] < 2| | by Lemma 5.1 (i) and thus

0 < [|2B20 + (G = @) Bl <

3
—_— G-9)B . E.6
2’2‘ ( ) ||27OO ( )
This inequality will be used to close the bootstrap below.

Fix i € [n] and condition on F () and E;;. Then h; is independent of the conditioning o-field,
whereas G(9) B() is measurable with respect to it. Hence, combining (E.1) with a union bound
over ¢ yields

i ¢ 1/2 ra i
W GO B0 < Oy (Y, 03] GOBOR) Y + b, L8, 161 BO
J#i

, ] (E.7)

for all 4, with probability at least 1 — 4ne~<'P.r,
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We now estimate the two terms on the right-hand side of (E.7). By (E.4), for j # 1,

e] GYBY =GB —e] GYh; - e] GB.

Decomposing
e;GB=e;®B+e, (G—®)B=¢je; B+e, (G—®)B
and applying Minkowski’s inequality, we obtain

(N o2le] GOBIIY2 <(3 0216 le] BI?)? + V/Ri (G — @) B

J#i J#i

i 1/2
+ (Y o3 lel GOny?) |GBl2.0.
VE

Using max; |¢;| < 3/(2]z|) and 0;; < 0max, we further get

i 3
(X 08le] GOBY) < Somi(B)+y/Ri [(G—2)B

J#i

Likewise, (E.4) yields ' ‘
1GY B2 < (14 1GDi]) |GB2.0- (E9)

Combining (E.7), (E.8), and (E.9), and using omax < L5, with

6 V Rmax

2l

16O < 1G9 | Eei] < GO ] <

we obtain

’ ‘ “9i(B) + /1, Ri |(G = )Bl2

V Rinax
+ip, L, (1 + > GBHz,oo]-

|hf GOBW| < C

£
Since |z| = C'y/tp » Rmax and by (E.6),

3
—_— G—-®)B
2‘Z| ( ) HZOC)

this simplifies to

N tp L
Ihf GOBO| < [D’%(B) 4 PrDr

2] 2|

+ (\/ tpyRi +1tp, rg,r) (G — @)

(E.10)
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To proceed, note that, by (E.3),
Using (E.10) and taking the maximum over i, together with ||G|| < %, we get

(G = ®)Blla. < max |Gii — ¢il | B2,

C
+ E [Vtp, D(B) + tp, L .| Bl2,w]

\/ tD,rRmax + tD,rLra
+C

G- Bl E.11)

By Assumption 1.3,
tpr LD S A/torBmax < (1/C7)|2],

so the last coefficient in (E.11) is at most 1/2 when C" is sufficiently large. Therefore,

(G — ®)Bl2,00 < 2mZaX |Gii — ¢l | B

C
2,00 + W[ tp, D(B) + tp, L5 | Bl2,wo] -

Finally, it follows by applying Theorem 4 with v = w = e; and taking a union bound over ¢ that

mp
max |Gy — ¢l < 5,
7 ‘Z|

which proves (E.5). ]

We now pass from the fixed-z estimate to the uniform row-adaptive local law. The argument
follows the proof of Corollary 3, so we only sketch it.

Proof of Corollary 4. 1t remains to make Proposition E.1 uniform over z € S;, defined in (6.5).
On the event {|E| < 3+/Rmax}, the same resolvent calculation as in the proof of Corollary 3
shows that the maps rowwisez — 22G/(2) B and z — 2z?®(z) B are both 8|/ B|-Lipschitz.

We now apply the same e-net argument as in the proof of Corollary 3. By the polynomial
bounds in Assumption 1.1, a suitable net of S;, has cardinality polynomial in n. Applying Propo-
sition E.1 on this net and taking a union bound, the choice

tp,r =C(D +1)logn

absorbs the net cardinality and yields failure probability at most n . The Lipschitz bounds above
extend the estimate from the net to all z € S;,. This proves (6.6). ]

Finally, we provide the proof of Lemma E.2.

Proof of Lemma E.2. Without loss of generality, denote
. zZ — Ei' —h;r
ZI_E_( —h; 2I-E®)
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Write accordingly
G.. G .
G = i t,—1 ) 7
<G—i,i G_i—i
where the subscript —i means that the ith coordinate is deleted. The block inverse formula (the
Schur complement) yields (E.2) and

Gi—i=GuhlGY, G _i=GY +GaVnGunl GO,

where —i denotes deletion of the ith coordinate. Since

- (32).
multiplying the first block row by B leads to
e]GB = Gy (ej B+h) G@)B(i)) ,
which is (E.3). Similarly, the lower block row gives
(GB)D = GWBY 1 gOn,Gy (ej B+h/ G@B(i)) =GB + ¢Wh(e] GB),

which is equivalent to (E.4). O

F Extensions to general signal eigenspaces

Theorem 1 is stated for the top positive eigenspace only to simplify notation. The proof extends
directly to general eigenspaces Uy.s = (uy, ..., us) for 1 <1 < s < r. We also provide a simple
alternative approach using the bounds for top eigenspaces.

For negative population spikes, we apply our framework to —A and —(A+ E). In our ordering
A== N, >0> M\ 41 = ... = Ay, the eigenspaces corresponding to the most negative
eigenvalues become the top eigenspaces. This symmetry yields the same perturbation guarantees
for the bottom eigenspaces without additional analysis.

For intermediate blocks U;.; and U where 1 < [ < s < r;. We use the decomposition
Py,.. = Py, — Py, , to obtain

| sin Z(Ups, Us)|| < || sin Z(Ui_1, Up_1)| + || sin Z(Us, Us) |, (F.1)
and

ool sin Z(Ups, Up) |2, (F2)

|2,oo + HUl:s

mOin Hﬁl:s - Ul:sOH2,OO < H(I - PUz:s)ﬁl:s
where

I(T = Py, )Uuisll2.0 < (I = Pur)Us 2.0 810 Z(Up-1, U1

2.0 + [Ui—1

Thus, the perturbation bounds for Uy, (71:3 follow by substituting the estimates for the top-s and
top-(! — 1) eigenspaces. By symmetry, analogous decompositions hold for intermediate blocks of
negative spikes.
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We provide the proofs of (F.1) and (F.2) below.
Proof of (F.1): First, by [28, Exercises VIL. 1. 9-1.11],

I sin Z(Uy.s, ﬁl:S)H = (I - PUz;s)ﬁl:SH = HPUZ{S ﬁl:SH'
From the decomposition Py, = Py, — Py, ,, we can express
PUZ%S =I1-Py, = (I_PU5)+PU1—1 :PUSL+PU1—1'

It follows that B B B
1Pys Ussll < | Pys Ul + 1P, D] (E3)

For the first term, observe that the columns of U 1.5 are a subset of the columns of ﬁs. Thus
[Py Ol < 1Py 0] = |sin 2(Us, T3)].
For the second term in (F.3), since ﬁl:s is orthogonal to (71_1, we have Pfjll—l ﬁl:s = ﬁl:s- Then
Py, Ups = PUZ_IPﬁZJ;lﬁl:Sa
and therefore,
HPUl_lpglilﬁl:sH < HPU,_1P(71£1 | U] = | sin Z(Up—1, U1 -

Substituting these two bounds back into (F.3) completes the proof of (F.1).

Proof of (F.2): Let Ul;Tsﬁl:s — WDV be the singular value decomposition. We choose O =
WV and then decompose

Ups — UpsO = (I — Py, )Ups + Py, . (Ups — Ups0)
= (I = Pu,,)Uss + Ups (U ,Uss — O).
Taking the 2 — oo norm and applying the triangle inequality yields

|Ups — UpsOllao < ||(I = Py, ) Us |20 + 1U1s (UL Urs — O)]l2.00- (F.4)

By our choice of O, the second term in (F.4) is bounded by

HUZ:SW(D - I)VT”ZOO < ||Ul:s|2,OOHW(I - D)VTH = HUlss

2001 = DJ.

Note that the diagonal entries of D are the cosines of the principal angles ;. The entries of I — D?
are exactly sin? ;. Because D > 0, we have I — D < I — D?, which implies

|1 = D| < |I = D?|| = ||sin £(Uss, Urs) .

This proves the main inequality in (F.2). It remains to bound ||(I — PUl:s)ﬁl: sll2,00. Using I —
Py,, = (I - Py,) + Py,_,, we expand

(I - Py, )Ups = (I — Py,)Uss + Py,_, Ups.
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Thus
(I = Py, )Uss 2,0 < [(I = Pu,)Usl2,00 + [ Pv,_, Utis|2,00- (E5)

For the first term, since (I — Py )Uy. consists of a subset of the columns of (I — Py, )Us, we get
|(T = Puy)Usslla,o < (I = Pu,)Us|l2,00-
For the second term, plugging in P, | = Ul—1UlT,1, we find
|Pv, Uteslzo = 101 (UL 0) 2.0 < U1 2,00 | U1 U
Finally, because ﬁl: s 18 orthogonal to ﬁl_l, we obtain
U Tisll = 101 Py Gl < UL Py (18] = |l sin £, G|

Substituting these bounds into (F.5) finishes the proof.

G Extension to rectangular matrices: singular subspace perturba-
tions

We briefly discuss the extension of current results to the rectangular model:
X =X +EeRm™,

where X = UXVT = 25:1 aiuiv; is a rank r matrix with singular values 0y > o9 = --- =
o, > 0. The random noise matrix E has i.i.d. entries with E(E;;) = 0 and E(Efj) = afj. Denote

3} = (07;) € R™*"2. The entries of E are sub-Gaussian with a variance profile: | Ej;| s, < Koi;.
Using the standard Hermitian dilation (or linearization), we embed the rectangular matrices
into larger symmetric block matrices by considering the (ny 4+ n2) x (n1 + ng) augmented sym-

metric matrices:

0 X 0 F ~
A (L) (L E) Aoare

The nonzero eigenvalues of A are
M=oz 2XN=0,>0> N1 =—01= 2Ny = —0,

with corresponding eigenvectors

wy = — <“J> wj+r:=1<“j), 1<j<r
V2 \v; V2 \-v;

Let A = WDW, where
1 /U U
V- )
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For I < [2r], we denote by W} the submatrix of W formed by columns {w; : i € I}. All
information about the top-k singular subspaces U, and V}, is encoded in the eigenspace Wi, ,
where

Io:={1,...,k} u{k+1,....k+ 1}

Hence, we can directly translate our eigenspace perturbation results to singular subspaces. We
now introduce the relevant parameters. Define

ni n2
(L) ._ 2 (R) ._ 2
R = Z Tijs Rj = Z Tijs
j=1 i=1

and let Ry, := diag(REL))lgigm, Rpr:= diag(RER))KignQ,
Raug := diag(Rr, Rr), RYE = max{mzax RZ(L), m]ax RJ(.R)}.

Define Mayg = Mayg,p as in (1.3) with the dimension factor n; + n2 and set

R
pZ“g i= 10Myg + 15M7
Ok
and
O 1= Op — Oka1-

Also, we denote V = WTRaqu. Note that

1
Viz = W RauWr = 3 (U;RLUz + VREV).
We define 5,"® similar to By, (1.4):
10vk i Vvl
pre.— Y2 8 Rau Wk :
i et (1Yl + 87 (R ) + 4V LS

We can then directly translate eigenspace perturbation results from the symmetric model A=
A +E to the rectangular model X = X + F using the revised parameters above and the following
key relationships (see [98] for details): for any unitarily invariant norm || - ||,

max{]| sin Z(Uy, Uy)|l, | sin Z(Vi, Vi) I} < |l sin Z(W1, W) |
and

max{|Uy, — Pu, Ukll2.000 | Vic = Pvi, Vi2,00} < W7 — Pow, Wi 2,00

Specifically, this implies that the following 2 — oo bound holds with probability at least
1—nP:

Inin) Hﬁk — UkOHQ,oo

OecO(k
Rinex M,
< dmax{||U||2,00, ||V ||2,00} (B,j“g + 305) + 120VE—28 (G.1)
Oy, Ok
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The same bound also holds for minpegi HVk — V40| 2,00

We conclude by clarifying the nature of the coupled terms in (G.1). While the dependence
on both variance profiles (R, and R ) reflects the intrinsic statistical coupling in the asymmetric

total dimension n; + ng is an artifact of the symmetric embedding framework. We plan to address

this limitation in future work.

H Proofs of Lemma 3.1, Proposition 3.1, (J.1) and (J.2)

H.1 Proof of Lemma 3.1

For brevity, write B
Lys:=1-UL®\)UsA7.
For j € J, set
aj(z) = )\]71 - u;rq)(z)uj.
Recall the quantity defined in Proposition 7.2

A?(X) = A mln’l—)\u <I>( uJ’—mgl

We first relate spin(L7s) to A?(Xs). Decompose

Us®\)Ug = diag(u] D(As)u;) oy + Qr(As),

where _ _
Qr(\s) := Off (Us@(A\s)Us7).
Then B _
Lj’s = diag (1 — )\ju;!—q)(As)uj>jeJ - QJ(AS)AJ
Hence _
A7)

~ Q7 (Xs)Ag].

Smin(L7.s) =

S

We next estimate the off-diagonal term |Q 7(As)A 7. Using the expansion

P(z) = 1I+ —R+e(2),

we have )
Qr(Xs) = ﬁ()ﬁ(vjj) + Off (Uze(\s)Uys).
S

Since the eigenvalues in J are positive and bounded above by A1,

~ Ak ~
Q7 Ca)Agl < “HIORV7 )] + Asa |0 (UF(3)Uo)

107

()|

(H.1)



By Lemma 5.2,

N N 1 max
0 (UF(3)U7) | < Sosel=(3)) 15 Bax o (R).
2 2 23
Therefore \ 5 R
k k max
17| < SEIOf (V)| + 5 =5 0sc(R). (H.2)

We now verify that the off-diagonal term in (H.1) is small compared with the diagonal part. Using
As = 2k, Riax < 36A7, and [Off(V7.7)| < osc(R), from (H.2), we get

Akt1 1
Xs A R 8 4]
10731 < (5+ ) Htose(®) < 35 (5+3) o
where the last inequality again follows from the gap assumption. Since A? (XS) > 0r/2, we get

A% (N
Qs(asl < 5 (s+3) 222

S

Returning to (H.1), we obtain

e

Thus HL?SH < 60?—;. This proves the desired bound.

H.2 Proof of Proposition 3.1

For s € [k], the eigen-equation gives
Uy = G(\) ATl = B(A) Al + E(N,) Alls,
where =(z) := G(z) — ®(z). It follows that
Uty = UT®N\)UAU s + UTEN)UAU 1
Taking the [J-block yields
Ultiy = Ur®(\)UzAz - Uty + U ®(N\)UsA 7 - Uiy + USE(N)UAU
Collecting the U}ﬂs terms gives
(I —UFdO)U7A7)U Fiis = US®(N\s)UzAz - UF U + USE(N)UAU i
Recall 7, from (3.1). We further get

Uiy — TsUL s = (I = UJ®(N\s)UsA7) LUSE)UAU . (H.3)
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By definitionand N = {r, +1,...,r},
Pyt = UpUy s + Uz U S, + Un Ui,

Combining this with (H.3), we get

wo = Pyiis — U TUZ s
= UpUy s + Un Ui + Ug(I = UL ®N)U7 A7) TUTE)U - AU . (H4)

Note that we have established in (7.6) that

HVNIC H Rmax M
Ug 24 c(R) +4—. H.5

1O
Now we estimate the last term on the right-hand side of (H.4). We first have
|AUTE ]| < 2[A].
To see this, from (A + E)us = Xsﬁs, we have
Atiy = (AT — E)is.
Multiplying by U " gives AU ", = UT Aty = UT(XSI — E)us. Hence,
JAU @ < X + [ B < 207

by our assumption Ag = 94/ Rpax and Weyl’s inequality.
On the event £p, we have
IUZEQ)U| <

m:

Combining these estimates with Lemma 3.1 yields
[Us(I = UF@(\)UsA7) " UFENDU - AU |
~ M
< (I = UFdA)UZA7) WUIEA)U - AU i) < <1205 (H.6)

From (H 4) and the orthogonality of the signal subspaces, w'® — UpU ,I u; lies entirely in the

span of U;- i - Combining the above bounds, we have
UNis| + [Us(I = U @(A)UsA7) T UFEN)U - AU |

<4

Jwg™® — UnUy s <

HVJ\/’KH Rmax M
24 R 124—.
)\2 + Aﬁ osc(R) + 5

Denote
Aorc = ( ore UkUk ULy .- orc UkUk uk)

It follows immediately that

Rin M
|a| < [A|p < VE <4W§g€” + 2455 0se(R) + 1245> g%,
k k k
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We rewrite
WOI‘C _ ( ?TC’ . OI‘C) UkUk Uk; + AOFC

Note that
orc __ orc orc orc\ T yyrorcy—1/2
UR'e = orth(Wg™) = Wem (W) Were)~ /= (H.7)

‘We aim to bound

. - | P s W]
| sin Z(Uy, UR™)|| = | Py U\ = | Pyt WEre((Were) Twgre) =12 < —2 .
Smll’l(Wk )

First,
| Pyt Wl = [Py (UkU{ Ug + A%)| = | Py A% < [ A%

Next, since W' = Uy, UJ U, r + A°, and A is orthogonal to Uy, we have

Tanin (W) = omin (UpUy Ug) = omin (U} Uy) = \/1 — | sin Z(Uy, Uy
On the event that Theorem 1 holds, || sin Z(Uy, Uy )| < 1/100. Thus,

Omin (WOI‘C) >

l\DM—\

‘We conclude that
| sin Z(Uyg, UZ™) || < 2[ A% < 2&.

For the 2 — o0 norm bound, we start with the standard decomposition

min U — UpOl 2.0 < [(I = Pu, )UR (Ur, UZ™)]1%.

0e0(k)

It remains to bound | (I — Py, )U™|2,,0. Since P Wire = A°*C, from (H.7), we get

(I o PUk)Uorc Aorc((WISrC)TWISrC)flﬂ.
Thus

(I = Py )U 2.0 < HA"“HmH(( W) T )12
H

\7\2H

O'min(W]?rC)

We bound || A°||3 . From (H.4),

AOI‘C — ( orc UkUk 'U,l, OrC Uk»Uk Uk)
ZUN-UNUk—I-Uj-B

where B := [by, - - - , bx| with columns

= (I —UJ®N\)UsA7)TUFEO)U - AU T
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In (H.6), we have
M

bl < 120
s < 120

and thus M
IB| < |IB|F < 120\/%(7.
k

Also, by (H.5), we get

[UATl < 1UXTxlr < Vemax US|

max M
< 4\/EHV/\QKH + 24\/%1% T7-0sc(R) + Wk—.
22 A e

Now we get

(I = Py JU 2,00 < 2| A%

2,00 = 2 max |e] (Un - UlUy + Uz - B)|
1<i<n
2,00 (|UNUk| + [B])

Rinax M
< U2, <8\/E ”Viff' + 48Vk i osce(R) + 248\/%5)
k k k

<2|U

= 2|Ull2,0&™

Finally, combining the bound on | sin Z(Uy, UP*)||, we obtain

2,00 80 Z(Uy, UZ™)|1”

in U = UrOl2,0 < [(I = P JUZ|l2,00 + |U
Juin |UR k0|20 < |( U)UR 2,00 + Uk

< 3[Ull2,08™

The proof is complete.

H.3 Proof of (J.1) and (J.2)

O

By the definitions of Wy and w?*°, their difference is

By — W = Psily — Pyily — (ﬁﬁ;ﬁ; Uy — UsTUF a) .
Since Pﬁﬂs = g, We get
Wi, — WP = (I — Py)Uy — Dy,

Let A := HWk — Wgr¢|. Applying the triangle inequality, we bound

~ E
A <1 = Po)Tl + 1ou] < 282 + 0.

The bound in the second inequality was established in (B.2).
Similarly, taking the 2 — oo norm yields

Do = [Wy — W|o.00 < |(I — Po)Uj,

2,00 + Hgk

2,00
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Note that the assumption £ + ”EH + D]l < c guarantees that £ + A < ¢ < 1/10 fora
sufficiently small absolute constant c. B
Recall from the proof of Proposition 3.1 that W™ = U,U,] Uy, + A°, where HPUkL Were| <

|A0%] < £ and | Py, W
From the decomposition W, = WRre + (Wk — WPr¢), we obtain

Py all < Py W] + [ Wi — W] < &2 + A,
Similarly, the 2 — oo norm satisfies

[Py Will2,00 < [Py W 2,00 + [Wh = W20 < [Ull2,006R" + Ag.c0- (H.8)

Next, we lower-bound smin(ﬁ\/k). We established previously that sy, (We™¢) > 1 /2. By
Weyl’s inequality,

1 1 1 2
Smln(Wk) Smin(WE™) — HWk Wi = 97 Az 2 10 5
since A < 1/10.
Similar to the proof of Proposition 3.1, we get
[P Wil 5
| sin Z(Us, T = [Py O < —7E=" < 2(E8 + A).
Gmin(Wk) 2

For the 2 — o0 bound, we start with

min uUk — UpOll20 < |(I = Py ) U (U, U)|%.

Oe0(k

Since (I — PUk)U,Sb = Py Wk(W;WkrW, we bound the first term using (H.8):

HPU,jW 2,0
Umin(Wk)

I(T = Py,) U

5
= (IUll2,00ER™ + A2.00) -
2

Substituting this and the bound on | sin Z(Uy, (/,\f,gb)H2 back into the decomposition yields the
desired bound.

I Proofs of Propositions 1.1 and 1.2
All proofs are carried out on the event £p, as mentioned at the beginning of Section 7.

I.1 Proof of Proposition 1.1
We first record the projected form of Corollary 4. Let @ = I — UU . Since

QG- @)U = (G-d)U-U[U"(G - )|,
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we have
1Q(G = @)U 2,0 < [(G — @)Ul2,00 + |[U|2,00|U T (G = @)U

Denote Z(z) = G(z) — ®(z). Applying Corollary 4 with B = U to the first term and Corollary 3

to the second term, we obtain that with probability at least 1 — n >,
sup |2|*|QE(2)U 2,0 < CRp(U). (L1)
ZEOra

Here we used that S;;, € Sout and mp < Mp.
On the event || E| < 34/ Rpax, by Weyl’s inequality and our assumption on A\, we have

Xs = A\ — 3@ > Cra\/(D + 1) Rpax log n.

Thus, XS € Sy, for all s < k. Hence (I.1) applies at z = XS for s € [k].
We now follow the proof of Theorem 1. The only estimate that changes is the stochastic
null-space term

k ~
PIRE
s=1

on the right-hand side of (7.3). By (I.1), we bound it by

k ~
PIRK
s=1

~ 2
QE(AS)UHM

Zk] C?Rp(U)? < oy

~ 2
H(As)U
G=(%) 2 ”

.

x 5

where the last inequality follows from XS > cAg. All remaining estimates are unchanged from the
proof of Theorem 1, which proves (1.1).
I.2 Proof of Proposition 1.2

Recall that B o
Yk = UkA]i/Qa Yk = Uv]ﬁA]lc/2

We start with a deterministic decomposition. By inserting the projection operators Py, = UpU, ];r
and Py = I — Py,, we have for any O e O(k),

Y,0 — Y, = PUk,ﬂN/kO + Up(U Y30 — A).
Thus,

|0:A 20 — Uy 2.0 + [Ula.0 [U V4O = A2 (12)

2,00 < | Pya Vi

We first control the second term on the right-hand side of (I.2) by choosing a specific O €
O(k). For simplicity, denote Z := U. ,;r ﬁkfx,lﬁ/ 2 = ];r ffk Consider the polar decomposition
Z = HR, where H = (ZZ")"/? is a symmetric positive semi-definite matrix and R € O(k). We
set O = R'". Thus,

ZO = HRR' = H.
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Consequently,
[UE¥0 = 8,71 = 120 = A7) = |1 = A

To bound this difference, noting that both H and Ay, are positive semi-definite, we apply Theorem
6.2 from [63] to get

[H2 - A [H2 A
>\min (H) + )\min(Allg/Q) Ak

1/2
1 - A <
where the final inequality follows from the fact that A\, (H) = 0.
Now we turn to bound ||H? — Ay||. It follows from the definition of H that
H? = U/ (UAT] ) Uy

Since ﬁk = ﬁkj\kﬁ,j, we also have H? = U,IﬁkUk.
Plugging in Ay, = U, ,;r AUy, the difference can be written as

H? — Ay, = U/ (4}, — AU,

Let (7>;§v € R”X(":k) be an orthonormal basis of Span(ﬁ %)+, formed by the remaining eigenvec-
tors of A, and let A~ be the corresponding diagonal matrix of eigenvalues. Then

g = ﬁkj\kﬁ;j + ﬁ>k2{>kﬁ;rk = Z]f + Z>k.

From A = A + E and the decomposition A= jk + ;l;k, we substitute ﬁk —A=F— le;k to
obtain

H? — A, = U] EU, — U] A~ U
Applying the triangle inequality yields
|H? = Ay < U BU| + Uy A Ug].

For the second term, observe that Ul;f AUy = (U/,;r 17>k)/~\>k((7IkUk) Taking the operator
norm, we get

|U; AsrUs| < |Ask] - U Ui

By Weyl’s inequality, [A~y| < |Asi| + |E|. Furthermore, U] Usi| = |sinZ(Ux, Uy)|.
Substituting these bounds back into the triangle inequality yields

|H? = Al < |UL EUL| + (|Ask] + |E)| sin £(Us, Uy)|*.

Finally, we obtain
1

UTUA20 — AY?) <
U, 5 il R

(10 B + (1A=l + |B]) ] sin £(U, T)[?)
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|2.00. First, we obtain a deterministic bound

Next, we bound HPUkﬂN/k”Q,oo = HPUkJN]kAk
by directly applying the component-wise estimates established in the proof of Proposition 7.1
i = ...y up), and

Recall the decomposition PUkL = P; + @, where P; = U, JUJT with Uy = (ug41,
Q = I — UU. By triangle inequality, we get
| P;TA
~ ~1/2 ~ ~1/2
[Ul2.0 - 1U7 OcR, ) + 1QUA,
< |Ulo - U7 Teky* 7 + 1QUAAY 2.0

T1/2
k ”2700

| Py Yillo.o <

Now we evaluate the rows of Qﬁ kKl/ ®. The squared Euclidean norm of the I-th row is given by
TQus)?. In the proof of Proposition 7.1, we established the resolvent decomposition

S Asley
(1) (2

€ e] Qus = q;,” +q;, » where the individual terms are deterministically bounded by

ose(R) < el QEG)U]

(1)
A < gl 5 and g <
S

Next, we multiply these squared bounds by the weight XS and sum over s € [k] to get
OSC(R)

k
5y 8
Y AaP < 31Ull2.0008¢(R)

and
ShY (2) 2
D Xala 2 < Z Nlle] QE(A)U3-
=1 s=1
Combining these estimates via the triangle inequality yields the final deterministic bound for
the weighted orthogonal projection:
9 osc(R
| JUR e + 3VE|U 2,00 )\(/2)
k

+2 ZAB max HJQ AU 3. (1.3)

It remains to bound
k
AU )2

s=1

~ 7T1/2
|UTUA | =

For J # (¥, from the bound (7.5), we get
]'3 Rmax —
VAU < oz se(R) + X2|UTE()U]
/\S)

X1/2 92 Xg/z

VN’C lngx —_
+2J<X3/2‘ % Syose(R) + UG >U|>
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Substituting A%(X ) = 16, and |U TE(X)U| < M/X2 into the above bound, we obtain

~1/2

8 Vrz| 52 Rmax SM A
A AU )| < 5 2 + A e osc(R) + 5

max M
+2foVN’C” +13v/322% o5¢(R )+2x/§@.

~3/2 ~7/2

To compute the Frobenius norm HUJT(?;CK}C/QHF = | (\/XSHUJTQSH)I;:l

components and use %)\3 =X = %)\k, which yields

5> WE sum over all k

10T A2 r
_8. Wk 3.6Vk

Ruax0sc(R) | 10M | & 3.5Vk
Vazl + |Vnil + 78VE - As + M.
) 2/2 /\3/2 SN2 Ok s; ’ 1z
By (I.1), for every s < k,
o 2oU)
o ] Q20 < 5,

Thus,

Rp((U) Rp(U)
< CVk Xk <C\/%7\/>Tk.

ZA?’ max [lef QF (A)U3 < CRp(U)

Finally, combining these estimates into (I.3) and noting that %X;?’/ <7 )\;3/ %, we obtain

8.1k 3.6Vk max0Sc(R
< Uk | S vr) + 20 e 4 7Rl R g
OpA A Ok

T.3/2 =7
k
10M 3.5VE 0sc(R) Rp(U)
+ ‘ W Z As + TM 1{k<r} + 3\/>”U”2 0 ) 32 + C\/E )\1/2 .
k i B
Recall that Vi
10vk Rumas V]
= —_— 4 )
B, sy (”ij| +8 ¥ sc(R )) +4VE "
We simplify the bound to
% 0M | &
[Pyt Yiel2,m < o Zl)‘sl{’“q}
p(U) osc(R)
C\F 1/2 a5 (I.4)
k
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Now, from (1.2), we get
1020 = UAy P 2.

Uk |2, . ~
200+ = o [ IUT UL + (1l + 11 sin (U, TP

where | P, L Y, 2,0 is bounded by (I.4). Applying the bound for | sin Z(Uy, Uy)| from Theorem 1
completes the proof.

< |Py Yl

J Plug-in de-biasing implementation and limitations

To keep the discussion simple, assume in this paragraph that r and r are known and the variance
profile ¥ is known, so that ®(z) is computable from the QVE..
Define

Uj = (ﬁkJrl,. . .,ﬂhr), UZ = (ﬂl,... 7ﬁk7a7‘++17~-- ,ﬂr),

with corresponding diagonal eigenvalue matrices A 7 and /N\I. Also write

U:=(uy,...,u), P = uu’.

If 7 = &, no correction is needed and we set ﬁ ,fb = ﬁk Otherwise, for s € [k], define

7= (1-030()0585)  U30(,)0rhr,
whenever the inverse exists. The plug-in corrected vector is

'I/ESZZP('jaS—ﬁjﬁﬁ;as, s=1,...,k.
Note that for s < k, Pjus = us. Finally, set

Wi = (@,..., @), U := orth(Wy).

To compare this estimator with the oracle estimator, define the correction discrepancy

OO T \*
O = (UsT07 s — Uy TUZ )
S
Then the difference between the plug-in and oracle matrices is given by
Wi, — W = (I — Py)Uy, — Dp.

Consequently, the accuracy of the plug-in correction is governed by the norms of this difference.
As shown in (B.2) below, ||(I — Py)Ux| < 2| E|/\x. On the event that

E
EC+ IE] + Dkl < ¢
Ak
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for a sufficiently small absolute constant ¢ > 0, the same argument as in Proposition 3.1 gives
~ E
Jsin 2@ U0 < € (g7 + B+ 1 ) a
k

Moreover,

E + (I = Pr)Usl2,00 + [Dkll2,00

(= + 12 o, |) | 02

The proofs of (J.1) and (J.2) are given in Appendix H.3 for completeness.

Juin [0 = U0l < O

REMARK J.1 (Limitation and useful regimes). The plug-in correction U ,‘jb is not a universal
replacement for the raw empirical eigenspace U k- The term ® measures the error in estimating
the oracle correction from the empirical lower-positive [J-block. This term could be large in two
situations. First, if the lower-positive block J contains weak or poorly separated spikes, then
the empirical block U 7 may not estimate Uy accurately. Second, when eigenvalues are tightly
clustered (6y, is small), the matrices I — U}@(XS)U M7 become ill-conditioned. Inverting them
will make | Dy blow up.

Thus the plug-in estimator is useful only when

[Dk] < €

and the removed bias is larger than the residual terms

vk

1E]
Ok Ak

Rmax orc ‘
(HVJZJr )‘i osc(R)) » EFC + N

This condition does not require the geometric bias to vanish. It may hold, for instance, when J
contains strong, well-separated spikes that can be accurately estimated, even if the variance profile
‘R has a large coupling between Uy and Uz. A systematic analysis of optimal fully data-driven
bias correction is left for future work.

K Proofs for the applications

K.1 Proofs for the DCSBM application

We first record the population geometry. The calculation is standard; see, for example, [74, 69].
Let
S:=7"0%Z = diag(s1,...,s,) and Xo:=0OZS 2

Note that S has rank 7 and X Xo = I,..

LEMMA K.1 (Population geometry of the DCSBM). Write the eigen-decomposition SY/? BS'/? =
VAV T where V € O(r). Then the eigenspace of P may be represented as U = XV, and

-
e; U

Trr . ,T _ T
e, U= ,uleg(i)V, FTUH = eg(i)V. (K.1)
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Consequently,
lef Ul = pi [Ul2oo = ps, minle] Uy = o,

and the normalized population centers of two distinct communities are separated by distance /2.
Proof. Note that

P=0ZBZ'6 = Xo(SV2BSY?*) X{ = (XoV)A(XoV)".
Thus we may take U = XV If g(i) = a, then

T i 1 T
e, Xo = ——e, = Wi€,,

/Sa ¢

which proves (K.1). Since the rows of V" are orthonormal, |e] V — e;VH = +/2fora # b. O

We use the following specialization of the refined full-signal perturbation bound from the main
results. It is obtained by applying Corollary 1 to the positive and negative eigenspaces separately
(see Remark 1.3). Recall that tp , = (D + r)logn.

PROPOSITION K.1 (Perturbation input). Let P = UAU' be a symmetric rank-r probability
matrix and let A\, := mini<j<, |\;(P)|. For centered Bernoulli noise, suppose Rmax = Cptp ,
and N = Cpa/tp rRmax. Then, with probability at least 1 — n=D,

U

min | Fmax
2,05 |-
0e0(r) A2

~ 0. D(U) + tp.,
|5:0 -0, < Cp| v V2D LD

: 20, (ra U

1/2
Here T(U) := max; (3); Pj(1 — Py)le] UJ?) "%,
Now we are in the position to prove Theorem 2.

Proof of Theorem 2. By Lemma K.1,
tion 2.1 suggests

Ul2,0 = p4 and T'(U) = T'gc. As given in (2.1), Assump-
Tn = Ay = 1I<njigr IAj(P)| = omin(B)s—. (K.2)

Since P is symmetric and entrywise nonnegative,

HPH < dmax = m?,xZ sz
J

Moreover, pmax = o(1) implies

R = Z ‘Plj(l - PZ]) = d; uniformly in ¢, Riax = dmax, OSC(R) < Rpax- (K3)
J

For the centered Bernoulli entries and fixed D, we have L5, < 1 and Mp <p ip,, and
therefore (recall Rp(U) in (1.6))

Rp(U) Sp \/torTdc + tprtis- (K.4)
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By (2.3), (K.2) and (K.3), the conditions in Proposition K.1 are satisfied.
Applying Proposition K.1 and using (K.2)—(K.4) yields

min |

CQ,D : 5D,n(7—n)a
OeO(r

which proves (2.4).
It remains to prove exact recovery. Let O, attain the bound (2.4) and write

u; 1= el—-rﬁrO*, u; 1= eiTU.
If (2.5) holds with ¢p sufficiently small, then every u; is nonzero and

U U

<d0p < \/5/4

2||t; —
i

Thus two normalized empirical rows from the same community are at distance at most 2Jp,
whereas rows from distinct communities are at distance at least v/2 — 25 p.

We now verify the farthest-first step. Suppose the selected centers represent a proper sub-
set of the communities. Every point from a represented community lies within 26p of one of
the selected centers, while every point from an unrepresented community has distance at least
V2 — 26p > 26p from all selected centers. Hence the next farthest point belongs to an unrepre-
sented community. Induction shows that the r selected centers contain exactly one representative
from each community. The same distance comparison shows that nearest-center assignment is
exact. A common orthogonal transformation preserves row norms and Euclidean distances, so the
Procrustes alignment does not affect the algorithm. O

Jwill il

Proof of Corollary 2. Under the assumptions of the corollary,

Sq = HQH(Q), s_=d_, Py = m;1/27 P = N;1/2 (K.5)
where the constants depend only on ¢y and Cy.

Because r is fixed, B is entrywise nonnegative, and its singular values are bounded above and
below, every row and column of B has total mass bounded above and below by positive constants.
Consequently,

dinax = Npb2 = rpd_. (K.6)

Als0, pmax ,S 9(% = 0(1)7 SO Rimax = dmax-
We next evaluate the I'g.. If 2 belongs to community a, then Lemma K.1 gives

03
=b
ZR] - ZJ HeTUHQ 9 Z B RIS S 90 2 Bab < Umax( )98
Thus
Lae < 00\ Omax(B). (K.7)

Since 7 is fixed, tp, =p logn. By (K.5),

Tn = Omin(B)S— = omin(B)d—. (K.8)
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The condition (2.7) implies the two conditions in Theorem 2. Indeed, using omax(B) = omin(B),
» = 1, and the lower bound in (K.6),

dmax Z O'min(B)Hnd— ZD log n.
Using the upper bound in (K.6),

Vdmax logn < \/O'maX<B)Iﬂ7nd_ logn <p omin(B)d_,

and (2.7) also gives logn <p omax(B)d_. Hence

Tn Z Umax(B)d— Z,D \/m.

Substituting (K.5), (K.6),(K.7), and (K.8) into (2.2) yields

0o O'maX<B) log n log n Omax(B)kn

+
Umm Jmm \/ d— Umin(B)2\/ mp d_
< 1 \Omax(B)  [kn 10gn 1 A/Fn logn N Omax(B) /i?/z
~D .
N Umln - Umln B d_ Umin(B)2 d_

By our assumption on d_, we have

1 \/Knlogn A /UmaX Kn log n
Umin(B) d_ N Umln

Then (2.8) follows from Theorem 2.

Finally, divide the last display by u— = N,, 2 The two terms on the right-hand side of (2.8)
are made sufficiently small by (2.7). After increasing C p, we therefore have ep ,,(7,) < cppi—.
Exact recovery follows from Theorem 2.

EDn (Tn> SD

O]

K.2 Proofs for the GRDPG application

Throughout this section, the rank » = p + ¢ is fixed, and all implicit constants may depend on D,
r, and the constants in Assumption 2.2, but not on n.
We first record the estimation of related parameters under Assumption 2.2. Recall d,, = np,.

LEMMA K.2. Suppose Assumption 2.2 holds. Then P = UAU" has rank r, with exactly p
positive and q negative nonzero eigenvalues. Denote \sig := mini<q<r |A\o(P)|. Then

Xig = dny, | P =dn, | n=12, (K.9)
The row-variance profile satisfies
R; =d, forallie |[n], Ruax = dy, 0s¢(R) < dp. (K.10)
In addition,
n dn
Z PjlejUl3 < . (K.11)

Finally, the matrix Qg in (2.10) may be chosen so that |Qo| + |Qy || < 1.
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Proof. For simplicity, set S := Y'Y = nA,,. Since A,, is positive definite,
P = (Ys—1/2) (anl/ZJS1/2) (YS_1/2)T7

and Y S~/2 has orthonormal columns. Hence the nonzero eigenvalues of P are the eigenvalues
of
oS 2ISY? = d, A2 JAL2

By Sylvester’s law of inertia, Ai/ 2J A}/ 2, and therefore P, has exactly p positive and ¢ nega-
tive eigenvalues. Moreover,

IAPIAPI ST [(AIAA T = A 2IAT ) S 1.

Since A,ll/ 2] A}L/ %is symmetric, all its eigenvalues have magnitudes bounded above and below by
positive constants. This proves the first two relations in (K.9). For the last relation in (K.9), note

that if V € O(r) diagonalizes d, AY>JAY?, then U = Y S~V/2V. Consequently,
le] Ul <yl - 1572 S ™2,

Now we prove (K.10). The expected degree of vertex ¢ is Z?:1 P = dny; JYn = d,,. Since
0 < PZ] < ]- — G,

n n
CZPZ']' <R, = ZP’L](]-_P’LJ) < ZP”
j=1 j=1 J=1

It also gives (K.11): T'(U)? < HUH%,ooRmax S d#-
Finally, since X and ,/p,Y have full column rank and the same column space, there is an
invertible matrix () such that

XQo = \/puY.

Substituting this identity into XJX " = p,YJY T and using the full column rank of X, we get
QoJQ = J, or equivalently QJ JQo = J. Thus Qo € O(p, q). Furthermore,

Qo [AQo = puY 'Y = dnA,.
Both |A| and d,, A, have eigenvalues comparable to d,. This suggests that [|Qo |+ Qo < 1. O

We now prove the full-embedding Theorem 3. Let E := A — P.Recall R p(U) from (1.6). In
bounded-Bernoulli regime, we have, with probability at least 1 — n =2, that

dpl 1
IEIl Sp v/ dn, Mp <p logn, Rp(U) < ogn , logn

Here the last relation follows from (K.11) and |U 2,0 < n™ 2.

~

(K.12)

Proof of Theorem 3. By Lemma K.2, every nonzero signal eigenvalue has magnitude comparable
to dy,, whereas Ry,.x = dy,. Hence, after choosing C1 p sufficiently large, the condition d,, >
C1,p log n verifies the signal strength condition in Proposition 1.2.
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We apply Proposition 1.2 separately to the complete positive signal block of P and to the
complete negative signal block through —P. Combining the two orthogonal alignments yields

Rp(U)
m

max + 0SC(R U
R Wz )

27 3/2 l
dn/ n

min | X, W — X200 <p
WeO(p)®0(q)

where N1 = 14+ + n— with
ns = [ULEUL] + (IA5] + [E])| sin £(Us, Ts)[%

By Davis-Kahan theorem,

~ E
Isin £Us, T)] <p 2L <y a2

dn

Consequently, B
N Sp |E] + dn Er?fx} | sin £(Us, Ug)Hz Sp Vdn.
S T

Substituting this estimate together with (K.9) and (K.12) into (K.13) yields

~ logn logn 1 1 logn
min [ X, W — X2 Sp & Sty < &

+ ——= )
We0(p)®0(q) n vnd, \/n o /nd, ~b n

where we used d,, > C,p logn to get the last inequality. This proves (2.11).

Moreover, by Weyl’s inequality, the r eigenvalues of A=P+Eof largest magnitude are the
signal outliers, with p positive and ¢ negative eigenvalues. Indeed, the r nonzero eigenvalues of P
have magnitudes of order d,,, whereas ||E| <p v/d,,.

It remains to pass from X to the latent positions Y. Let W € O(p) @ O(q) attaining (2.11),
and set () := WQo. Both W and Q) preserve J, so Q € O(p, q). By XQo = /p, Y from (2.10),

X,Q = /Y = (X, W = X)Qo.

Hence, by (2.11) and Lemma K.2,

= logn
1X-Q — VonY ’2,00 <p n
Dividing by /pn = %” proves (2.12). The consistency statement follows immediately. O

Finally, we provide the proof of Proposition 2.1.
Proof of Proposition 2.1. By Lemma K.2 and Wey!’s inequality, for ¢ € {+, —} and every a < k,

we have \$ = 1/d,, and thus,
o= ( Z XZ)l/z =/dy.
a<kg

The assumptions d,, = C1 plogn and 6,, > C} p logn imply the signal strength and gap condi-
tions in the corresponding signed versions of Proposition 1.2.
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We directly apply Proposition 1.2 to the retained positive block of P and to the retained neg-
ative block through — P, and combine the two blockwise alignments. Note that the deterministic
terms are precisely GBiasy, _ defined in (2.13). Thus

. > . Rp((U) dy, 1 1
X W — X < GB C —1
Y R ke ] IV m i U U T
1 Uk 20 ]
+ + ——=n. |, (K.14)
ndy, it Vdy
where, for each ¢ € {+, —},
V1 1\
ogn
77§ ND H gkgEUC,qu + dn (Bzg + (;g,n + m) . (K15)

It remains to bound the bias quantities and the last term in (K.14).
We first note that if A and B have orthonormal columns and AT B = 0, then

Rmax + Rmin

1
HATRBH = HAT( —col)B| < osc(R) co = 5

Hence, by (K.10), all variance-profile couplings appearing in BZ (defined in (1.4)) are O(d,,) and
thus

1 1 1 1
B, <— +—<—+ — K.16
S R R S (K.16)
Since 7 is fixed and d 5, = dp,, (K.15) and (K.16) give
logn 1\? logn 1)\?
< EU k| +dp | —=— + <|E|4+dp | ——+ —= | -
e 50 W BV ]+ do (P57 + ) < 1]+ o (P57 4
Here we used d,, > p logn to absorb the d,; ! term. Moreover, using | E|| Sp v/dy, and [|U g ||2,00 S
n~1/2, we get

”U§ kg

[dn log n 1)\? [logn dn logn
<D +A— .
A /dn \f Vd,) ™ n n  On

Indeed, the assumption d,, > C p logn implies log n/d,, <p 1, while d,, Zp logn. Also, note
that 51— + 51— < & and, by (K.12),

SRD(U) 1 < logn
Vi Vndy P '

Substituting these estimates into (K.14) proves (2.14).

We wrap up this section with a short derivation of (2.15).
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Proof of (2.15). Suppose d,, = cd,,. Then (K.16) gives Bzg < é. Since A¢ » = dy and |[Ul2,0 S

n~Y2,(2.13) yields
1

vnd,

[d, logn logn logn
- S <D )
n o ~a/nd, " n
where the last inequality is from d,, 2p logn. Substituting these estimates into (2.14) proves
(2.15). O

GBiask%ki S

Moreover,
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