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Abstract

Spectral methods rely fundamentally on the stability of principal eigenspaces under ran-
dom perturbations. Classically, this stability is quantified by the Davis-Kahan and Wedin the-
orems, which bound the eigenspace error using the operator norm of the noise and the relevant
spectral gaps. While these worst-case bounds are sharp for arbitrary deterministic perturba-
tions, they can be wasteful in the low-rank signal-plus-random-noise setting, as they fail to
capture the fine-grained interaction between the signal geometry and the noise distribution.
In this paper, we study the spectral perturbation of signal-plus-noise matrices corrupted by
sparse, random noise with an arbitrary, inhomogeneous variance profile. We demonstrate that
under heterogeneous noise variances, the empirical eigenvectors suffer a systematic, deter-
ministic geometric bias that is entirely invisible to classical perturbation bounds. By leverag-
ing the Quadratic Vector Equation (QVE) and establishing fine-grained isotropic local laws,
we derive near-optimal, non-asymptotic perturbation bounds for the leading eigenspaces in
the operator and 2 Ñ 8 norms. The bounds separate the usual signal-to-noise contribution,
stochastic fluctuations, and structured geometric bias terms determined by the alignment be-
tween the signal eigenspaces and the row-wise variance profile. We further develop refined
rowwise bounds that adapt to the variance-weighted leverage of the signal space, leading to
sharper guarantees in delocalized regimes.

As applications, we establish strong consistency of adjacency spectral clustering for degree-
corrected stochastic block models with heterogeneous degree parameters and unbalanced
communities, recovering the logarithmic expected-degree scale in the regular balanced case.
We also study spectral embedding for generalized random dot product graphs, showing that
the full signal embedding admits sharp rowwise control, whereas spectral truncation can retain
a systematic geometric bias determined by the omitted signal directions and the heterogeneous
variance profile.
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1 Introduction and main results

Spectral methods provide a simple and powerful way to extract low-dimensional structure from
high-dimensional data. They underlie principal component methods, low-rank matrix denois-
ing and approximation, spectral clustering and community detection, latent-position estimation in
networks, and many other procedures in modern statistics and data science. In these problems,
the statistical object of interest is often encoded by a small number of dominant eigenvalues and
eigenvectors of a population matrix, while the available data produce only a noisy version of that
matrix. Understanding the stability of the leading spectral structure is therefore a basic step in
understanding the performance of the resulting statistical procedure.

We study the signal-plus-noise model

Ã “ A ` E,

where A P Rnˆn is a deterministic symmetric matrix of low rank and E is a symmetric random
perturbation with independent centered entries up to symmetry. Our main tasks are to understand
the locations of the empirical outlier eigenvalues and the perturbation of the corresponding signal
eigenspaces, both in the usual operator-norm geometry and in the 2 Ñ 8 norm that measures the
largest rowwise error. We also study a closely related object, the weighted spectral embeddings,
that arises naturally in applications.

Classical perturbation results such as Weyl’s inequality and the Davis–Kahan–Wedin sinΘ
theorem control these quantities through the operator norm of the perturbation and the relevant
spectral gaps. Such bounds are sharp for arbitrary deterministic perturbations, but they can be
conservative when the perturbation is random. A substantial literature has therefore developed
stochastic perturbation bounds that exploit independence, concentration, leave-one-out arguments,
and resolvent methods; see Section 4 for a detailed discussion. The present paper addresses a fea-
ture that becomes essential when the noise is heterogeneous: the variance profile does not merely
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change the size of the random fluctuations, but can also change the geometry of the population
signal space.

More specifically, heterogeneous noise produces a systematic second-order effect governed by
its row-variance profile. As a consequence, two population signal directions that are orthogonal
in the usual Euclidean geometry need not remain orthogonal in the variance-weighted geometry
induced by the perturbation. This creates a systematic mixing of signal directions, which we call
the geometric bias. The phenomenon is invisible to a perturbation bound based only on }E}. It
also disappears in the homogeneous case, where all row variances are equal, but can be of leading
order for a genuinely inhomogeneous variance profile.

Our first contribution is a non-asymptotic perturbation theory that retains the geometry induced
by the heterogeneous variance profile. Using the Quadratic Vector Equation (QVE) together with
isotropic and compressed local laws, we separate the eigenspace error into a deterministic geo-
metric bias, stochastic mixing within the signal space, and leakage into the population null space.
For truncated eigenspaces, the omitted signal directions interact with the variance profile and can
produce a systematic error amplified by a small within-signal spectral gap.

Our second contribution is a row-adaptive refinement of the 2 Ñ 8 bound. A leave-one-
out local-law argument replaces the global null-space fluctuation scale by a variance-weighted
leverage scale tailored to the signal eigenvectors, while leaving the signal-space mixing terms
unchanged. In the full signal eigenspace, the geometric-bias and within-signal mixing terms dis-
appear. The same refinement also yields sharper bounds for weighted spectral embeddings, which
are used in our network applications.

We illustrate the two sides of the theory through two statistical applications: for the degree-
corrected stochastic block model, where the full signal eigenspace is retained, the row-adaptive
bound yields strong consistency under heterogeneous degree parameters and unbalanced commu-
nities, reducing to the logarithmic expected-degree scale in the regular balanced case; for gener-
alized random dot product graphs, we instead focus on the choice of embedding dimension and
show that truncation introduces the geometric bias predicted by our theory through the interaction
of the omitted signal directions, signed spectral gaps, and heterogeneous variance profile.

Roadmap. The remainder of this section states the precise top-k eigenspace perturbation theo-
rem and its row-adaptive refinements and consequences. Section 2 develops the two statistical
applications. Section 3 explains the geometric-bias mechanism through a rank-two model and the
QVE expansion, and includes numerical experiments and an oracle debiasing procedure. Section 4
discusses the related literature. The technical arguments are developed in Sections 5–9: we first
derive the QVE expansion responsible for the variance-profile bias, then establish the isotropic,
compressed, and row-adaptive local-law inputs and the outlier eigenvalue locations, and finally
combine these estimates with blockwise eigenvector equations. Additional proofs and extensions
are collected in the appendices.

Notation. For a vector v “ pv1, . . . , vnqJ P Rn, we let }v} denote its Euclidean ℓ2 norm and
}v}8 :“ maxi |vi| denote its maximum absolute entry. The oscillation of a vector v is denoted
by oscpvq :“ maxi vi ´ mini vi. For a matrix B, we define its off-diagonal part as OffpBq :“
B ´ diagpBq, where diagpBq is the diagonal matrix formed by the diagonal entries of B. We
use various matrix norms throughout the paper. Let }B} denote the operator norm, and let }B}F

denote the Frobenius norm. The 2 Ñ 8 norm of a matrix is defined as }B}2,8 :“ maxi }eJ
i B},
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which is the maximum Euclidean norm of the rows of B. The infinity operator norm is denoted
by }B}8Ñ8 :“ maxi

ř

j |Bij |. We let Opkq denote the set of k ˆ k orthogonal matrices. For
two non-negative sequences Xn and Yn, we write Xn ≲ Yn (or Yn ≳ Xn) if there exists an
absolute constant c ą 0 such that Xn ď cYn for all sufficiently large n. We write Xn — Yn if both
Xn ≲ Yn and Xn ≳ Yn hold. Throughout the paper, C,C 1 denote positive absolute constants
whose exact values may change from line to line.

1.1 Top-k eigenspace perturbation

We now introduce the precise model notation and assumptions. Write the rank-r eigendecompo-
sition of the signal as

A “ UΛUJ “

r
ÿ

i“1

λiuiu
J
i ,

and order the nonzero eigenvalues algebraically. Let

r` :“ #tj : λj ą 0u, r´ :“ r ´ r`,

so that
λ1 ě ¨ ¨ ¨ ě λr`

ą 0 ą λr``1 ě ¨ ¨ ¨ ě λr.

The ordered eigenvalues and their corresponding eigenvectors of Ã are denoted as λ̃i, ũi for 1 ď

i ď n. In the main text we focus on the right-edge outliers and the top-k (1 ď k ď r`) positive
signal eigenspace and its perturbed counterpart

Uk :“ pu1, . . . , ukq, Ũk :“ pũ1, . . . , ũkq.

We write Λk :“ diagpλ1, . . . , λkq and define Λ̃k analogously. For an index set J Ď rrs, UJ
denotes the submatrix of U formed by the columns indexed by J . The negative-spike case follows
by applying the same argument to ´A; see Remark 1.3.

Throughout the main results, fix D ą 0. We impose the following assumptions on random
noise E:

ASSUMPTION 1.1 (Structural assumption on the noise). Let E be an n ˆ n symmetric random
matrix with independent centered entries (up to symmetry) and variance profile Σ “ pσ2

ijq1ďi,jďn

where EpE2
ijq “ σ2

ij . Assume there exists a parameter K ě 1 such that the sub-Gaussian norm*

of each entry satisfies:
}Eij}ψ2 ď Kσij .

Equivalently, we can write Eij “ σijξij where the random variables ξij have mean 0, variance 1,
and satisfy maxi,j }ξij}ψ2 ď K.

Let σmax :“ maxi,j σij ą 0. We further assume that there exists a parameter β ě 1 such that

E|Eij |
3 ď βKσmax σ

2
ij , E|Eij |

4 ď β2K2σ2
max σ

2
ij . (1.1)

*The sub-Gaussian norm of a random variable X is defined as }X}ψ2 :“ inftt ą 0 : EpexppX2
{t2qq ď 2u. In

particular, Pp|X| ě tq ď 2 expp´t2{}X}
2
ψ2

q. See [93] for details.
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REMARK 1.1 (The role of β). The parameter β separates the third- and fourth-moment controls
from the sub-Gaussian norm K and is useful in sparse regimes. Under the sub-Gaussian assump-
tion alone, one may always take β ≲

a

logpeKq, but this can introduce an artificial logarithmic
loss. For example, for centered Bernoulli noise with edge probability p, one has K ≲ p´1{2,
whereas the third and fourth moments satisfy the sharper bounds in (1.1) with β “ Op1q. Thus
keeping β explicit allows our results to retain the correct logarithmic scale in sparse network
applications.

Let us denote Ri :“
řn
j“1 σ

2
ij . Define the diagonal matrix

R :“ diagpR1, . . . , Rnq

and the geometric bias matrix

V :“ UJRU “ puJ
i Rujq1ďi,jďr. (1.2)

To capture the heterogeneity of the noise profile, we define the variance oscillation parameter:

oscpRq “ Rmax ´ Rmin,

where
Rmax :“ max

i
Ri and Rmin :“ min

i
Ri.

Assumption 1.1 is imposed throughout. In addition, we work under one of the following two
auxiliary regimes.

ASSUMPTION 1.2 (Auxiliary regularity conditions). Fix D ą 0. We assume that one of the
following conditions holds.

(i) General sub-Gaussian regime:
a

Rmax ě C0pD ` 8qKσmax log n.

(ii) Bounded-entry refinement: If there exists an absolute constant c0 ě 1 such that maxi,j |Eij | ď

c0Kσmax almost surely, then we only require
a

Rmax ě C0pD ` 8qKσmax

a

log n.

Here C0 ą 0 is a sufficiently large absolute constant.

The second regime is a refinement of the first noise model rather than a separate distributional
assumption: in both cases Assumption 1.1 holds, while the bounded-entry condition in (ii) allows
the variance condition to be weakened by a factor

?
log n. Note that the bounded-entry condition

implies (1.1) with β ď c0.

REMARK 1.2 (On the Assumption 1.2). The regularity condition prevents any single maximal
entry from dominating its row sum. Under this condition, our estimate (see Lemma 5.4) yields
}E} ď 3

?
Rmax with high probability, thereby guaranteeing a macroscopic signal-to-noise sep-

aration (λk ě 3}E}) for any supercritical spike λk ě 9
?
Rmax. Both assumptions naturally

accommodate sparse regimes. For example, for centered Bernoulli noise with parameter p, As-
sumption 1.2 requires p ≳ log n{n.
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For technical convenience, throughout the main results we impose

λ1 ď R3
max, Rmax ď n100, σ´1

max ď n100.

These conditions only restrict the range in which we carry out the local-law analysis and are not
essential to the perturbation phenomenon. The polynomial bounds are extremely mild; the expo-
nent 100 is arbitrary and may be replaced by any sufficiently large fixed constant. In particular,
they are automatic in the network models considered below, where Rmax ď n.

The upper bound λ1 ď R3
max merely excludes an ultra-strong signal regime. When |z| "

}E}, the resolvent admits a direct Neumann-series expansion, and the corresponding perturba-
tion bounds follow by simpler arguments. We therefore exclude this regime to avoid a separate
treatment; see [98] for related arguments without such an upper restriction.

Define the spectral gap

δk :“

#

λk ´ λk`1, if k ă r`;

λk ´ 3
?
Rmax, if k “ r`.

With the convention that δ0 :“ `8.
We define the regime-dependent fluctuation scale

MD :“

#

C 1pD ` 6q3{2rβKσmaxplog nq2, in the sparse sub-Gaussian regime,

C 1pD ` 6qrc0Kσmax log n, in the sparse bounded-entry regime,
(1.3)

where C 1 ą 0 is a sufficiently large absolute constant.
Furthermore, for fixed k P rr`s, define index sets

J :“ tk ` 1, . . . , r`u, I :“ rrszJ ,

N :“ tr` ` 1, . . . , ru, K :“ rrszN ,

and denote

Bk :“
10

?
k

δkλk
}VJI} `

4
?
k

λ2
k

}VNK} `
80

?
k

δkλk
¨
Rmax

λ2
k

oscpRq, (1.4)

where VJI “ UJ
JRUI and VNK “ UJ

NRUK. If k “ r` (thus J “ H), then }VJI} “ 0.
We also set

ρk ” ρk,D :“ 10MD ` 15
oscpRq

λk
.

THEOREM 1 (Top-k eigenspace perturbations). Fix D ą 0. Under Assumptions 1.1 and 1.2, for
any k P rr`s such that λk ě 9

?
Rmax ` 100ρk,D and

δk ě
?
k

ˆ

65ρk,D ` 20
oscpRq

λk

˙

,

we have the following bounds with probability at least 1 ´ n´D:
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(i) For the operator norm bound, we have

} sin∠pUk, Ũkq} ď Bk ` 10
?
k
MD

δk
` 2

}E}

λk
.

(ii) For the 2 Ñ 8 norm bound, we first have

}Ũk ´ PUk Ũk}2,8 ď }U}2,8

ˆ

Bk ` 10
?
k
MD

δk
` 3

?
k
oscpRq

λ2
k

˙

` 3
?
k
MD

λk
.

Consequently,

min
OPOpkq

}Ũk ´ UkO}2,8 ď }Ũk ´ PUk Ũk}2,8 ` }Uk}2,8} sin∠pUk, Ũkq}2,

ď 4}U}2,8

ˆ

Bk ` 20
?
k
MD

δk
` 3

?
k
oscpRq

λ2
k

` 27
Rmax

λ2
k

˙

` 3
?
k
MD

λk
.

Theorem 1 separates three distinct mechanisms in the eigenspace perturbation. The first is
the geometric-bias term Bk, which comes from mixing between the target eigenspace and the
non-target signal directions. Its leading components are governed by

VJI “ UJ
JRUI , VNK “ UJ

NRUK,

and quantify how the signal eigenspaces interact with the row-variance profile R “ diagpRiq.
These couplings vanish when R “ cI . Indeed, by orthogonality,

}VJI} “ }UJ
J pR ´ cIqUI} ď

1

2
oscpRq

by choosing c “ 1
2pRmax ` Rminq. Likewise, }VNK} ď 1

2oscpRq.
The term MD{δk is the stochastic contribution associated with mixing between the target

eigenspace and the remaining signal directions. It therefore appears in both the principal-angle
and 2 Ñ 8 norm bounds. By contrast, the standalone term MD{λk in the 2 Ñ 8 norm bound
comes from the component of the empirical eigenspace in the null space of A. For the principal-
angle loss, this rowwise null-space leakage can be controlled at the coarser operator-norm scale
}E}{λk.

REMARK 1.3 (Bounds for general eigenspaces). Theorem 1 is stated for the top positive eigenspace
only to simplify notation. Analogous bounds hold for bottom and intermediate signal eigenspaces
by symmetry and elementary projector decompositions. See Appendix F for details.

REMARK 1.4 (Extension to rectangular matrices). Our eigenspace perturbation results extend
to singular subspace perturbation for rectangular matrices via the standard Hermitian dilation
technique. See Appendix G for a brief discussion.
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1.2 Refined perturbation bounds and consequences

Although Theorem 1 focuses on the operator-norm principal angle and the 2 Ñ 8 loss, its proof
actually controls the empirical eigenspace in both the non-target signal directions and the null
space of A. Following the framework of [98], these estimates can be extended to other error
metrics, including Frobenius and unitarily invariant norms, linear forms, max norms, and weighted
rowwise losses. We only record the extensions needed for the applications below.

In our heterogeneous setting, the same decomposition also allows us to refine one term in the
2 Ñ 8 bound of Theorem 1. The term MD{δk comes from stochastic mixing with the non-
target signal directions and is unchanged by the refinement below. In contrast, the standalone term
MD{λk arises from the null-space action and can be sharpened using the row-adaptive local law
from Section 6.1, at the cost of a slightly stronger signal-strength condition. This refinement is
important in the applications, where it allows us to reach the logarithmic-degree regime.

Before stating the refined bounds, we record a stronger variance condition required by the
leave-one-out argument.

ASSUMPTION 1.3 (Row-adaptive variance condition). For fixed D ą 0, we assume

a

Rmax ě

#

C1KσmaxpD ` rq logn, in the sparse sub-Gaussian regime,

C1Kσmax

a

pD ` rq logn, in the sparse bounded-entry regime,

where C1 ą 0 is a sufficiently large absolute constant.

We further define the regime-dependent entry scale

Lra
D,r :“

#

Kσmax

a

pD ` rq logn, in the sparse sub-Gaussian regime,
Kσmax, in the sparse bounded-entry regime.

(1.5)

In the sub-Gaussian regime, Lra
D,r is the truncation level used in the leave-one-out argument,

whereas in the bounded-entry regime the deterministic entry bound is used directly.
Denote

RDpUq :“
a

pD ` rq lognΓpUq `
`

pD ` rq lognLra
D,r ` MD

˘

}U}2,8, (1.6)

where

ΓpUq :“ max
i

´

ÿ

j

σ2
ij}e

J
j U}2

¯1{2
.

PROPOSITION 1.1 (Refined rowwise top-k perturbation). Fix D ą 0 and 1 ď k ă r`. Suppose
Assumptions 1.1 and 1.3 hold. Assume

λk ě C
a

pD ` rqRmax logn and δk ě C
?
k

ˆ

MD `
oscpRq

λk

˙

.

Then, with probability at least 1 ´ n´D,

}pI ´ PUkqŨk}2,8 ď }U}2,8

ˆ

Bk ` 10
?
k
MD

δk
` 3

?
k
oscpRq

λ2
k

˙

` C 1
?
k
RDpUq

λk
.
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Consequently,

min
OPOpkq

}Ũk ´ UkO}2,8 ď C 1}U}2,8

ˆ

Bk `
?
k
MD

δk
`

?
k
oscpRq

λ2
k

`
Rmax

λ2
k

˙

` C 1
?
k
RDpUq

λk
.

Compared with Theorem 1, the only change is that the null-space term of order MD{λk is
replaced by RDpUq{λk. The latter can be far smaller for delocalized signal spaces: unlike the
global scale MD, RDpUq depends on the variance-weighted row leverage ΓpUq, with its remain-
ing terms scaled by }U}2,8. For instance, for a fixed-rank incoherent signal with }U}2,8 — n´1{2

and Ri — d, in the sparse bounded-entry regime,

RDpUq ≲

c

d logn

n
`

log n
?
n

,

whereas MD is of order log n. Thus the refinement can be much sharper in the delocalized regimes
relevant to the network applications below.

Next, we present a clean refinement for the full signal eigenspace, where the signal-space
mixing terms disappear. This is a direct consequence of Proposition 1.1.

COROLLARY 1 (Full signal eigenspace). Suppose A ľ 0 has rank r ě 1. Fix D ą 0. Suppose
Assumptions 1.1 and 1.3 hold. Assume

λr ě C
´

a

pD ` rqRmax log n ` MD

¯

.

Then, with probability at least 1 ´ n´D,

min
OPOprq

}Ũr ´ UO}2,8 ď C 1
?
r
RDpUq

λr
` C 1}U}2,8

?
r oscpRq ` Rmax

λ2
r

.

The same row-adaptive refinement carries over to the weighted spectral embedding given be-
low. For k P rr`s, define the population and empirical rank-k spectral truncations

Ak :“ UkΛkU
J
k , Ãk :“ ŨkΛ̃kŨ

J
k .

We write

A “ Ak ` Aąk, Aąk :“ UąkΛąkU
J
ąk “

r
ÿ

s“k`1

λsusu
J
s ,

where Uąk :“ puk`1, . . . , urq and Λąk :“ diagpλk`1, . . . , λrq, with the convention Aąr “ 0.
We also introduce the weighted spectral embeddings

Yk :“ UkΛ
1{2
k , Ỹk :“ ŨkΛ̃

1{2
k .

For later use, set

τk :“

˜

k
ÿ

s“1

λs

¸1{2

and

ηk :“ }UJ
k EUk} `

`

}Λąk} ` }E}
˘

ˆ

Bk ` 10
?
k
MD

δk
` 2

}E}

λk

˙2

.
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PROPOSITION 1.2 (Refined weighted spectral embedding). Under the assumptions of Proposi-
tion 1.1, with probability at least 1 ´ n´D,

min
OPOpkq

}ỸkO ´ Yk}2,8 ď }U}2,8

˜

a

λk Bk1tkăru ` 10
MDτk
δk

1tkăru ` 3
?
k
oscpRq

λ
3{2
k

¸

` C
?
k
RDpUq

?
λk

`
}Uk}2,8

?
λk

ηk.

For the full signal embedding, the corresponding simplification is obtained directly by setting
the non-target signal space to be empty; we use this form in the proof of the network application
below. The proofs of the above results are given in Appendix I.

2 Applications

2.1 Strong consistency for the degree-corrected stochastic block model

The degree-corrected stochastic block model (DCSBM) extends the stochastic block model with
vertex-specific degree parameters [70]. Let r ě 2 be the number of communities, let g : rns Ñ rrs

be the community assignment, and let Z P t0, 1unˆr be the corresponding membership matrix.
We allow r “ rn.

Let Θ :“ diagpθ1, . . . , θnq with θi ą 0 contain the vertex-specific degree parameters, and let
B P Rrˆr be a symmetric block-connectivity matrix. Conditional on the deterministic probability
matrix

P :“ ΘZBZJΘ,

the observed adjacency matrix Ã “ pÃijq
n
i,j“1 satisfies Ãij „ BernoullipPijq for i ď j indepen-

dently up to symmetry. Throughout, every community is nonempty, 0 ď Pij ď 1, and B has full
rank r. Write

Ã “ P ` E, P “ UΛUJ, E :“ Ã ´ P.

We next introduce the quantities that describe community imbalance and degree heterogeneity.
For a P rrs, set the community size and community weighted mass parameters as

na :“ #ti : gpiq “ au, sa :“
ÿ

i:gpiq“a

θ2i , s´ :“ min
aPrrs

sa.

Define the diagonal matrix

S :“ ZJΘ2Z “ diagps1, . . . , srq

and the population row scales

µi :“
θi

?
sgpiq

, µ´ :“ min
iPrns

µi, µ` :“ max
iPrns

µi.

Let

di :“
n
ÿ

j“1

Pij , dmax :“ max
iPrns

di, pmax :“ max
i,j

Pij .

11



In our setting,

Ri :“
n
ÿ

j“1

Pijp1 ´ Pijq, Rmax :“ max
i

Ri, R :“ diagpR1, . . . , Rnq,

and define the variance-weighted leverage scale

Γdc :“ max
iPrns

˜

n
ÿ

j“1

Pijp1 ´ Pijqµ
2
j

¸1{2

.

Finally, denote the extreme singular values of B as σminpBq “ min1ďjďr |λjpBq| and σmaxpBq “

}B}. Note that the nonzero eigenvalues of P coincide with those of S1{2BS1{2. To see this,
set X0 :“ ΘZS´1{2. Thus XJ

0 X0 “ Ir and P “ X0pS1{2BS1{2qXJ
0 . Hence, the smallest

population signal of P is denoted by

τn :“ min
1ďjďr

|λjpP q| “ σmin

´

S1{2BS1{2
¯

.

In particular, we have
τn ě σminpBqs´. (2.1)

ASSUMPTION 2.1 (Heterogeneous DCSBM). The matrix B “ Bn is symmetric, entrywise non-
negative, and nonsingular. Moreover, the graph is sparse in the sense that pmax “ op1q.

Assumption 2.1 places no lower bound on the community proportions and no comparability
condition on the degree parameters. It also allows σminpBq and σmaxpBq to vary with n and r. In
particular, σmaxpBq may grow with r.

Assumption 2.1 allows the number of communities rn to increase with n. As n increases,
it is natural to have more communities. However, the discussion about theoretical guarantee of
community detection with an increasing rn is quite limited. On SBM, [17] provides the average
degree requirement for nontrivial community recovery, and [109] establishes a minimax theory
for both strong consistency and weak consistency. However, both works do not involve degree
heterogeneity and unbalanced community sizes.

Spectral clustering algorithm. Our goal is to recover the unknown labels gp1q, . . . , gpnq from
Ã. We use the same raw-adjacency eigenspace and spherical normalization as in Lei and Ri-
naldo [74]. To accommodate highly unbalanced communities, Algorithm 1 combines this em-
bedding with the farthest-first traversal of Gonzalez [58], followed by nearest-center assignment.
Unlike a global r-means objective, the final step depends only on geometric separation and does
not weight a community in proportion to its size.

To see why the algorithm works, the population eigenvector matrix satisfies

eJ
i U “ µie

J
gpiqV

for some V P Oprq; see (K.1) in Appendix K.1. Row normalization therefore removes the vertex-
specific factor µi and maps all vertices in community a to the same population center eJ

a V . These
r centers have pairwise distance

?
2 (see Lemma K.1).
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Algorithm 1 Farthest-first spectral clustering for the DCSBM

Input: adjacency matrix Ã P Rnˆn and number of communities r.
Output: estimated labels g̃ P rrsn.
Step 1. Compute the r eigenvectors of Ã corresponding to its r eigenvalues with largest absolute
values, and collect them as Ũr P Rnˆr.
Step 2. Normalize the rows: z̃i :“ eJ

i Ũr{}eJ
i Ũr}, i P rns.

Step 3. Choose any i1 P rns. For ℓ “ 2, . . . , r, choose iℓ P argmaxiPrns min1ďsăℓ }z̃i ´ z̃is}.
Step 4. Assign each vertex to its nearest selected center: g̃piq P argmin1ďℓďr }z̃i ´ z̃iℓ}.

A uniform rowwise perturbation of size at most a sufficiently small multiple of µ´ preserves
this separation after row normalization. The farthest-first step then selects one representative from
each community, regardless of the community sizes, and nearest-center assignment recovers every
label exactly.

For fixed D ą 0, set
tD,r :“ pD ` rq log n

and define the error scale

εD,npτnq :“
?
r

a

tD,r Γdc ` tD,rµ`

τn
` p

?
r ` 1qµ`

dmax

τ2n
. (2.2)

Since τn ě σminpBqs´ as in (2.1), we get εD,npτnq ď εD,npσminpBqs´q.

THEOREM 2 (Strong consistency for heterogeneous DCSBMs). Suppose Assumption 2.1 holds.
For every fixed D ą 0, there exist constants C1,D, C2,D, cD ą 0, independent of B, such that, if

dmax ě C1,DtD,r and τn ě C1,D

a

tD,rdmax, (2.3)

then, with probability at least 1 ´ n´D,

min
OPOprq

}ŨrO ´ U}2,8 ď C2,D ¨ εD,npτnq. (2.4)

If, in addition,
εD,npτnq ď cDµ´, (2.5)

then Algorithm 1 exactly recovers the communities up to a permutation of their labels.

REMARK 2.1. Since τn ě σminpBqs´, the signal condition in (2.3) may be replaced by

σminpBqs´ ě C1,D

a

tD,rdmax,

which is stronger but directly verifiable. Accordingly, the right-hand side of (2.4) may be replaced
by C2,D ¨ εD,npσminpBqs´q, and exact recovery follows whenever εD,npσminpBqs´q ď cDµ´.

Theorem 2 does not impose uniform bounds on the singular values of B, which is useful when
the number of communities r “ rn grows and the spectral scale of B may vary with r. The
dependence on r is retained explicitly through tD,r “ pD ` rq logn and the quantities τn, dmax,
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and Γdc. Thus the admissible growth of r depends on the accompanying signal and sparsity scales.
For example, if r — log n, then tD,r — plognq2 and the signal condition becomes

dmax ≳D log2 n, τn ≳D

a

dmax logn ` plognq2.

When r is fixed, [90] establishes strong consistency when the expected degree exceeds C logn.
When r increases, the required degree also grows with r, reflecting the need for a denser network
to achieve exact community recovery. We next consider fixed r, where these quantities admit a
simpler interpretation in terms of community imbalance and the degree scale.

The following corollary gives an explicit singular-value formulation when the degree param-
eters remain comparable but the community sizes may be highly unbalanced. Assume that r is
fixed and that, for constants cθ, Cθ ą 0 and a scale θ0 “ θ0pnq ą 0,

cθθ0 ď θi ď Cθθ0 for all i P rns. (2.6)

We also assume θ20σmaxpBq “ op1q. Since

pmax “ max
i,j

Pij “ max
i,j

θiθjBgpiq,gpjq ď C2
θ θ

2
0 max

a,b
Bab ď C2

θ θ
2
0σmaxpBq,

this implies that the condition pmax “ op1q in Assumption 2.1 is satisfied. Let

mn :“ min
aPrrs

na, Nn :“ max
aPrrs

na, κn :“
Nn

mn
, d´ :“ mnθ

2
0.

Thus, µ´ — 1{
?
Nn and s´ — mnθ

2
0 “ d´.

COROLLARY 2 (Unbalanced communities with a varying block matrix). Suppose Assumption 2.1
and (2.6) hold, and suppose r is fixed. For every fixed D ą 0, there exist constants C1,D, C2,D ą

0, depending only on D, r, cθ, and Cθ, such that, if

d´ “ mnθ
2
0 ě C1,D

σmaxpBq

σminpBq2

´

κn log n ` κ3{2
n

¯

, (2.7)

then, with probability at least 1 ´ n´D,

min
OPOprq

}ŨrO ´ U}2,8 ď
C2,D
?
Nn

˜

a

σmaxpBq

σminpBq

d

κn log n

d´

`
σmaxpBq

σminpBq2

κ
3{2
n

d´

¸

. (2.8)

Moreover, C1,D can be chosen sufficiently large so that Algorithm 1 exactly recovers the commu-
nities up to a permutation of their labels.

The corollary is particularly clear in the regular case. If the communities are balanced, so that
mn — Nn — n and κn — 1, and σmaxpBq — σminpBq — 1, then Corollary 2 reduces to the
logarithmic degree condition

nθ20 ≳D logn.

Thus the spectral algorithm achieves exact recovery down to the optimal logarithmic expected-
degree regime (see [1]). More generally, if B “ cnB0 for a fixed well-conditioned matrix B0,
then σmaxpBq — σminpBqcn, and the condition becomes

cnnθ
2
0 ≳D log n,
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again corresponding to logarithmic expected degree. In this case, the leading term in (2.8) is

n´1{2

d

log n

cnnθ20
.

For unbalanced communities, condition (2.7) further quantifies the losses due to the weakest block
direction, through σminpBq, and the increased noise associated with σmaxpBq and community
imbalance. The proofs of Theorem 2 and Corollary 2 are deferred to Appendix K.1.

Numerical simulations. We consider the DCSBM

P “ θ20ΘZBZJΘ, θi
iid
„ Unifp0.8, 1.2q,

where θ20 denotes the overall network density. We consider r “ 5 communities with a severe
imbalance level. For each setting, we report mean Adjusted Rand Index (ARI) [68] with one-
standard-deviation bands over 100 repetitions. A larger ARI indicates a better community detec-
tion result. We apply our Algorithm 1 and the classical spectral community detection algorithm
in [74], where the only difference is at the k-means step. To avoid extreme values in empirical
analysis, we take the center of 10 farthest data points in Step 3. The results are shown in Figure 1.

In the first experiment, the community sizes are p8000, 3000, 800, 300, 80q, so κ “ 100, with
diagpBq “ p1, 1, 3, 8, 20q and off-diagonals of B as 0.2. The diagonal entries mean that smaller
communities usually have denser connections. As θ20 increases, our proposed method recovers
the communities substantially earlier than the standard spectral community detection method in
[74], where the main difference is the k-means step. In sufficiently dense networks, both methods
perform well.

In the second experiment, n “ 12000, θ20 “ 0.02, and the community sizes follow nk “

n κ´pk´1q{4
ř5
j“1 κ

´pj´1q{4
, k “ 1, 2, 3, 4, 5, so that n1{n5 “ κ. We take κ “ 50, . . . , 400. For each κ, we set

the diagonals of B matrix as

Bkk “ Ck
n1

nk
, C “

ˆ

1,
1

4
,
1

4
,
1

4
,
1

4

˙

.

Hence, as κ increases, the smallest community n5 enjoys that the same order of n5B55. Our pro-
posed method remains nearly perfect through κ “ 250 and consistently outperforms the classical
spectral community detection method as imbalance increases. When κ exceeds 250, B55 cannot
increase since the probability must be cut at 1. Hence, the performance declines due to the shrunk
signal strength.

Relation to earlier DCSBM results. Lei and Rinaldo [74] established weak consistency for
spherical adjacency spectral clustering under the DCSBM. Related spectral procedures include
regularized clustering [88], SCORE normalization [69], and normalized-adjacency methods [60].
Lei and Zhu [75] subsequently obtained exact recovery at logarithmic degree by combining a
consistent initializer with sample splitting and cross-clustering; their main presentation assumes
community sizes proportional to n. Su, Wang, and Zhang [90] establish strong consistency for
regularized spectral clustering under a different normalized-Laplacian framework for balanced
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Figure 1: ARI under unbalanced DCSBMs. The curves report the mean over 100 Monte Carlo repeti-
tions, with shaded regions representing one standard deviation. The proposed method is more robust to
community-size imbalance than classical spectral clustering.

communities. When r Ñ 8, existing theory is much more limited and is primarily available
for balanced SBMs; see, for example, [17, 109]. Theorem 2 instead analyzes the raw adjacency
eigenspace directly and allows the number of communities r “ rn to increase with n. Its guar-
antees retain arbitrary imbalance and degree heterogeneity through s´, µ˘, and Γdc. Corollary 2
provides an explicit imbalance-dependent guarantee without sample splitting or a local refinement
step.

2.2 Generalized random dot product graphs

The generalized random dot product graph (GRDPG) provides a broad latent-position framework
for network models, including stochastic block models and their variants; see [89, 11]. In par-
ticular, degree heterogeneity can be incorporated through vertex-specific scalings of the latent
positions, so the DCSBM considered in Section 2.1 may be viewed as a structured special case.
Since the preceding application already treats heterogeneous degree parameters and unbalanced
communities, here we impose a regular latent design and focus on a different question: the effect
of the embedding dimension.

When the full signal dimension is retained, adjacency spectral embedding estimates the latent
positions up to the natural non-identifiability of the GRDPG. In practice, however, one may embed
into a smaller dimension k ă r, either because the signal rank is unknown or because a lower-
dimensional representation is desired. Our perturbation results show that such truncation can
introduce a systematic geometric bias when the variance profile is heterogeneous.

Consider a GRDPG with deterministic latent positions y1, . . . , yn P Rr. Let

J :“ diagpIp,´Iqq, p ` q “ r,

and write Y “ py1, . . . , ynqJ P Rnˆr. Conditional on the latent positions, the edges are indepen-
dent with

Ãij „ BernoullipPijq, Pij “ ρny
J
i Jyj , i ă j,
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where ρn controls the network density. We allow independent self-loops for theoretical simplicity.
The population adjacency matrix is

P :“ EÃ “ ρnY JY J.

The matrix J specifies the signature of the latent inner product, allowing P to have both positive
and negative eigenvalues; the ordinary random dot product graph corresponds to q “ 0. The
primary inferential goal is to recover the latent positions Y from Ã.

Define

dn :“ nρn, ∆n :“
1

n
Y JY, ȳn :“

1

n

n
ÿ

i“1

yi.

We work first under a regular-design condition.

ASSUMPTION 2.2 (Regular GRDPG). There are fixed constants c, C ą 0 such that

max
i

}yi} ď C, cIr ĺ ∆n ĺ CIr, c ď yJ
i Jȳn ď C, i P rns,

and
0 ď Pij “ ρny

J
i Jyj ď 1 ´ c, i, j P rns. (2.9)

In Assumption 2.2, the bound maxi }yi} ď C keeps individual latent positions bounded, while
cIr ĺ ∆n ĺ CIr ensures they span all r directions at a nondegenerate scale. Since

řn
j“1 Pij “

dn y
J
i Jȳn, the quantity yJ

i Jȳn is proportional to the expected degree of vertex i, so the bounds
c ď yJ

i Jȳn ď C force all expected degrees to be of order dn “ nρn. Finally, (2.9) keeps all
edge probabilities valid and uniformly below one. Together, these conditions make the nonzero
eigenvalues of P of order dn while allowing the model to remain sparse as ρn Ñ 0.

Let
P “ UΛUJ, Λ “ diagpλ1, . . . , λrq

be its rank-r eigendecomposition, with the positive eigenvalues listed first and the negative eigen-
values last, each ordered by decreasing magnitude. Set

X :“ U |Λ|1{2, |Λ| :“ diagp|λ1|, . . . , |λr|q.

Then XJXJ “ P . Since P “ ρnY JY J, there exists Q0 P Opp, qq :“ tQ P Rrˆr : QJJQ “

Ju such that
XQ0 “

?
ρn Y. (2.10)

Thus X represents the latent positions Y up to a scaling and an indefinite orthogonal transforma-
tion.

For the observed adjacency matrix Ã, select its k eigenvalues of largest magnitude and reorder
the selected eigenpairs so that the positive eigenvalues precede the negative ones, with decreasing
magnitude within each sign class. Denote the resulting eigenvalue matrix by

Λ̃k :“ diagpλ̃1, . . . , λ̃kq.

Denote |Λ̃k| “ diagp|λ̃1|, . . . , |λ̃k|q. The k-dimensional adjacency spectral embedding is

X̃k :“ Ũk|Λ̃k|1{2.
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When k “ r, the selected eigenpairs are the r empirical eigenvalues of largest magnitude, ordered
by the same sign convention as the population eigenvalues. In this case, X̃r estimates X up to a
block-orthogonal transformation in Oppq ‘ Opqq, and hence the scaled latent positions

?
ρnY up

to the intrinsic Opp, qq nonidentifiability.
In practice, however, the latent dimension r is typically unknown, so the embedding dimen-

sion k must be selected from the data. The statistical behaviour depends qualitatively on whether
k “ r, k ă r, or k ą r. The choice of the embedding dimension is itself a model-selection prob-
lem. Existing methods include network cross-validation [43] and spectral procedures that retain
eigenvalues above an estimated noise floor [65]. Our purpose here is complementary. Conditional
on a chosen embedding dimension, we quantify the rowwise error of the resulting embedding and
determine how the heterogeneous Bernoulli variances distort its population target.

Full embedding. We first consider the correctly specified case k “ r, where the adjacency
spectral embedding targets the full latent position matrix, omitting no signal directions. The next
theorem gives a finite-sample 2 Ñ 8 error bound for this embedding and, consequently, a uni-
form latent-position recovery guarantee down to the logarithmic expected-degree regime. The
logarithmic-degree threshold follows from Proposition 1.2; we defer the proof to Appendix K.2.

THEOREM 3 (Full GRDPG spectral embedding). Suppose Assumption 2.2 holds. For every fixed
D ą 0, there are constants C1,D, C2,D ą 0 such that, if

dn ě C1,D log n,

then, with probability at least 1 ´ n´D, the r empirical eigenvalues of largest magnitude consist
of p positive and q negative signal outliers, and

min
WPOppq‘Opqq

}X̃rW ´ X}2,8 ď C2,D

c

log n

n
, (2.11)

inf
QPOpp,qq

}ρ´1{2
n X̃rQ ´ Y }2,8 ď C2,D

c

log n

dn
. (2.12)

Consequently, the rescaled adjacency spectral embedding is uniformly consistent whenever dn{ logn Ñ

8.

Theorem 3 strengthens existing uniform recovery guarantees for the GRDPG. Rubin-Delanchy,
Cape, Tang, and Priebe [89] established uniform consistency and asymptotic normality under an
i.i.d. latent-position model and a polylogarithmic expected-degree condition, i.e., dn “ ω

`

log4c n
˘

for c ą 1. In contrast, Theorem 3 is finite-sample, allows a deterministic latent design, and is valid
down to the logarithmic degree regime dn ≳ logn. Moreover, the bound

a

logn{n in (2.11) has
the same order as the minimax lower bound of Yan and Levin [103] in the bounded-condition-
number regime. Thus the usual adjacency spectral embedding attains the optimal rowwise scale,
up to constants, at essentially the weakest degree scale at which uniform recovery can be expected.

Truncated embeddings and geometric bias. The situation is qualitatively different when k ă

r. Under-embedding necessarily loses information about the omitted signal directions, but it can
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also distort the retained coordinates themselves. Our interest is in this second effect: heteroge-
neous noise variances induce a systematic geometric bias through the interaction between retained
and omitted signal directions. This is complementary to the recent work of Taing and Levin [91],
which studies dimension misspecification relative to the full latent-position target. Here we in-
stead compare X̃k with the truncated population spectral factor Xk and quantify the additional
bias within the retained signal space.

Write
P “ U`Λ`U

J
` ´ U´Λ´U

J
´ ,

where
Λ` “ diagpλ`

1 , . . . , λ
`
p q, Λ´ “ diagpλ´

1 , . . . , λ
´
q q,

and both sequences are decreasing and positive.
Fix 0 ď k` ď p and 0 ď k´ ď q with k :“ k` ` k´ ă r, and define

Uk :“ pU`,k`
, U´,k´

q, Λk :“ diagpΛ`,k`
,´Λ´,k´

q, Xk :“ Uk|Λk|1{2,

where
Λ`,k`

:“ diagpλ`
1 , . . . , λ

`
k`

q, Λ´,k´
:“ diagpλ´

1 , . . . , λ
´
k´

q,

and empty blocks are omitted. The empirical embedding X̃k is defined analogously from the
selected positive and negative empirical outliers.

For the centered adjacency noise E :“ Ã ´ P , we have Ri :“
řn
j“1 Pijp1 ´ Pijq and

R :“ diagpR1, . . . , Rnq. Define the within-sign boundary gaps

δ`,n :“ λ`
k`

´ λ`
k``1, δ´,n :“ λ´

k´
´ λ´

k´`1,

whenever 0 ă k` ă p and 0 ă k´ ă q, respectively. We adopt the convention that δ`,n “ 8 if
k` P t0, pu and δ´,n “ 8 if k´ P t0, qu.

For k` ą 0, set

λ`,˚ :“ λ`
k`

, V`,1 :“
›

›UJ
`,ąk`

RpU`,k`
, U´q

›

›, V˘ :“ }UJ
´RU`},

where V`,1 :“ 0 if k` “ p, and define

B`
k`

:“
10
a

k`

δ`,nλ`,˚

˜

V`,1 ` 8
Rmax

λ2
`,˚

oscpRq

¸

` 4
a

k`

V˘

λ2
`,˚

.

Set B`
0 :“ 0. Define λ´,˚ and B´

k´
analogously by interchanging the positive and negative signal

blocks, and set B´
0 :“ 0.

Finally, define the geometric-bias contribution to the truncated embedding by

GBiask`,k´
:“ }U}2,8

´

a

λ`,˚ B`
k`

`
a

λ´,˚ B´
k´

¯

, (2.13)

where a term is omitted when the corresponding retained sign block is empty.
The leading components of (2.13) are

}U}2,8

a

k`

›

›UJ
`,ąk`

RU`,k`

›

›

δ`,n

a

λ`,˚
, }U}2,8

a

k´

›

›UJ
´,ąk´

RU´,k´

›

›

δ´,n

a

λ´,˚
.
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They measure the failure of the retained and omitted signal directions to remain orthogonal under
the variance-weighted inner product induced by R. Now we present the truncated embedding
result. Denote

δn :“ mintδ`,n, δ´,nu,

PROPOSITION 2.1 (Truncated GRDPG embedding). Suppose Assumption 2.2 holds. For every
fixed D ą 0,there exist constants C1,D, C2,D ą 0 such that , if

dn ě C1,D log n, and δn ě C1,D log n,

then, with probability at least 1 ´ n´D,

min
WPOpk`q‘Opk´q

}X̃kW ´ Xk}2,8 ď GBiask`,k´
`C2,D

˜

c

log n

n
`

c

dn
n

log n

δn

¸

. (2.14)

Proposition 2.1 separates the systematic geometric bias from the stochastic rowwise error. The
leading bias is governed by the variance-weighted couplings

UJ
`,ąk`

RU`,1:k`
and UJ

´,ąk´
RU´,1:k´

,

and is amplified when the truncation boundary lies near another same-sign signal eigenvalue.
Thus networks with comparable signal eigenvalues and noise levels may nevertheless exhibit dif-
ferent truncated-embedding errors because their variance profiles interact differently with the sig-
nal eigenspaces. In particular, the leading bias vanishes when R “ cI . This provides information
complementary to methods that select eigenvalues above an estimated noise floor [65]: such meth-
ods determine which directions are distinguishable from noise, whereas our bound also quantifies
the stability of truncating within the signal spectrum. In the well-separated regime δn ě cdn, the
geometric bias is of smaller order, and Proposition 2.1 simplifies to

min
WPOpk`q‘Opk´q

}X̃kW ´ Xk}2,8 ≲

c

logn

n
. (2.15)

A short verification of (2.15) is given in the appendix. The over-embedded case k ą r involves
noise-bulk eigenvectors rather than signal outliers and is outside the scope of the present pertur-
bation theory.

3 Geometric bias, sharpness, and debiasing

3.1 Interpretation of the geometric bias

The present variance-profile model introduces a new deterministic geometric bias term

Bk “
10

?
k

δkλk

ˆ

}VJI} ` 8
Rmax

λ2
k

oscpRq

˙

` 4
?
k

}VNK}

λ2
k

,

which captures the interaction between the signal eigenspaces and the inhomogeneous row-variance
profile R “ diagpRiq. In the homogeneous noise setting where R “ cI , the geometric bias term
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Bk vanishes; our current bounds in Theorem 1 match the two-term bounds studied in [98], up to
logarithmic factors and rank factors.

The two quantities VJI ,VNK play different roles in the bias term. The term VJI captures
how the target top-k cluster interacts with the lower positive cluster tk ` 1, . . . , r`u, appearing at
the gap-dependent scale pδkλkq´1. By contrast, VNK captures interactions between negative and
nonnegative signal directions, but at the weaker scale λ´2

k . In practice, the contribution from VNK
is often negligible. For instance, when all spikes are nonnegative, we have N “ H and this term
vanishes. Even when negative spikes exist, the term involving VNK is usually dominated by VJI
as it has a stronger suppression factor λ´2

k .
We believe that the leading geometric bias terms

}VJI}

δkλk
,

}VNK}

λ2
k

are intrinsic to the variance-profile model.

A rank-two model illustration. To explain where these terms come from, consider a simple
rank-2 model A “ λ1u1u

J
1 ` λ2u2u

J
2 with λ1 ą λ2 ą 0 and the leading empirical eigenvector

ũ1. Let Q be the orthogonal projection onto the null space of A. From the decomposition ũ1 “

u1u
J
1 ũ1 ` u2u

J
2 ũ1 ` Qũ1, taking the ℓ2 norm on both sides and rearranging terms, we have

sin2∠pu1, ũ1q “ puJ
2 ũ1q2 ` }Qũ1}2.

The term uJ
2 ũ1 captures the interaction between signal directions. In our proofs, this quantity

is controlled by projecting the eigenvector equation ũ1 “ Gpλ̃1qAũ1 onto u2, where Gpzq :“
pzI ´ Eq´1 is the resolvent of E. To precisely estimate this term, from the eigenvector equation
pA ` Eqũ1 “ λ̃1ũ1, we solve for

ũ1 “ pλ̃1 ´ Eq´1Aũ1 “ Gpλ̃1qAũ1.

A key technical input in our proof is to show that the random resolvent G can be precisely approx-
imated by its QVE approximation, a deterministic matrix Φ (defined (5.1)). This Φ isolates the
deterministic contribution of the variance profile. Indeed, from

uJ
2 ũ1 « uJ

2 Φpλ̃1qAũ1 “ λ1puJ
2 Φpλ̃1qu1quJ

1 ũ1 ` λ2puJ
2 Φpλ̃1qu2quJ

2 ũ1,

plugging in the expansion of Φ « z´1I ` z´3R in (5.3), the leading off-diagonal term is

uJ
2 Φpλ̃1qu1 «

uJ
2 Ru1

λ̃3
1

.

Substituting this back and approximating λ̃1 « λ1 and uJ
1 ũ1 « 1, we obtain

uJ
2 ũ1 «

1

λ2
1

puJ
2 Ru1q `

λ2

λ1
uJ
2 ũ1.

Rearranging this equation to solve uJ
2 ũ1 yields

|uJ
2 ũ1| «

|uJ
2 Ru1|

δ1λ1
,
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which mirrors the }VJI}

δkλk
term in our theorem. If instead λ1 ą 0 ą λ2, the same calculation reveals

|uJ
2 ũ1| «

|uJ
2 Ru1|

λ1pλ1 ´ λ2q
“

|uJ
2 Ru1|

λ1pλ1 ` |λ2|q
.

We bound |uJ
2 Ru1|

λ1pλ1`|λ2|q
ď

|uJ
2 Ru1|

λ21
in our perturbation results for simplicity.

The preceding calculation explains the leading bias terms }VJI}

δkλk
, }VNK}

λ2k
. By contrast, the

higher-order term in Bk involving
Rmax

δkλ
3
k

oscpRq

comes from bounding the diagonal remainder εpzq in the second-order expansion of Φpzq in (5.1):

Φpzq “
1

z
In `

1

z3
R ` εpzq.

We control this remainder using a uniform oscillation estimate, which may not be sharp. A higher-
order expansion of Φpzq would reveal additional structured variance-profile terms beyond R and
replace the uniform oscpRq bound with finer geometric couplings, yielding a sharper higher-order
term. However, isolating these higher-order structures requires substantially more delicate analysis
to control the deterministic remainders and extract the finer stochastic fluctuations. This is beyond
the scope of the current paper.

3.2 Sharpness and numerical experiments

Before presenting the numerical experiments, we briefly discuss the sharpness and necessity of
the different terms in our perturbation bounds. In the homogeneous-noise setting studied in [98],
eigenspace perturbation is governed by two mechanisms: stochastic mixing between distinct sig-
nal directions, of order

?
k{δk times the relevant fluctuation scale, and leakage into the noise

subspace, of order }E}{λk. As discussed in [98, Section 4.1], these contributions are near-optimal
in the i.i.d. Gaussian noise case.

Under a heterogeneous variance profile, Theorem 1 contains an additional contribution, namely
the geometric-bias term Bk. Its leading components are determined by the variance-weighted cou-
plings between the target and non-target signal eigenspaces, and vanish in the homogeneous case
R “ cI . Thus the first two mechanisms are inherited from the homogeneous theory, whereas Bk
is specific to variance heterogeneity.

The rank-two example above shows explicitly that this geometric contribution appears at the
predicted scale and therefore cannot in general be removed from the perturbation bound. The sim-
ulations below are designed to isolate this effect and illustrate that the deterministic bias persists
under random perturbations and is visible at finite sample sizes.

Numerical simulations. We consider a rank-2 model A “ λ1u1u
J
1 `λ2u2u

J
2 with spikes λ1 ą

λ2 ą 0 and eigenvectors u1 “ 1?
2
pe1 ` e2q and u2 “ 1?

2
pe1 ´ e2q. The noise variance profile has

row sums R∆ “ diagpρ`∆, ρ´∆, ρ, . . . , ρq, where ρ ą 0 is the baseline variance and 0 ď ∆ ď

0.8ρ is the heterogeneity parameter. This gives the geometric coupling V12 “ uJ
2 R∆u1 “ ∆.
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(a) δ1 “ 10. (b) δ1 “ 20.
Figure 2: Geometric bias under varying spectral gaps. Setup: dimension n “ 1200, baseline noise ρ “ 400,
top spike λ1 “ 360, heterogeneity parameter ∆ P t0, 16, 32, . . . , 320u, with 300 Monte Carlo samples.
Each panel shows the empirical alignment EruJ

2 ũ1s versus ∆, compared with the theoretical prediction
∆{pλ1δ1q.

To show that geometric bias is deterministic rather than random, we compute the Monte Carlo
average of uJ

2 ũ1, where in each trial we align the empirical eigenvector so that uJ
1 ũ1 ě 0. Since

the noise is zero-mean, averaging removes random fluctuations while preserving the deterministic
bias. Figure 2 compares these empirical averages with our theoretical prediction ∆

δ1λ1
for two

different spectral gaps δ1 “ λ1 ´ λ2.

3.3 Oracle de-biasing

The goal of this subsection is modest. We show, at the oracle level, that the leading VJI-bias in Bk
can be removed. As discussed earlier, VJI causes the main deviation from previous homogeneous
bounds. When k “ r`, J “ H and this bias vanishes. For intermediate eigenspaces (k ă r`),
correction may help when the deterministic bias dominates the stochastic fluctuations, i.e.,

}VJI}

λk
" M.

For s P rks, consider the block matrices UJ
JΦpλ̃sqUI and UJ

JΦpλ̃sqUJ . Define

Ts :“ pI ´ UJ
JΦpλ̃sqUJΛJ q´1UJ

JΦpλ̃sqUIΛI . (3.1)

The next result guarantees that Ts is well-defined on the event considered in Theorem 1. Its proof
is provided in Appendix H.1.

LEMMA 3.1. Assume J “ tk ` 1, . . . , r`u ‰ H. Under the assumptions and with the same
probability as in Theorem 1, for every s P rks,

›

›

›

›

´

I ´ UJ
JΦpλ̃sqUJΛJ

¯´1
›

›

›

›

ď 60
λ̃s
δk

.
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Define the oracle corrected vectors

worc
s :“ PU ũs ´ UJ TsUJ

I ũs, s “ 1, . . . , k.

Let
W orc
k :“ pworc

1 , . . . , worc
k q, Uorc

k :“ orthpW orc
k q.

We denote by orthpW q the orthonormalization of the matrix W , which consists of orthonormal
columns spanning the same subspace as W .

Define the oracle error term

Eorc
k :“ 4

?
k

}VNK}

λ2
k

` 24
?
k
Rmax

λ4
k

oscpRq ` 124
?
k
MD

δk
.

PROPOSITION 3.1 (Oracle blockwise de-biasing). Assume that the conditions of Theorem 1 hold.
The following holds with the same probability as Theorem 1:

} sin∠pUorc
k , Ukq} ď 2Eorc

k ,

min
OPOpkq

}Uorc
k ´ UkO}2,8 ď 3}U}2,8Eorc

k .

The proof of Proposition 3.1 is deferred to Appendix H.2. The key point is that the ora-
cle correction subtracts the deterministic contribution from the J -block predicted by the QVE.
This removes the leading VJI-term in Bk. Additionally, the projection PU removes the null-
space component, which explains why the signal-noise term }E}{λk in Theorem 1 is absent from
Proposition 3.1.

The oracle estimator uses the unknown population eigenspace. A natural plug-in version re-
places the population blocks by empirical outlier blocks. We provide a plug-in de-biasing im-
plementation and explain its limitations in the Appendix J. Developing optimal data-driven bias
correction methods is left for future work.

4 Related literature

This section highlights perturbation results relevant to heterogeneous random noise. A broader
review of matrix perturbation, rowwise eigenspace analysis, and statistical applications can be
found in [98]. Here we focus on work most closely related to variance heterogeneity and random
matrix perturbation with non-identically distributed noise.

Perturbation bounds beyond worst-case theory. Classical perturbation results, including Weyl’s
inequality [101] and the Davis-Kahan-Wedin sin Θ theorem [50, 100], control eigenvalue and
eigenspace errors through the operator norm of the perturbation and the relevant spectral separa-
tion. While sharp for arbitrary deterministic perturbations, these bounds can be conservative for
structured random perturbations. Modern refinements include population-gap variants, Schatten
and unitarily invariant norm bounds, perturbation projection error bounds, and other deterministic
or stochastic improvements; see, for example, [107, 97, 36, 79, 110, 99, 8, 22, 112, 95, 84, 27].

Extensive work has also addressed entrywise and rowwise perturbation bounds. Representa-
tive works include [54, 3, 2, 34, 39, 45, 76, 113, 27, 105, 106, 104]. Perturbation of linear and bilin-
ear forms of eigenvectors and singular vectors has been studied in [73, 102, 52, 77, 47, 4, 5]. These
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results play an important role in high-dimensional statistics, including matrix completion, spectral
clustering, ranking, community detection, submatrix localization, and Gaussian mixture models;
see, for example, [38, 37, 71, 9, 10, 35, 46, 81, 94, 96, 78, 15, 72, 32, 33, 80, 51, 55, 61, 82, 31, 49].
For a statistical survey of spectral methods and perturbation bounds, see [44].

In the homogeneous Gaussian-noise setting, [85, 98] obtained sharp singular-subspace per-
turbation estimates showing that the error is governed by a signal-to-noise term and a stochastic
signal-space fluctuation term. Recent work of Tran and Vu [? 92] develops combinatorial contour-
expansion and relative-norm perturbation bounds that exploit structural interaction between the
signal and the perturbation. Our work shares the goal of moving beyond worst-case perturbation
theory, but through a different mechanism: we use variance-profile local laws and QVE expansions
to identify a deterministic geometric bias induced by heterogeneous noise.

Heterogeneous noise in statistical spectral problems. There is a substantial statistical lit-
erature on spectral estimation under heteroskedastic or heterogeneous noise. Zhang, Cai and
Wu [108] introduced HeteroPCA, based on diagonal deletion and imputation, to correct the bias
caused by heterogeneous diagonal noise in spiked covariance models. Yan, Chen and Fan [105]
developed inference for heteroskedastic PCA with missing data, obtaining distributional guaran-
tees for the estimated principal subspace and entrywise inference for the spiked covariance matrix.
Related work on high-dimensional heteroskedastic PCA and weighted PCA includes [64, 66, 67].
Zhang and Mondelli [111] recently studied rank-one matrix denoising with doubly heteroscedastic
noise and derived asymptotic fundamental limits and optimal spectral methods.

These works are close in motivation but differ from ours in both model and mechanism.
Much of this literature concerns sample covariance, missing-data, or rectangular denoising mod-
els, where the main issue is often diagonal-noise bias correction, whitening, optimal shrinkage,
or statistical inference. By contrast, we study a symmetric additive signal-plus-noise model with
arbitrary entrywise variance profile and possible sparsity. The bias identified here is not merely a
diagonal variance bias; it is a geometric bias governed by V “ UJRU , which records how the
row-wise variance profile changes the geometry of the signal eigenspaces.

We also cite related work on rowwise, entrywise, and inferential perturbation for complete-
ness, including [54, 39, 3, 2, 34, 76, 27, 105, 106, 5, 4, 47, 42]; these works concern fine-grained
perturbation and distributional inference in related spectral models, but they do not address the
variance-profile geometric bias studied here.

Related literature in random matrix theory. Our work is also connected to the random matrix
literature on finite-rank deformations and outlier eigenvectors. The BBP transition was introduced
by Baik, Ben Arous and Péché [13], with subsequent developments for spiked covariance models,
matrix denoising, and finite-rank deformations in [14, 87, 12, 24, 25, 23, 30, 40, 41, 19, 20,
21, 26, 53, 83]. The variance-profile setting is closely related to the theory of general Wigner-
type matrices and the quadratic vector equation. Ajanki, Erdős and Krüger [7] developed the
QVE/Dyson-equation framework and proved local laws and universality for matrices with general
variance profiles. Our use of the QVE is more elementary and takes place in the large-z outlier
domain, where the solution is stable and admits a direct expansion.

Recent asymptotic work has begun to study outliers, detection, and inference limits in spiked
models with variance-profile, inhomogeneous, or structured noise. Bhattacharya, Chakrabarty
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and Hazra [29] analyze outlier eigenvalues and eigenvectors of generalized Wigner matrices with
finite-rank deterministic perturbations. Guionnet, Ko, Krzakala and Zdeborová [59] study low-
rank matrix estimation with inhomogeneous output channels and detection thresholds. Bao, Cheong,
Lee and Li [18] study signal detection from spiked noise via asymmetrization. We also mention
the physics work of Ferreira and Metz [56] on the BBP transition in an inhomogeneous rank-
one spiked Wigner model. These results are complementary to ours: they are mainly asymptotic
and focus on limiting distributions, information limits, detection thresholds, or BBP transitions,
whereas our results are finite-sample perturbation bounds for deterministic low-rank signals under
sparse independent variance-profile noise.

5 Deterministic QVE estimates and preliminary bounds

Consider the resolvent (Green function) of E:

Gpzq “ pzI ´ Eq´1, z P C`.

For z P C`, define a deterministic diagonal matrix

Φ ” Φpzq “ diagpϕ1pzq, . . . , ϕnpzqq

where ϕpzq “ pϕ1pzq, . . . , ϕnpzqq is the solution to the Quadratic Vector Equations (QVE) given
by:

1

ϕipzq
“ z ´

n
ÿ

j“1

σ2
ijϕjpzq, i P rns, (5.1)

with Imϕipzq ă 0 for z P C`. Each ϕipzq is analytic on C`. It is shown in [7, Theorem 2.1] that
such a solution exists, is unique, and extends continuously to the real axis outside the spectrum
(so in particular ϕipzq ą 0 for z sufficiently large).

We collect deterministic estimates for the QVE solution Φpzq and elementary bounds for re-
solvents Gpzq. These estimates are used in two places: to identify the deterministic locations of
outlier eigenvalues, and to extract the geometric bias from the expansion of Φpzq.

Recall that

Ri “

n
ÿ

j“1

σ2
ij , Rmax “ max

i
Ri, R “ diagpR1, . . . , Rnq.

The next result provides basic bounds on ϕipzq and the second-order expansion of these ϕi’s
for large z. The proof is provided in Appendix A.1.

LEMMA 5.1. Assume z P C satisfying |z| ě
?
6Rmax.

(i) For every i P rns, we have
1

2|z|
ď |ϕipzq| ď

3

2|z|

and
3

4
|z| ď

ˇ

ˇz ´
ÿ

j

σ2
ijϕjpzq

ˇ

ˇ ď
5

4
|z|.
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Furthermore, we have

}Φ1pzq} “ max
i

|ϕ1
ipzq| ď

4

|z|2
and }Φ2pzq} “ max

i
|ϕ2
i pzq| ď

28

|z|3
.

(ii) For i P rns, we have the second-order expansion:

ϕipzq “
1

z
`

Ri

z3
` εipzq with |εipzq| ď

45

8

R2
max

|z|5
. (5.2)

In particular,

Φpzq “
1

z
In `

1

z3
R ` εpzq, (5.3)

where

εpzq “ diagpε1pzq, ¨ ¨ ¨ , εnpzqq and }εpzq} ď
45

8

R2
max

|z|5
.

Furthermore, we have

Φ1pzq “ ´
1

z2
In ´

3

z4
R ` ε1pzq, (5.4)

where

ε1pzq “ diagpε1
1pzq, ¨ ¨ ¨ , ε1

npzqq and }ε1pzq} ď
243

5

R2
max

|z|6
.

The entrywise bound in Lemma 5.1 is not sufficient for the eigenspace perturbation theorem.
For the error term εpzq “ diagpε1pzq, . . . , εnpzqq in the second-order expansion of Φpzq in (5.2),
we control its oscillation. For z P C satisfying |z| ě

?
6Rmax, denote

oscpεpzqq :“ max
i,j

|εipzq ´ εjpzq|.

If z is a real number, then oscpεpzqq “ maxi εipzq ´ mini εipzq. Recall that

oscpRq “ Rmax ´ Rmin.

The bound on oscpεpzqq is given below; its proof is deferred to Appendix A.2.

LEMMA 5.2. For any complex number z with |z| ě
?
6Rmax, we have

oscpεpzqq ď
15Rmax

|z|5
oscpRq.

The same QVE expansion also determines the typical locations around which the outlier eigen-
values concentrate. We prove the next result in Appendix A.3.

PROPOSITION 5.1 (Deterministic outlier location). Let j ď r` and assume λj ě 6
?
Rmax.

Define
α̂jpzq :“ 1 ´ λju

J
j Φpzquj for z ě 3

a

Rmax.

Then α̂j has a unique real zero ϑj P r3
?
Rmax,8q. Moreover, this zero is simple and satisfies

ˇ

ˇ

ˇ

ˇ

ϑj ´ λj ´
Vjj
λj

ˇ

ˇ

ˇ

ˇ

ď 145
Rmax

λ3
j

oscpRq.
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Since α̂jpλjq is increasing and α̂jpλjq ď 0, we also have

ϑj ě λj . (5.5)

The following result provides crude bounds on the operator norms of Green functions Gpzq “

pzI ´ Eq´1 and Gpkq “ pzI ´ Epkqq´1, where Epkq is obtained from E with the k-th row and
column replaced by zero.

LEMMA 5.3 (Lemma 16 from [85]). For z P C with |z| ě 2}E}, we have

}Gpzq} ď
2

|z|
, }Gpkq} ď

2

|z|
. (5.6)

LEMMA 5.4 (Bound on the noise matrix). Let E “ pEijqnˆn be a symmetric matrix whose entries
are centered and independent (up to symmetry) random variables. Assume the entries Eij’s are
sub-Gaussian with }Eij}ψ2 ď Kσij . Denote Rmax “ maxi

ř

j σ
2
ij . Then for any D ą 0, we have

P
´

}E} ď 2.9
a

Rmax ` cKσmaxpD ` 2q logn
¯

ě 1 ´ 3n´D

for an absolute constant c ą 0.

The result is a direct consequence of the sharp non-asymptotic norm bounds established in
Bandeira and van Handel [16]. We provide a short derivation in Appendix A.4.

6 Proof strategy and technical inputs

This section states the probabilistic inputs used in the proof of Theorem 1 and explains how they
combine with the deterministic QVE estimates from Section 5. The two main probabilistic ingre-
dients are the isotropic local laws for the resolvent Gpzq and the location theorem for the outlier
eigenvalues of A ` E.

6.1 Isotropic local laws

Consider Gpzq “ pzI ´ Eq´1 for z P C`. Recall the QVE approximation Φpzq defined in (5.1).
Our first main technical step is to establish an isotropic local law for Gpzq. Denote

mD :“

#

C 1
genpD ` 6q3{2βKσmaxplog nq2, in the sparse sub-Gaussian regime,

C 1
bdpD ` 6qc0Kσmax log n, in the sparse bounded-entry regime.

Here, C 1
gen and C 1

bd are sufficiently large absolute constants.

THEOREM 4 (Isotropic local law). Fix D ą 0. Suppose Assumptions 1.1 and 1.2 hold. For any
deterministic unit vectors v, w P Rn and every fixed z P C with |z| ě 6

?
Rmax, we have

ˇ

ˇvJpGpzq ´ Φpzqqw
ˇ

ˇ ď
mD

|z|2

with probability at least 1 ´ n´D´4.
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Theorem 4 is proved in Section 8. We also need a version that is uniform over the spectral
domain where the outlier eigenvalues are located. Define

Sout :“
!

z P C : 6
a

Rmax ď |z| ď 2R3
max

)

.

This result is a direct consequence of Theorem 4; its proof is provided in Appendix E. Recall that
A “ UΛUJ.

COROLLARY 3 (Uniform compressed local law). Fix D ą 0. Suppose the assumptions of Theo-
rem 4 hold. Then, with probability at least 1 ´ n´D,

sup
zPSout

|z|2}UJpGpzq ´ ΦpzqqU} ď C 1r ¨ mD “ MD, (6.1)

sup
zPSout

|z|2 max
1ďiďn

}eJ
i pGpzq ´ ΦpzqqU} ď MD. (6.2)

Consequently,
sup
zPSout

|z|2 max
1ďiďn

›

›eJ
i QpGpzq ´ ΦpzqqU

›

› ď 2MD, (6.3)

where Q “ I ´ UUJ and MD is defined in (1.3).

We next establish a row-adaptive local law that retains the rowwise variation of the determinis-
tic test matrix. This refinement will be important in the applications, where it allows us to reach the
sharp degree regime. For flexibility, we formulate the result for a deterministic matrix B P Rnˆr.
The proof combines a leave-one-out argument with the isotropic local law in Theorem 4. The
leave-one-out step requires a slightly stronger variance-dominance condition.

Fix D ą 0. For simplicity, define

tD,r :“ CpD ` rq logn, (6.4)

where C ą 0 is a sufficiently large absolute constant. For the deterministic matrix B P Rnˆr,
define

γipBq2 :“
n
ÿ

j“1

σ2
ij}e

J
j B}2, ΓpBq :“ max

1ďiďn
γipBq.

Note that γipBq “
`

E}eJ
i EB}2

˘1{2 is the standard-deviation scale for the ith row of EB, while
ΓpBq is the largest such rowwise fluctuation scale.

Finally, define the row-adaptive spectral domain

Sra :“
␣

z P C : Cra

a

tD,rRmax ď |z| ď 2R3
max

(

, (6.5)

where Cra ą 0 is a sufficiently large absolute constant.
We are now ready to state the row-adaptive local law. Recall that LD,r is defined in (1.5).

COROLLARY 4 (Uniform row-adaptive local law). Fix D ą 0. Suppose Assumption 1.1 and
Assumption 1.3 hold. Let B P Rnˆr be deterministic with }B} ď n100. Then, with probability at
least 1 ´ n´D,

sup
zPSra

|z|2}pGpzq ´ ΦpzqqB}2,8 ď C
“a

tD,r ΓpBq `
`

tD,rL
ra
D,r ` mD

˘

}B}2,8
‰

. (6.6)

Here C ą 0 is an absolute constant.

The proof of Corollary 4 is given in Appendix E.
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6.2 Outlier eigenvalue location

We next state the outlier-location results used in the proof of the eigenspace perturbation results.
For any λj ě 6

?
Rmax, Proposition 5.1 guarantees that there exists a unique solution ϑj to the

equation λ´1
j ´ uJ

j Φpzquj “ 0 for z ě 3
?
Rmax. Besides,

ϑj « λj `
Vjj
λj

.

For a simple supercritical eigenvalue λk, we will show that ϑk is the typical location of λ̃k.
Recall that

ρk ” ρk,D :“ 10MD ` 15
oscpRq

λk
.

Denote the index set for the supercritical eigenvalues as

O` :“ tl P rr`s : λl ě 6
a

Rmaxu.

THEOREM 5 (Individual outlier eigenvalue location). Fix D ą 0 and k P rr`s. If λk ě

6
?
Rmax ` 100ρk is a simple eigenvalue and the gap condition holds:

min
lăk

pϑl ´ ϑkq ě 50ρk and min
lPO`, ląk

pϑk ´ ϑlq ě 50ρk

with the convention that the minimum over an empty set is `8, then, with probability at least
1 ´ n´D,

|λ̃k ´ ϑk| ď ρk.

The proof of Theorem 5 is given in Section 9. Furthermore, we provide the following re-
sult on the outlier eigenvalue clusters, which will be used in the proof of the top-k eigenspace
perturbations.

THEOREM 6 (Lower edge of the top-k outlier clusters). Fix D ą 0 and k P rr`s. Define

ϑk :“ min
1ďtďk

ϑt.

If λk ě 6
?
Rmax ` 100ρk and the gap condition holds:

min
lPO`, ląk

pϑk ´ ϑlq ě 50ρk (6.7)

with the convention that the minimum over an empty set is `8, then, with probability at least
1 ´ n´D,

λ̃k ě ϑk ´ ρk.

In particular, for every s P rks,
λ̃s ě ϑk ´ ρk.
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REMARK 6.1. Theorem 6 holds under a stronger but more conventional assumption that the k-th
deterministic root lower-bounds the preceding roots (i.e., ϑl ě ϑk for all l ă k). Under that
assumption, ϑk “ ϑk. However, we introduce ϑk to avoid the internal ordering of these ϑs’s for
s ď k. Indeed, the deterministic roots can physically cross and permute, even when the underlying
λs’s are strictly ordered. For instance, even if λl ą λs for l ă s P rks, as given in Proposition
5.1, ϑl « λl `

Vll
λl

could be dominated by ϑs « λs ` Vss
λs

. This is because the shift Vll “ uJ
l Rul

depends on the alignment of the l-th population eigenvector with the variance profile R. In the
presence of anisotropic noise, it is entirely possible for a lower-ranked spike’s variance projection
(e.g., Vss) to be significantly larger than that of a higher-ranked spike (e.g., Vll).

The proof of Theorem 6 parallels that of Theorem 5 and can be found in Section 9.

6.3 Proof roadmap

We briefly explain how the technical inputs above are used to prove Theorem 1. The proof is car-
ried out on a high-probability event where }E} ď 3

?
Rmax and the isotropic local laws Theorem

4 and Corollary 3 hold.
The signal condition λk ě 9

?
Rmax ensures that the outlier eigenvalues satisfy

λ̃s ě λk ´ }E} ě 6
a

Rmax (6.8)

for all s P rks by Weyl’s inequalty. Thus the uniform local law Corollary 3 applies at the random
eigenvalues z “ λ̃s.

The deterministic part of the proof starts from the eigenvector equation

ũs “ Gpλ̃sqAũs, s P rks.

Projecting this identity onto the non-target signal directions and the null space gives separate
bounds for how much ũs extends outside the target space. The null-space projection produces the
usual signal-to-noise contribution }E}{λk. For the signal-space terms, we decompose

Gpzq “ Φpzq ` Ξpzq, Ξpzq :“ Gpzq ´ Φpzq.

The compressed local law controls the contribution of Ξpzq, while the large-z expansion of Φpzq

identifies the deterministic variance-profile contribution. This yields the stochastic term involving
MD and the geometric bias term Bk. The final operator-norm and 2 Ñ 8 estimates follow from
these blockwise bounds through deterministic reductions.

7 Proof of the main perturbation bounds: Theorem 1

Set

Ξpzq :“ Gpzq ´ Φpzq.

Fix D ą 0. Define the events

Eop :“ t}E} ď 3
a

Rmaxu
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and

ElocpDq :“

"

sup
zPS

|z|2}UJΞpzqU} ď MD

*

X

"

sup
zPSout

|z|2 max
1ďiďn

›

›eJ
i QΞpzqU

›

› ď 2MD

*

,

where Sout :“
␣

z P C : 6
?
Rmax ď |z| ď 2R3

max

(

and Q “ I ´ UUJ. Set

ED :“ Eop X ElocpDq.

By Lemma 5.4 and Corollary 3, we have

PpEDq ě 1 ´ n´D.

All estimates below are deterministic on ED, except when the outlier-location theorem is invoked.
In that step we intersect with the corresponding outlier-location event, which still has probability
at least 1 ´ n´D after adjusting constants.

On the event ED, note that our signal assumption 9
?
Rmax ď λk ď R3

max ensures λ̃s P Sout

for all s ď k by Weyl’s inequality (see (6.8)).
For simplicity, we write

M ” MD.

We first present deterministic bounds on the difference between the eigenspaces Uk and Ũk.
Let J “ rrszrks denote the complement index set and UJ “ puk`1, . . . , urq. Let PW be the
orthogonal projection onto the subspace W .

PROPOSITION 7.1. For 1 ď k ď r`, assume λk ě 2}E}. Then the following deterministic
bounds hold.

(i) For the operator norm bound, we have

} sin∠pUk, Ũkq} ď }UJ
J Ũk}F ` 2

}E}

λk
. (7.1)

(ii) For the 2 Ñ 8 norm bound, we have

min
OPOpkq

}Ũk ´ UkO}2,8 ď }Ũk ´ PUk Ũk}2,8 ` }Uk}2,8} sin∠pUk, Ũkq}2, (7.2)

where

}Ũk ´ PUk Ũk}2,8 ď }U}2,8 ¨ }UJ
J Ũk}F `

8

3

?
k}U}2,8

oscpRq

λ̃2
k

` 2

g

f

f

e

k
ÿ

s“1

λ̃2
s max
1ďiďn

›

›

›
eJ
i QΞpλ̃sqU

›

›

›

2
. (7.3)

Given these deterministic bounds, the main technical contribution of our perturbation analysis
is the estimation of

}UJ
J Ũk}F “

g

f

f

e

k
ÿ

s“1

}UJ
J ũs}

2.

32



We first present a deterministic bound for each }UJ
J ũs}. The geometric bias matrix V “ UJRU

is defined in (1.2). For any index sets I, J P rrs with UI “ puiqiPI and UJ “ pujqjPJ, we denote

VIJ :“ UJ
I RUJ.

For a matrix B, we denote by OffpBq the matrix obtained by setting all diagonal entries to zero.

PROPOSITION 7.2. Define index sets

J :“ tk ` 1, . . . , r`u, I :“ rrszJ ,

N :“ tr` ` 1, . . . , ru, K :“ rrszN .

Fix s P rks. Define the gap

∆Φ
J pλ̃sq :“ λ̃smin

jPJ
|1 ´ λju

J
j Φpλ̃squj |

with the convention that the minimum over an empty set is `8. If the following gap condition
holds:

∆Φ
J pλ̃sq ě

2λk`1

λ̃2
s

}OffpVJJ q} `
13λk`1Rmax

λ̃4
s

oscpRq, (7.4)

then we have

}UJ
J ũs} ď

4

∆Φ
J pλ̃sq

˜

}VJI}

λ̃s
`

13

2

Rmax

λ̃3
s

oscpRq ` λ̃2
s}U

JΞpλ̃sqU}

¸

(7.5)

` 2
?
3

˜

}VNK}

λ̃2
s

`
13

2

Rmax

λ̃4
s

oscpRq ` λ̃s}U
JΞpλ̃sqU}

¸

.

Note that when J “ H, we have ∆Φ
J pλ̃sq “ 8, so the corresponding term on the right-hand

side of (7.5) vanishes. The proofs of Propositions 7.1 and 7.2 are deferred to Appendix B. On the
event ED, the condition λk ě 9

?
Rmax implies λk ě 3}E} ě 2}E}, so Proposition 7.1 applies.

Now we continue with the estimation of }UJ
J ũs} and split the discussion into two cases: k “

r` or k ă r`.

Case 1. Assume k “ r`. Then J “ H and ∆Φ
J pλ̃sq “ `8. In this case,

J “ N “ tr` ` 1, . . . , ru.

We just bound

}UJ
J ũs} ď 2

?
3

˜

}VNK}

λ̃2
s

`
13

2

Rmax

λ̃4
s

oscpRq ` λ̃s}U
JΞpλ̃sqU}

¸

.

By Theorem 6 (note that the gap condition (6.7) holds trivially), for every s P rks,

λ̃s ě ϑk ´ ρk ě λk ´ ρk ě
99

100
λk.
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Thus,

}UJ
J ũs} “ }UJ

N ũs} ă 4
}VNK}

λ2
k

` 24
Rmax

λ4
k

oscpRq ` 4
M

λk
(7.6)

and

}UJ
J Ũk}F “

g

f

f

e

k
ÿ

s“1

}UJ
J ũs}

2 ď
?
r`

˜

4
}VNK}

λ2
r`

` 24
Rmax

λ4
r`

oscpRq ` 4
M

λr`

¸

. (7.7)

Case 2. Assume k ă r`. Under our gap assumption

δk ě 65ρk ` 20
oscpRq

λk
ě 65ρk ` 20

λk`1

λ2
k

oscpRq, (7.8)

we first show that (6.7) holds, that is,

min
lPO`, ląk

pϑk ´ ϑlq ě 50ρk where ϑk “ min
1ďtďk

ϑt.

If O`zrks “ H, then the inequality holds because the left-hand side is `8 by our notation.
Assume O`zrks ‰ H.

Suppose
ϑk “ ϑt

for some 1 ď t ď k. Observe from (5.5) that

ϑt ě λt ě λk ą λk`1 ě λj (7.9)

for any j P J “ tk ` 1, . . . , r`u.
Define two auxiliary functions

Lpxq :“ x `
Rmin

x
´ 145

Rmax

x3
oscpRq, Upxq :“ x `

Rmax

x
` 145

Rmax

x3
oscpRq

for x ě 6
?
Rmax. Note that both Lpxq and Upxq are increasing functions. Note that λt ě

9
?
Rmax. Thus,

Lpλtq ď ϑt ď Upλtq.

For any l P O` satisfying l ą k, since λl ď λk`1, by the definition of ϑl for and Proposition 5.1,
we have

Lpλlq ď ϑl ď Upλlq ď Upλk`1q.

In particular, for any l P O`zrks (note that t P O`), we have

ϑt ´ ϑl ě Lpλtq ´ Upλk`1q

“ pλt ´ λk`1q `
Rmin

λt
´

Rmax

λk`1
´ 145

Rmax

λ3
t

oscpRq ´ 145
Rmax

λ3
k`1

oscpRq.
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Rewriting
Rmin

λt
´

Rmax

λk`1
“

λk`1 ´ λt
λtλk`1

Rmin `
Rmin ´ Rmax

λk`1

and using the assumption λt, λk`1 ě 9
?
Rmax ě 6

?
Rmin, we further get

ϑt ´ ϑl ě

ˆ

1 ´
Rmin

λtλk`1

˙

pλt ´ λk`1q `
Rmin ´ Rmax

λk`1
´

145

36

oscpRq

λt
´

145

36

oscpRq

λk`1

ě
35

36
δk ´

ˆ

1 `
145

36

˙

oscpRq

λk`1
´

145

36

oscpRq

λt

ě
35

36
δk ´

181

36

oscpRq

λk`1
´

145

36

oscpRq

λk
,

where we used λt ě λk in the last inequality. To proceed, note that

oscpRq

λk`1
“

oscpRq

λk
` δk

oscpRq

λkλk`1
ď

oscpRq

λk
`

1

36
δk.

We get

ϑt ´ ϑl ě

ˆ

35

36
´

181

362

˙

δk ´
326

36

oscpRq

λk
ě 50ρk

by our assumption (7.8) on δk. Hence, the conclusion of Theorem 6 holds. In particular, for every
s P rks,

λ̃s ě ϑk ´ ρk “ ϑt ´ ρk. (7.10)

Recall ∆Φ
J defined in Proposition 7.2. Next, we show that for any s P rks,

∆Φ
J pλ̃sq “ λ̃smin

jPJ
|1 ´ λju

J
j Φpλ̃squj | ě

1

2
δk.

Denote αjpzq “ λ´1
j ´ uJ

j Φpzquj for each j P rrs. Then

∆Φ
J pλ̃sq “ min

jPJ

ˇ

ˇλ̃sλjαjpλ̃sq
ˇ

ˇ.

For each j P J , by the expansion of Φpzq in (5.3), we have

αjpzq “
1

λj
´ uJ

j Φpzquj “
1

λj
´

1

z
´

Vjj
z3

´ εjjpzq,

where εjjpzq :“ uJ
j εpzquj . Similarly,

αtpzq “
1

λt
´

1

z
´

Vtt
z3

´ εttpzq.

From the difference αjpzq ´ αtpzq, we find

αjpzq “

ˆ

1

λj
´

1

λt

˙

` αtpzq ´
Vjj ´ Vtt

z3
´ pεjjpzq ´ εttpzqq.
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Therefore,

λ̃sλjαjpλ̃sq “ λ̃s

ˆ

1 ´
λj
λt

˙

` λ̃sλjαtpλ̃sq ´
λj

λ̃2
s

pVjj ´ Vttq ´ λ̃sλjpεjjpλ̃sq ´ εttpλ̃sqq

:“ T1 ` T2 ` T3 ` T4.

It follows that
ˇ

ˇ

ˇ
λ̃sλjαjpλ̃sq

ˇ

ˇ

ˇ
ě T1 ` T2 ´ |T3| ´ |T4|.

We estimate Ti’s respectively. For T1, by (7.9), we have

T1 “ λ̃s

ˆ

1 ´
λj
λt

˙

ě λ̃s

ˆ

1 ´
λk`1

λk

˙

“
λ̃s
λk

δk.

Then, by (7.10), we get

T1 ě pϑt ´ ρkq
δk
λk

“
ϑt
λk

δk ´ ρk
δk
λk

ě δk ´ ρk

since ϑt
λk

ě 1 by (7.9) and δk
λk

ď 1.

Next, we estimate T2 “ λ̃sλjαtpλ̃sq. By the same estimates as (9.20) and (9.21), we have

5

2x2
ď α1

tpxq ď
2

x2
for x ě 3

a

Rmax.

In particular, αtpxq is increasing for x ě 3
?
Rmax. By our definition, αtpϑtq=0. Since λ̃s ě

ϑt ´ ρk by (7.10),

αtpλ̃sq ě αtpϑt ´ ρkq “ αtpϑt ´ ρkq ´ αtpϑtq “ ´ρkα
1
tpζq,

where the last equation is due to the mean value theorem and ζ is a value between ϑt ´ ρk and ϑt.
Then, by (7.9),

λ̃sλjαtpλ̃sq ě ´λ̃sλj
2

ζ2
ρk ě ´2

λ̃sλk`1

pϑt ´ ρkq2
ρk.

Since ϑt ´ ρk ě 99
100ϑt and λ̃s ď 3

2λs ď 3
2ϑs by Weyl’s inequality and (5.5), we have

T2 ě ´2p
100

99
q2

3
2ϑsλk`1

ϑ2
t

ρk ą ´4ρk.

Finally, for T3 and T4, by Lemma 5.2, the bounds λ̃s ď 3
2λs and

λ̃s ě ϑt ´ ρk ě
99

100
ϑt ě

99

100
λk,

we have

|T3| ` |T4| ď
λj

λ̃2
s

oscpRq ` λ̃sλj ¨ oscpεpλ̃sqq

ď 4
λk`1

λ2
k

oscpRq `
15 ¨ 24

36

λk`1

λ2
k

oscpRq “
32

3

λk`1

λ2
k

oscpRq.

36



Combining the above estimates, we arrive at

λ̃sλjαjpλ̃sq ě δk ´ 5ρk ´
32

3

λk`1

λ2
k

oscpRq ě
1

2
δk

by our gap assumption (7.8). Hence,

∆Φ
J pλ̃sq “ min

jPJ

ˇ

ˇλ̃sλjαjpλ̃sq
ˇ

ˇ ě
1

2
δk.

Furthermore, (7.4) in Proposition 7.2 holds. To see this, note that the right-hand side of (7.2)

2λk`1

λ̃2
s

}OffpVJJ q} `
13λk`1Rmax

λ̃4
s

oscpRq

ď 2

ˆ

100

99

˙4 λk`1

λ2
k

oscpRq `
13

36

ˆ

100

99

˙4 λk`1

λ2
k

oscpRq

ă 3
λk`1

λ2
k

oscpRq ă
1

2
δk ď ∆Φ

J pλ̃sq.

We continue from the bound established in Proposition 7.2. On the event ED, substituting the
uniform local law bound }UJΞpλ̃sqU} ď M{λ̃2

s and using λ̃s ě 99
100λk,

}UJ
J ũs} ď

4

∆Φ
J pλ̃sq

˜

}VJI}

λ̃s
`

13

2

Rmax

λ̃3
s

oscpRq ` λ̃2
s}U

JΞpλ̃sqU}

¸

` 2
?
3

˜

}VNK}

λ̃2
s

`
13

2

Rmax

λ̃4
s

oscpRq ` λ̃s}U
JΞpλ̃sqU}

¸

ď
8

δk

˜

100

99

}VJI}

λk
`

13

2

ˆ

100

99

˙3 oscpRqRmax

λ3
k

` M

¸

` 2
?
3

˜

ˆ

100

99

˙2
}VNK}

λ2
k

`
13

2

ˆ

100

99

˙

oscpRqRmax

λ2
k

`
100

99

M

λk

¸

.

Now the bound above simplifies to

}UJ
J ũs} ă

10

δkλk

ˆ

}VJI} ` 8
Rmax

λ2
k

oscpRq

˙

` 3
}VNK}

λ2
k

` 10
M

δk
.

Finally, we establish the bound

}UJ
J Ũk}F “

g

f

f

e

k
ÿ

s“1

}UJ
J ũs}

2

ď
10

?
k

δkλk

ˆ

}VJI} ` 8
Rmax

λ2
k

oscpRq

˙

` 3
?
k

}VNK}

λ2
k

` 10
?
k
M

δk
.
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Combining (7.7), for any k P rr`s, we always have

}UJ
J Ũk}F ď Bk ` 10

?
k
M

δk
, (7.11)

where

Bk :“
10

?
k

δkλk

ˆ

}VJI} ` 8
Rmax

λ2
k

oscpRq

˙

` 4
?
k

}VNK}

λ2
k

.

Consequently, by (7.1),

} sin∠pUk, Ũkq} ď Bk ` 10
?
k
M

δk
` 2

}E}

λk
.

From (7.3), using (7.11), on the event ED, we also have

}Ũk ´ PUk Ũk}2,8

ď }U}2,8 ¨ }UJ
J Ũk}F `

8

3

?
k}U}2,8

oscpRq

λ̃2
k

` 2

g

f

f

e

k
ÿ

s“1

λ̃2
s max
1ďiďn

›

›

›
eJ
i QΞpλ̃sqU

›

›

›

2

ď }U}2,8

ˆ

Bk ` 10
?
k
M

δk
` 3

?
k
oscpRq

λ2
k

˙

` 2M

g

f

f

e

k
ÿ

s“1

1

λ̃2
s

ď }U}2,8

ˆ

Bk ` 10
?
k
M

δk
` 3

?
k
oscpRq

λ2
k

˙

` 3
?
k
M

λk

using λ̃k ě 99
100λk. Now, from (7.2), we obtain that

min
OPOpkq

}Ũk ´ UkO}2,8

ď }Ũk ´ PUk Ũk}2,8 ` }Uk}2,8} sin∠pUk, Ũkq}2

ď 4}U}2,8

ˆ

Bk ` 20
?
k
M

δk
` 3

?
k
oscpRq

λ2
k

` 27
Rmax

λ2
k

˙

` 3
?
k
M

λk

by our assumptions on λk and δk.

8 Proof of the isotropic local law: Theorem 4

Let z P C satisfy |z| ě 6
?
Rmax. Recall that

Gpzq “ pzI ´ Eq´1.

Denote

H ” Hpzq “ diagph1pzq, . . . , hnpzqq, hi ” hipzq “

n
ÿ

j“1

σ2
ijϕjpzq.

Then the QVE can be written as
Φpzq “ pzI ´ Hq´1.
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Since pzI ´ EqG “ I and pzI ´ HqΦ “ I , subtracting these identities, we have

zpG ´ Φq “ EG ´ HΦ “ pE ´ HqG ` HpG ´ Φq.

Rearranging the terms, we further obtain pzI´HqpG´Φq “ pE´HqG. Hence, for deterministic
unit vectors v, w P Rn,

vJpG ´ Φqw “ vJpz ´ Hq´1pE ´ HqGw. (8.1)

Set
v̂J :“ vJpz ´ Hq´1.

Then
vJpG ´ Φqw “ v̂JpE ´ HqGw.

We also define

L ” Lpzq “ diagpl1pzq, . . . , lnpzqq, li ” lipzq “

n
ÿ

j“1

σ2
ijGjjpzq.

Then (8.1) gives the decomposition

vJpG ´ Φqw “ v̂JpE ´ LqGw ` v̂JpL ´ HqGw. (8.2)

We start with a bound on }v̂}. By Lemma 5.1,

}H} ď Rmaxmax
i

|ϕipzq| ď
3Rmax

2|z|
ď

|z|

4
,

where the last inequality follows from |z|2 ě 36Rmax. Hence

}v̂} ď }pzI ´ Hq´1} ď
1

|z| ´ }H}
ď

4

3|z|
. (8.3)

With this }v̂} bound, the control of the first error term in (8.2) reduces to the following propo-
sition, which we prove in Appendix C. The proof follows the cumulant expansion strategy of
He, Knowles and Rosenthal [62], which compares the random resolvent with its deterministic
self-consistent approximation. Our application is simpler in two ways. First, we work only in the
large-z outlier regime, where resolvent derivatives have elementary bounds. Second, we need only
a second-order cumulant expansion with a controlled third-order remainder. The main challenge
is handling highly inhomogeneous and sparse variance profiles.

PROPOSITION 8.1. Fix D ą 0. Let v, w P Rn be deterministic unit vectors, and let z P C`

satisfy |z| ě 6
?
Rmax. Under Assumptions 1.1 and 1.2, with probability at least 1 ´ n´D´4,

ˇ

ˇvJpE ´ LqGw
ˇ

ˇ ď
mD

|z|
` Cn´500.

Here, the Cn´500 term appears only in the general sub-Gaussian regime; in the bounded sparse-
entry regime, it may be omitted.

39



The second error term in (8.2) is controlled using Proposition 8.1 and a deterministic stability
argument for the diagonal self-consistent equation. Its proof is given in Appendix D.

PROPOSITION 8.2. Fix D ą 0. Under the assumption of Propositon 8.1, with probability at least
1 ´ n´D´4:

ˇ

ˇvJpL ´ HqGw
ˇ

ˇ ď C

ˆ

mD

|z|
` n´500

˙

.

In the bounded sparse-entry regime, the n´500 term may be omitted.

Proof of Theorem 4. We use the decomposition (8.2). For the first error term in (8.2), Proposi-
tion 8.1 and (8.3) yield

ˇ

ˇv̂JpE ´ LqGw
ˇ

ˇ ď }v̂}

ˆ

mD

|z|
` Cn´500

˙

ď C
mD

|z|2
` C

n´500

|z|
. (8.4)

Similarly, for the second error term in (8.2), from Proposition 8.2 and (8.3), we get

ˇ

ˇv̂JpL ´ HqGw
ˇ

ˇ ď C
mD

|z|2
` C

n´500

|z|
. (8.5)

Combining (8.4) and (8.5) with (8.2), we obtain

ˇ

ˇvJpG ´ Φqw
ˇ

ˇ ď C
mD

|z|2
` C

n´500

|z|
.

Since Rmax ď n100 and σ´1
max ď n100, we have mD ě cn´100 for an absolute constant c ą 0.

Absorbing the n´500-term, we get

ˇ

ˇvJpG ´ Φqw
ˇ

ˇ ď
mD

|z|2
.

This completes the proof.

9 Proofs of the outlier eigenvalue locations: Theorems 5 and 6

9.1 Proof of Theorem 5

For notational convenience throughout this section, we replace the target index k with j. We first
consider the case that λj ě 6

?
Rmax for j P rr`s is a simple eigenvalue. In this section, we use

the normalized version
αjpzq :“ λ´1

j ´ uJ
j Φpzquj ,

so that α̂jpzq “ λjαjpzq. The deterministic root ϑj defined in Proposition 5.1 is equivalently
characterized by αjpϑjq “ 0.

We still work on the event ED. However, we only need a weaker signal assumption λj ě

6
?
Rmax ` 100ρj since the local law is applied on deterministic contours around λj , whereas in

the eigenspace proof, it is applied at the random points z “ λ̃s.

40



By Proposition 5.1, there exists a unique deterministic location ϑj satisfying

1 ´ λju
J
j Φpϑjquj “ 0

with
ˇ

ˇ

ˇ

ˇ

ϑj ´ λj ´
Vjj
λj

ˇ

ˇ

ˇ

ˇ

ď 145
R2

max

λ3
j

.

In particular, since Vjj ě 0, we have

ϑj ď λj `
Vjj
λj

` 145
R2

max

λ3
j

ď λj `
1

36
λj `

145

362
λj ă 1.16λj

and directly by Proposition 5.1,

ϑj ě λj (9.1)

We will show that on the event ED, there exists exactly one eigenvalue λ̃j lying inside the disk

Dpϑj , ρq :“ tz P C : |z ´ ϑj | ď ρu

for ρ ” ρj defined in (9.2). Denote

Kpzq :“ Λ´1 ´ UJΦpzqU and Bpzq :“ UJpGpzq ´ ΦpzqqU.

Set

gpzq :“ detpKpzqq and fpzq “ detpΛ´1 ´ UJGpzqUq “ detpKpzq ´ Bpzqq.

By Lemma 21 from [85], the eigenvalues of Ã outside the r´}E}, }E}s are the zeros of fpzq.
Besides, the algebraic multiplicity of each eigenvalue matches the corresponding multiplicity of
each zero. Next, we show that the zeros of fpzq are close to the zeros of gpzq.

The following result is a special case of the generalized Rouché’s theorem for operator func-
tions (see [57]). We include a short proof for completeness.

LEMMA 9.1. Let Γ Ď C be a simple closed contour. Assume Kpzq and Bpzq are analytic in a
neighborhood of Γ and its interior. If

sup
zPΓ

}K´1pzqBpzq} ă 1,

then f and g have the same number of zeros inside Γ, counting multiplicity.

Proof. For t P r0, 1s, define Ftpzq :“ detpKpzq ´ tBpzqq. For z P Γ,

Kpzq ´ tBpzq “ KpzqpI ´ tK´1pzqBpzqq.

Since }tK´1pzqBpzq} ă 1, I ´ tK´1pzqBpzq is invertible. Hence, Ftpzq ‰ 0 on Γ for all
t P r0, 1s. By the argument principle ([6, Section 5.2]), the number of zeros of Ft inside Γ is a
constant in t. Taking t “ 0 and t “ 1 proves the claim.
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We will take a circle
Γjpρq :“ tz P C : |z ´ ϑj | “ ρu

with the radius

ρ ” ρj :“ 10M ` 15
oscpRq

λj
. (9.2)

To apply Lemma 9.1 on Γjpρq, we bound

sup
zPΓjpρq

}K´1pzqBpzq} ď sup
zPΓjpρq

}K´1pzq} ¨ sup
zPΓjpρq

}Bpzq}.

To bound supzPΓjpρq }Bpzq}, first note that Γjpρq Ď Sout. To see this, since λj ě 6
?
Rmax`100ρj

and ρj ď λj{100, for every z P Γjpρjq,

|z| ě ϑj ´ ρj ě λj ´ ρj ě 6
a

Rmax,

|z| ď ϑj ` ρj ď 1.16λj `
λj
100

ď 2R3
max

Hence, on the event ED, we get

sup
zPΓjpρq

}Bpzq} ď

ˆ

100

99

˙2 M

ϑ2
j

. (9.3)

To bound supzPΓjpρq }K´1pzq}, we rewrite Kpzq for z P Γjpρq in block form. Without loss of
generality, by relabeling the columns of U and the diagonal entries of Λ, we may assume that the
index j is the first one. Namely, write

U “ puj , U´jq and Λ “

ˆ

λj 0
0 Λ´j

˙

.

Thus,

Kpzq “ Λ´1 ´ UJΦpzqU “

ˆ

αjpzq ´bjpzqJ

´bjpzq Djpzq

˙

,

where

αjpzq :“ λ´1
j ´ uJ

j Φpzquj , bjpzq :“ UJ
´jΦpzquj , Djpzq “ Λ´1

´j ´ UJ
´jΦpzqU´j .

The following lemma provides the estimates of |αjpzq|, }bjpzq}, and the smallest singular value
sminpDjpzqq on the circle Γjpρq. Its proof is deferred to Section 9.1.2.

LEMMA 9.2. Fix j P rr`s. Assume λj ě 6
?
Rmax ` 100ρ and λj is a simple eigenvalue of A.

Assume the following gap condition holds:

min
lăj

pϑl ´ ϑjq ě 50ρ and min
lPO`, ląj

pϑj ´ ϑlq ě 50ρ. (9.4)
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where O` :“ tl P rr`s : λl ě 6
?
Rmaxu is the index set for the supercritical eigenvalues. Then

for z P Γjpρq, we have

ρ

4ϑ2
j

ď |αjpzq| ď
3ρ

ϑ2
j

, (9.5)

}bjpzq} ď
1

10

ρ

ϑ2
j

, (9.6)

sminpDjpzqq ě 3
ρ

ϑ2
j

. (9.7)

In particular, (9.7) suggests that Djpzq is invertible on Γjpzq and

}D´1
j pzq} ď

1

3

ϑ2
j

ρ
. (9.8)

Define
hjpzq :“ αjpzq ´ bjpzqJD´1

j pzqbjpzq

for z P Γjpρq. By Lemma 9.2, hjpzq is well-defined on Γjpρq. Besides,

|hjpzq| ě |αjpzq| ´ }bjpzq}2}D´1
j pzq} ě

ρ

4ϑ2
j

´
1

300

ρ

ϑ2
j

“
37

150

ρ

ϑ2
j

ą 0

and

|h´1
j pzq| ď

150

37

ϑ2
j

ρ
. (9.9)

Now we are ready to estimate }K´1pzq} on Γjpρq. By Schur’s complement,

Kpzq´1 “

ˆ

h´1
j pzq h´1

j pzqbjpzqJD´1
j pzq

h´1
j pzqD´1

j pzqbjpzq D´1
j pzq ` h´1

j pzqD´1
j pzqbjpzqbjpzqJD´1

j pzq

˙

We decompose Kpzq´1 as

Kpzq´1 “

ˆ

0 0

0 D´1
j pzq

˙

` h´1
j pzq

ˆ

1 bjpzqJD´1
j pzq

D´1
j pzqbjpzq D´1

j pzqbjpzqbjpzqJD´1
j pzq

˙

.

Note that by setting v :“ bjpzqJD´1
j pzq, we have

H :“

ˆ

1 bjpzqJD´1
j pzq

D´1
j pzqbjpzq D´1

j pzqbjpzqbjpzqJD´1
j pzq

˙

“

ˆ

1 vJ

v vvJ

˙

“

ˆ

1
v

˙

`

1 vJ
˘

.

Hence,
}H} “ 1 ` }v}2 “ 1 ` }bjpzqJD´1

j pzq}2 ď 1 ` }bjpzq}2 ¨ }D´1
j pzq}2.

It follows that

}Kpzq´1} ď }D´1
j pzq} ` |h´1

j pzq| ¨ }H} (9.10)

ď }D´1
j pzq} ` |h´1

j pzq|

´

1 ` }bjpzq}2 ¨ }D´1
j pzq}2

¯

.
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Plugging the bounds in Lemma 9.2, (9.8), and (9.9), we get

}Kpzq´1} ď
1

3

ϑ2
j

ρ
`

150

37

ϑ2
j

ρ

ˆ

1 `
1

900

˙

ă
9

2

ϑ2
j

ρ
.

Together with (9.3), we arrive at

sup
zPΓjpρq

}K´1pzqBpzq} ď sup
zPΓjpρq

}K´1pzq} ¨ sup
zPΓjpρq

}Bpzq} ď
9

2

ϑ2
j

ρ
¨

ˆ

100

99

˙2 M

ϑ2
j

ă 1,

where we used ρ ě 5M in the last inequality. Hence, by Lemma 9.1, the functions fpzq “

detpKpzq ´ Bpzqq and gpzq “ detpKpzqq have the same number of zeros inside Γjpρq, counting
multiplicities. This comparison alone, however, does not yet identify that number, since Kpzq

is not diagonal. We therefore perform the zero counting by comparing Kpzq with its diagonal
approximation.

Recall that Dpϑl, ρq :“ tz P C : |z ´ ϑl| ď ρu denotes the disk centered as ϑl with radius ρ.
Set

D`
j :“

ď

lăj

Dpϑl, ρq, D´
j :“ D`

j Y Dpϑj , ρq, (9.11)

and let C˘
j :“ BD˘

j be positively oriented on each connected component. By our gap assumption
(9.4), the disk Dpϑj , ρq is disjoint from D`

j . Moreover, the disks corresponding to roots ϑl with
l ă j lie strictly to the right of Dpϑj , ρq, while the supercritical roots ϑl with l ą j lie strictly to
its left.

Define the diagonal matrix of Kpzq as

A0pzq :“ diagpα1pzq, . . . , αrpzqq with αlpzq :“ λ´1
l ´ uJ

l Φpzqul. (9.12)

We show the next result whose proof is deferred to Section 9.1.1

LEMMA 9.3. Under the assumption of Lemma 9.2, we have

sup
zPC˘

j

}A0pzq´1pKpzq ´ A0pzqq} ă 1, sup
zPC˘

j

}Kpzq´1Bpzq} ă 1.

Applying Lemma 9.1 twice on the contours C˘
j , first to A0pzq and Kpzq, and then to Kpzq

and Kpzq ´ Bpzq, shows that

detpA0pzqq, gpzq “ detpKpzqq, fpzq “ detpKpzq ´ Bpzqq

have the same number of zeros inside each of the regions D`
j and D´

j , counting multiplicities.
Now

detpA0pzqq “

r
ź

l“1

αlpzq,

and among these factors on the right-hand side, only αlpzq with l P O` have zeros in the super-
critical regime, namely at z “ ϑl (see Proposition 5.1). Since λj is supercritical, all λl with l ă j
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are also supercritical. Hence, by construction, detpA0pzqq has exactly j ´ 1 zeros inside D`
j and

exactly j zeros inside D´
j . Consequently, fpzq has exactly j ´ 1 zeros inside D`

j and exactly j

zeros inside D´
j .

Since D´
j zD`

j “ Dpϑj , ρq and Γjpρq “ B Dpϑj , ρq, it follows that fpzq “ detpKpzq ´ Bpzqq

has exactly one zero in Dpϑj , ρq. This zero is the same zero enclosed by Γjpρq “ BDpϑj , ρq.
Denote it by λ̂. As noted above, the zeros of f outside r´}E}, }E}s coincide with the eigenvalues
of Ã “ A ` E, with matching algebraic multiplicities. Moreover, by (9.1) and ρ ď λj{100, the
disk Dpϑj , ρq lies strictly to the right of the noise bulk r´}E}, }E}s. Therefore λ̂ is an eigenvalue
of Ã.

It remains only to identify its index. The zero count above shows that exactly j ´ 1 zeros of
f lie in D`

j , which is strictly to the right of Dpϑj , ρq. The gap condition also places all remaining
supercritical roots ϑl with l ą j strictly to the left of Dpϑj , ρq; applying the same comparison on
the corresponding separating contours rules out additional zeros of f in the gaps between these
root neighborhoods. Finally, all non-outlier eigenvalues of Ã lie in r´}E}, }E}s, which is also
strictly to the left of Dpϑj , ρq. Hence there are exactly j´1 eigenvalues of Ã larger than λ̂. Hence,

λ̂ “ λ̃j .

9.1.1 Proof of Lemma 9.3

We estimate }A0pzq´1}, }Kpzq ´ A0pzq}, and }K´1pzq} respectively for z P C˘
j . Since

Kpzq ´ A0pzq “ ´OffpUJΦpzqUq,

we have
}Kpzq ´ A0pzq} ď }OffpUJΦpzqUq}.

Claim. For z P C˘
j , the following estimates hold:

|αlpzq| ě
1

2

ρ

|z|2
, (9.13)

}bjpzq} ď
2

25

ρ

|z|2
, (9.14)

}OffpUJΦpzqUq} ď
1

5

ρ

|z|2
, (9.15)

}OffpUJεpzqUq} ď
1

10

ρ

|z|2
. (9.16)

We defer the proof of this claim to the end of this section. Using these bounds, we first have

}A0pzq´1} “ max
lPrrs

|α´1
l pzq “

1

|minlPrrs αlpzq|
ď 2

|z|2

ρ

Hence,

sup
zPC˘

j

}A0pzq´1pKpzq ´ A0pzqq} ď sup
zPC˘

j

}A0pzq´1} sup
zPC˘

j

}Kpzq ´ A0pzqq}

ď 2
|z|2

ρ
¨
1

5

ρ

|z|2
ă 1.
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Next, we estimate }Kpzq´1} for z P C˘
j , which is similar to the previous estimates on Γjpρq.

Since
›

›

›
Off

`

UJ
´jΦpzqU´j

˘

›

›

›
ď

›

›

›
Off

`

UJΦpzqU
˘

›

›

›
, from (9.22) and by the Claim, we get

sminpDjpzqq ě min
lPrrsztju

|αlpzq| ´

›

›

›
Off

`

UJ
´jΦpzqU´j

˘

›

›

›

ě
1

2

ρ

|z|2
´

1

5

ρ

|z|2
“

3

10

ρ

|z|2
.

and thus

}D´1
j pzq} ď

10

3

|z|2

ρ
.

Recall that hjpzq “ αjpzq ´ bjpzqJD´1
j pzqbjpzq. By the claim,

|hjpzq| ě |αjpzq| ´ }bjpzq}2}D´1
j pzq} ě

1

2

ρ

|z|2
´

ˆ

2

25

ρ

|z|2

˙2 3

10

|z|2

ρ
“

359

750

ρ

|z|2
.

Hence, |h´1
j pzq| ď 750

359
|z|2

ρ and by (9.10),

}Kpzq´1} ď }D´1
j pzq} ` |h´1

j pzq|

´

1 ` }bjpzq}2 ¨ }D´1
j pzq}2

¯

ď
10

3

|z|2

ρ
`

750

359

|z|2

ρ

˜

1 `

ˆ

2

25

ρ

|z|2

˙2ˆ 3

10

|z|2

ρ

˙2
¸

ă 5.5
|z|2

ρ
.

Finally,

sup
zPC˘

j

}K´1pzqBpzq} ď sup
zPC˘

j

}K´1pzq} ¨ sup
zPC˘

j

}Bpzq} ď 5.5
|z|2

ρ

M

|z|2
ă 1,

where we used ρ ě 10M in the last inequality.

To finish the proof, it remains to prove the claim.

Proof of (9.13) We bound |αlpzq| for z P C˘
j . The proof is similar to that of (9.29). We split the

discussion into three cases: l P O`, l P rr`szO`, and l P rrszrr`s.

Case 1: l P O`. We have λl ě 6
?
Rmax. By Proposition 5.1, define ϑl as the unique solution to

αlpzq “ 0. Also, ϑl ě 5
?
Rmax.

For z “ x `
?

´1y P C˘
j , we have |y| ď ρ and x ě ϑj ´ ρ ě 99

100ϑj ą 4
?
Rmax. Note that

using the same estimates as (9.20) and (9.21), we have

4

5

1

x2
ď α1

lpxq “ ´uJ
l Φ

1pxqul ď
3

x2
. (9.17)

46



Indeed, we refined the constant for the lower bound using x ě 4
?
Rmax:

α1
lpxq “ ´uJ

l Φ
1pxqul ě

1

x2
´

243

5

R2
max

x6
ě

1

x2

ˆ

1 ´
243

5 ¨ 256

˙

ą
4

5x2
.

Since αlpϑlq “ 0, from |αlpxq| “ |
şx
ϑl
α1
lptq dt|, we get

4

5

|x ´ ϑl|

xϑl
ď |αlpxq| ď 3

|x ´ ϑl|

xϑl
. (9.18)

Now the Taylor expansion of αlpzq at x yields:

αlpzq “ αlpxq `
?

´1yα1
lpxq `

1

2
α2
l pζqp

?
´1yq2,

where ζ lies in a vertical segment connecting x and z. In particular, |ζ| ě x ě 4
?
Rmax. It follows

from part (i) of Lemma 5.1 that

|α2
l pζq| “ |uJ

l Φ
2pζqul| ď }Φ2pζq} ď

28

|ζ|3
ď

28

x3
.

Next, plugging in (9.17) and (9.18) yields

|αlpxq `
?

´1yα1
lpxq| “

b

αlpxq2 ` y2α1
lpxq2

ě

d

16

25

px ´ ϑlq2

x2ϑ2
l

`
16

25

y2

x4
“

4

5

1

x2

d

px ´ ϑlq2
x2

ϑ2
l

` y2.

If ϑl ď 100
99 x, then x{ϑl ě 0.99 and

|αlpxq `
?

´1yα1
lpxq| ě

4

5x2
0.99

a

px ´ ϑlq2 ` y2 “ 0.792
|z ´ ϑl|

x2
ě 0.792

ρ

x2
.

If ϑl ą 100
99 x, we use the fact that the function fptq “ t´x

xt is increasing for t ą x. Its minimum
value occurs at the boundary t “ 100

99 x. By (9.18),

|αlpxq `
?

´1yα1
lpxq| ě |αlpxq| ě

4

5

ϑl ´ x

xϑl
ě

4

5

100
99 x ´ x

x ¨ 100
99 x

“
4x

500x2
.

Since x ě 99ρ, we have 4x
500x2

ě
4¨99ρ
500x2

“ 0.792 ρ
x2

.
Hence, we obtain

|αlpzq| ě |αlpxq `
?

´1yα1
lpxq| ´ 14

y2

x3

ě 0.792
ρ

x2
´

14

99

ρ

x2
ą

ρ

2x2
ě

ρ

2|z|2
,

where we used |z| ě x ě 99ρ ě 99|y|.
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Case 2: l P rr`szO`. The lower bound on |αlpzq| follows the same approach as (9.27). We skip
the proof. In this case, we have

|αlpzq| ě 70
ρ

ϑ2
j

ě 70

ˆ

99

100

˙2 ρ

|z|2
ą 60

ρ

|z|2
.

Case 3: l P rrszrr`s. We have λl ă 0. For z “ x `
?

´1y P C˘
j , we have x ě ϑj ´ ρ ě

99
100ϑj4

?
Rmax. From (5.3), we expand

αlpzq “
1

λl
´ uJ

l Φpzqul “
1

λl
´

1

z
´

1

z3
uJ
l Rul ´ uJ

l εpzqul.

Note that
ˇ

ˇ

ˇ

ˇ

1

λl
´

1

z

ˇ

ˇ

ˇ

ˇ

ě

ˇ

ˇ

ˇ

ˇ

Re

ˆ

1

λl
´

1

z

˙
ˇ

ˇ

ˇ

ˇ

“
1

|λl|
`

x

|z|2
ą

x

|z|2
.

Furthermore, we have
ˇ

ˇ

ˇ

ˇ

1

z3
uJ
l Rul ` uJ

l εpzqul

ˇ

ˇ

ˇ

ˇ

ď
Rmax

|z|3
`

45

8

R2
max

|z|5
ď

173

128

Rmax

|z|3
ď

173

128 ¨ 16

x

|z|2

using the bound |z| ě x ě 4
?
Rmax. Hence,

|αlpzq| ě
x

|z|2
´

173

128 ¨ 16

x

|z|2
ą 90

ρ

|z|2
.

Combining the above estimates, we have proved (9.13).

Proof of (9.14) The proof is almost identical to that of (9.6). We briefly it here. Following the
same approach as (9.6), we first get

}bjpzq} ď
oscpRq

2|z|3
`

15Rmax

2|z|5
oscpRq ă

oscpRq

|z|3
.

Since |z| ě ϑj ´ ρ ě 99
100ϑj and

ρ ě 13
oscpRq

ϑj
,

we further get

oscpRq

|z|3
ď

100

99

oscpRq

ϑj

1

|z|2
ď

100

99 ¨ 13

ρ

|z|2
, (9.19)

and hence
}bjpzq} ď

2

25

ρ

|z|2
.
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Proofs of (9.15) and (9.16) The bound for Off
`

UJΦpzqU
˘

are almost identical to the bound for
Off

`

UJ
´jΦpzqU´j

˘

derived in (9.7). We briefly sketch it here. It follows from the same steps that

}OffpUJ
´jεpzqU´jq} ď

15Rmax
?
2|z|5

oscpRq ď
15

9
?
2

oscpRq

|z|3
ď

1

10

ρ

|z|2

and

›

›Off
`

UJ
´jΦpzqU´j

˘›

› ď
oscpRq

2|z|3
`

15Rmax
?
2|z|5

oscpRq

ď
oscpRq

|z|3

ˆ

1

2
`

15

9
?
2

˙

ď
1

5

ρ

|z|2

where we used (9.19).

9.1.2 Proof of Lemma 9.2

Recall from (9.2) that

ρ “ 5M ` 15
oscpRq

λj
.

By our assumption, ρ ď λj{100. From the estimates in (9.1), we also have

ρ ě 15 ¨ 0.87
oscpRq

ϑj
ą 13

oscpRq

ϑj
.

For z P Γjpρq satisfying |z ´ ϑj | “ ρ, we have

99

100
ϑj ď ϑj ´ ρ ď |z| ď ϑj ´ ρ ď

101

100
ϑj .

Proof of (9.5). We first estimate |αjpzq|. Recall that αjpϑjq “ 0. By Taylor’s theorem,

αjpzq “ α1
jpϑjqpz ´ ϑjq ` E2,

where
|E2| ď

1

2
|z ´ ϑj |

2 max
|ζ´ϑj |ďρ

|α2
j pζq| “

1

2
ρ2 max

|ζ´ϑj |ďρ
|α2
j pζq|.

By part (ii) of Lemma 5.1 (see also (A.15)),

α1
jpϑjq “ ´uJ

j Φ
1pϑjquj ě

1

ϑ2
j

´
243

5

R2
max

ϑ6
j

ě
1

ϑ2
j

ˆ

1 ´
243

5 ¨ 81

˙

“
2

5ϑ2
j

. (9.20)

For ζ satisfying |ζ ´ ϑj | ď ρ, we have |ζ| ě ϑj ´ ρ ě 99
100ϑj ą 4

?
Rmax. It follows from part (i)

of Lemma 5.1 that

|α2
j pζq| “ |uJ

j Φ
2pζquj | ď }Φ2pζq} ď

28

|ζ|3
ď 28

ˆ

100

99

˙3 1

ϑ3
j

ă
29

ϑ3
j

.
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Thus,

|E2| ď
29

2

ρ2

ϑ3
j

ď
29

200

ρ

ϑ2
j

and
|αjpzq| ě

2ρ

5ϑ2
j

´
29

200

ρ

ϑ2
j

ą
ρ

4ϑ2
j

.

For the upper bound, observe that

|αjpzq| “ |αjpzq ´ αjpϑjq| ď max
|ζ´ϑj |ďρ

|α1
jpζq| ¨ ρ.

By part (ii) of Lemma 5.1 (see also (A.15)), we have

|α1
jpζq| ď

1

|ζ|2
`

3Vjj
|ζ|4

`
243

5

R2
max

|ζ|6
ď

2

|ζ|2
ď

3

ϑ2
j

(9.21)

using |ζ| ě 99
100ϑj and ϑj ą 5

?
Rmax. Hence,

|αjpzq| ď
3ρ

ϑ2
j

.

Proof of (9.6). Next, we estimate }bjpzq} “ }UJ
´jΦpzquj}. Since UJ

´juj “ 0, using the expan-
sion of Φpzq in (5.3), we immediately get

bjpzq “
1

z3
UJ

´jRuj ` UJ
´jεpzquj .

Thus,

}bjpzq} ď
}UJ

´jRuj}

|z|3
` }UJ

´jεpzquj}.

Since UJ
´juj “ 0,

}UJ
´jRuj} “ }UJ

´jpR ´ cIquj} ď }R ´ cI} ď
1

2
oscpRq

by selecting c “ 1
2pRmax ` Rminq. Similarly, we also have

}UJ
´jεpzquj} ď

1

2
oscpεpzqq ď

15Rmax

2|z|5
oscpRq,

where the last inequality follows from Lemma 5.2. Thus

}bjpzq} ď
oscpRq

2|z|3
`

15Rmax

2|z|5
oscpRq ă

oscpRq

|z|3
ď

ˆ

100

99

˙2 oscpRq

ϑ3
j

ă
1

10

ρ

ϑ2
j

by our assumption ρ ě 15oscpRq

λj
.
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Proof of (9.7). Finally, we show the lower bound on sminpDjpzqq. For each l P rrs, set

αlpzq :“ λ´1
l ´ uJ

l Φpzqul.

We rewrite

Djpzq “ Λ´1
´j ´ UJ

´jΦpzqU´j

“ Λ´1
´j ´ diagpuJ

l ΦpzqulqlPrrsztju ´ Off
`

UJ
´jΦpzqU´j

˘

“ diagpαlpzqqlPrrsztju ´ Off
`

UJ
´jΦpzqU´j

˘

.

Thus,

sminpDjpzqq ě min
lPrrsztju

|αlpzq| ´

›

›

›
Off

`

UJ
´jΦpzqU´j

˘

›

›

›
. (9.22)

We first bound Off
`

UJ
´jΦpzqU´j

˘

. By (5.3),

Off
`

UJ
´jΦpzqU´j

˘

“ Off
`1

z
I `

1

z3
UJ

´jRU´j ` UJ
´jεpzqU´j

˘

“ Off
` 1

z3
UJ

´jRU´j

˘

` Off
`

UJ
´jεpzqU´j

˘

. (9.23)

Note that
OffpUJ

´jpR ´ c1IqU´jq “ OffpUJ
´jRU´jq.

Choosing c1 “ 1
2pRmax ` Rminq, we get

›

›

›
Off

`

UJ
´jRU´j

˘

›

›

›
ď }R ´ c1I} ď

1

2
oscpRq.

Similarly, we also have

}OffpUJ
´jεpzqU´jq} “ }OffpUJ

´jpεpzq ´ c2IqU´jq} ď }εpzq ´ c2I}.

Decompose εpzq “ diagpεkpzqq “ diagpxkq `
?

´1diagpykq. Set c2 “ cx `
?

´1cy “
1
2pmaxk xk ` mink xkq `

?
´1pmaxk yk ` mink ykq. Then

|εkpzq ´ c2|2 “ |xk ´ cx|2 ` |yk ´ cy|2| ď
1

4
oscpxq2 `

1

4
oscpyq2 ď

1

2
oscpεpzqq2.

It follows that
}OffpUJ

´jεpzqU´jq} ď
1

?
2
oscpεpzqq ď

15Rmax
?
2|z|5

oscpRq.

The last inequality is by Lemma 5.2. Combining these estimates with (9.23) yields

›

›Off
`

UJ
´jΦpzqU´j

˘›

› ď
oscpRq

2|z|3
`

15Rmax
?
2|z|5

oscpRq (9.24)

ď
oscpRq

|z|3

ˆ

1

2
`

15

9
?
2

˙

ă 1.8
oscpRq

ϑ3
j

ď
1.8

13

ρ

ϑ2
j
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where we used |z| ě 99
100ϑj and ρ ą 13oscpRq

ϑj
.

It remains to bound minlPrrsztju |αlpzq| where

αlpzq “ λ´1
l ´ uJ

l Φpzqul.

Define
O` :“ tl P rr`s : λl ě 6

a

Rmaxu.

We split the discussion into three cases: l P O`, l P rr`szO` and l P rrszrr`s.

Case 1: l P O`. We have λl ě 6
?
Rmax. By Proposition 5.1, define ϑl as the unique solution

to αlpzq “ 0. Also, ϑl ě 5
?
Rmax. Using similar estimates as (9.20), we get, for any real

t ě 3
?
Rmax,

α1
lptq “ ´uJ

l Φ
1ptqul ě

2

5t2
.

Since αlpϑlq “ 0,

|αlpϑjq| “

ˇ

ˇ

ˇ

ˇ

ż ϑj

ϑl

α1
lptq dt

ˇ

ˇ

ˇ

ˇ

ě

ˇ

ˇ

ˇ

ˇ

ż ϑj

ϑl

2

5t2
dt

ˇ

ˇ

ˇ

ˇ

“
2

5

|ϑl ´ ϑj |

ϑlϑj
ě

2

5

|ϑl ´ ϑj |

ϑjpϑj ` |ϑl ´ ϑj |q
.

The last step is from ϑl ď ϑj ` |ϑl ´ϑj |. Since |ϑl ´ϑj | ě 50ρ by our assumption (9.4), together
with ρ ď ϑj{100, we get

|αlpϑjq| ě
40

3

ρ

ϑ2
j

.

Next, using the same estimates as in (9.21), we also have

|αlpϑjq ´ αlpzq| ď max
|ζ´ϑj |ďρ

|α1
lpζq| ¨ ρ ď 3

ρ

ϑ3
j

.

Hence,

|αlpzq| ě |αlpϑjq| ´ |αlpϑjq ´ αlpzq| ě

ˆ

40

3
´ 3

˙

ρ

ϑ2
j

“
10

3

ρ

ϑ2
j

. (9.25)

Case 2: l P rr`szO`. We have 0 ă λl ă 6
?
Rmax ď λj . From

αlpzq ´ αjpzq “

´

λ´1
l ´ λ´1

j

¯

´
`

uJ
l Φpzqul ´ uJ

j Φpzquj
˘

,

observe that

|αlpzq ´ αjpzq| ě
λj ´ λl
λjλl

´
ˇ

ˇuJ
l Φpzqul ´ uJ

j Φpzquj
ˇ

ˇ . (9.26)

Furthermore, by (5.3),

ˇ

ˇuJ
l Φpzqul ´ uJ

j Φpzquj
ˇ

ˇ “

ˇ

ˇ

ˇ

ˇ

1

z3
uJ
l Rul ´

1

z3
uJ
j Ruj ´ puJ

l εpzqul ´ uJ
j εpzqujq

ˇ

ˇ

ˇ

ˇ

ď
1

|z|3
|uJ
l Rul ´ uJ

j Ruj | ` |uJ
l εpzqul ´ uJ

j εpzquj |

ď
oscpRq

|z|3
` oscpεpzqq.
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For the last inequality above, since ul, uj are unit vectors, their quadratic forms represent convex
combinations of the diagonal entries. Therefore, the difference between them is strictly bounded
by the maximum pairwise distance in the complex plane, which is the oscillation.

By Lemma 5.2,

ˇ

ˇuJ
l Φpzqul ´ uJ

j Φpzquj
ˇ

ˇ ď
oscpRq

|z|3

ˆ

1 `
15Rmax

|z|2

˙

ď
8

3

oscpRq

|z|3
.

Continuing from (9.26), together with |αjpzq| ď
3ρ
ϑ2j

from (9.5) and the triangle inequality, we

obtain

|αlpzq| ě |αlpzq ´ αjpzq| ´ |αjpzq| ě
λj ´ λl

λ2
j

´
8

3

oscpRq

|z|3
´

3ρ

ϑ2
j

.

Since λl ă 6
?
Rmax and λj ě 6

?
Rmax`100ρ, we have λj´λl ě 100ρ. Using our assumptions,

|z| ě 99
100ϑj , 0.87λj ď ϑj ď 1.16λj from (9.1), and ρ ą 13oscpRq

ϑj
. Thus we get

|αlpzq| ě p100 ¨ 0.872 ´ 3q
ρ

ϑ2
j

´
8

3

ˆ

100

99

˙3 oscpRq

ϑ3
j

ą 70
ρ

ϑ2
j

. (9.27)

Case 3: l P rrszrr`s. We have λl ă 0. Using the expansion (5.3), we get

uJ
l Φpϑjqul “

1

ϑj
`

Vll
ϑ3
j

` ϵlpϑjq

ě
1

ϑj
´ }ϵlpϑjq} ě

1

ϑj
´

45

8

R2
max

ϑ5
j

ě
1

ϑj
´

5

72

1

ϑj
“

67

72

1

ϑj
.

Thus, αlpϑjq “ λ´1
l ´ uJ

l Φpϑjqul ă 0 and

|αlpϑjq| ě
67

72

1

ϑj
ě

6700

72

ρ

ϑ2
j

.

Using similar estimates as (9.20), we have |α1
jpζq| ď 3

ϑ2j
for any ζ satisfying |ζ ´ ϑj | ď ρ.

Consequently,

|αlpzq ´ αlpϑjq| ď ρ ¨ max
|ζ´ϑj |ďρ

|α1
jpζq| ď 3

ρ

ϑ2
j

and

|αlpzq| ě |αlpϑjq| ´ |αlpzq ´ αlpϑjq| ě

ˆ

6700

72
´ 3

˙

ρ

ϑ2
j

ą 30
ρ

ϑ2
j

. (9.28)

53



Finally, combining (9.25), (9.27), and (9.28), we obtain

min
lPrrsztju

|αlpzq| ě
10

3

ρ

ϑ2
j

. (9.29)

Continuing from (9.22), together with (9.24), we arrive at

sminpDjpzqq ě min
lPrrsztju

|αlpzq| ´

›

›

›
Off

`

UJ
´jΦpzqU´j

˘

›

›

›
ě

ˆ

10

3
´

1.8

13

˙

ρ

ϑ2
j

ą 3
ρ

ϑ2
j

.

This completes the proof.

9.2 Proof of Theorem 6

Theorem 6 will be proved using similar techniques and estimates as Theorem 5. We briefly sketch
it here. Recall that ρ ” ρj “ 10M ` 15oscpRq

λj
.

To establish the lower bound for the top-j outlier cluster, we define the block contour enclosing
the deterministic roots ϑ1, . . . , ϑj . Following our previous notation (9.11), let

D´
j :“

j
ď

l“1

Dpϑl, ρjq,

and let C´
j :“ BD´

j be its positively oriented boundary. By our gap assumption minląkpϑk´ϑlq ě

50ρk, every supercritical root excluded from D´
k lies at a distance 49ρ from C´

k , ensuring the
contour is strictly isolated.

Recall from (9.12) that

A0pzq :“ diagpα1pzq, . . . , αrpzqq with αlpzq :“ λ´1
l ´ uJ

l Φpzqul.

The main goal is to establish an analogous result to Lemma 9.3:

LEMMA 9.4. Under the assumption of Theorem 6, we have

sup
zPC´

j

}A0pzq´1pKpzq ´ A0pzqq} ă 1, sup
zPC´

j

}Kpzq´1Bpzq} ă 1.

Because the boundary C´
j maintains a distance of at least ρj from any enclosed root ϑl, the

uniform estimates established in the Claim of Section 9.1.1 hold identically for all z P C´
j . Con-

sequently, Lemma 9.4 holds.
Hence, by Lemma 9.4 and Lemma 9.1, detpA0pzqq, gpzq “ detpKpzqq, and fpzq “ detpKpzq´

Bpzqq have the same number of zeros inside the region D´
j .

Since detpA0pzqq “
śr
l“1 αlpzq, its zeros in the supercritical regime occur at ϑl’s. By con-

struction, D´
j contains exactly j such roots: ϑ1, . . . , ϑj . Therefore, fpzq has exactly j zeros inside

D´
j . As noted previously, the zeros of fpzq outside r´}E}, }E}s correspond exactly to the eigen-

values of the perturbed matrix Ã. Since the eigenvalues are strictly ordered (i.e., λ̃1 ě ¨ ¨ ¨ ě λ̃r),
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these j enclosed roots inside D´
j must be exactly the top j perturbed eigenvalues λ̃1, . . . , λ̃j . Be-

cause all j of these eigenvalues lie strictly inside D´
j , their locations are bounded from below by

the leftmost boundary of the region.
Recalling that ϑj :“ min1ďlďj ϑl, the real part of any z P D´

k satisfies Repzq ě ϑk ´ ρk.
Thus, we conclude that for all s P rks,

λ̃s ě ϑk ´ ρk.

The proof is complete.

A Proofs of Lemmas 5.1, Lemma 5.2, Proposition 5.1, and Lemma
5.4

A.1 Proof of Lemma 5.1

Fix z with |z|2 ě 6Rmax.

Proof of Part (i): Define a mapping F : Cn Ñ Cn componentwise as

pF pyqqi “
1

z ´
ř

j σ
2
ijyj

“
1

z ´ pΣyqi
.

Consider the metric }y}8 “ maxi |yi| on Cn. Note that ϕ is a fixed point of F , i.e., F pϕq “ ϕ.
Define a closed set

B :“

"

y P Cn : }y}8 ď
3

2|z|

*

.

We first show F pBq Ď B. For y P B and every i P rns,

|pΣyqi| “
ˇ

ˇ

ÿ

j

σ2
ijyj

ˇ

ˇ ď }y}8Rmax ď
2

|z|
Rmax ď

|z|

3

by our supposition |z|2 ě 6Rmax. Hence,

ˇ

ˇz ´ pΣyqi
ˇ

ˇ ě |z| ´
ˇ

ˇpΣyqi
ˇ

ˇ ě
2

3
|z| (A.1)

and
ˇ

ˇ pF pyqqi

ˇ

ˇ “
1

|z ´ pΣyqi|
ď

3

2|z|
.

This shows that F pyq P B.
Next, we show that F : B Ñ B is a contraction. Take y, y1 P B. For each i P rns, using (A.1),

we have

ˇ

ˇ pF pyqqi ´
`

F py1q
˘

i

ˇ

ˇ “

ˇ

ˇ

ˇ

ˇ

ˇ

ř

j σ
2
ijpyj ´ y1

jq

pz ´ pΣyqiqpz ´ pΣy1qiq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Rmax}y ´ y1}8

p2|z|{3q2
“

9

4

Rmax

|z|2
}y ´ y1}8 ď

3

8
}y ´ y1}8.
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Since pB, } ¨ }8q is a complete metric space, by Banach’s fixed point theorem, F has a unique
fixed point in y˚ P B. Since the solution ϕ to the QVE (5.1) is unique and ϕpzq Ñ 0 as |z| Ñ 8.
Therefore, ϕ “ y˚ P B. In particular,

max
i

|ϕipzq| ď
3

2|z|
. (A.2)

We have
ˇ

ˇ

ˇ

`

Σϕpzq
˘

i

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ÿ

j

σ2
ijϕjpzq

ˇ

ˇ

ˇ
ď

3

2|z|
Rmax. (A.3)

Hence,
ˇ

ˇ

ˇ

ř

j σ
2
ijϕjpzq

ˇ

ˇ

ˇ
ď 1

4 |z| and

3

4
|z| ď

ˇ

ˇz ´
ÿ

j

σ2
ijϕjpzq

ˇ

ˇ ď
5

4
|z|.

To show the bounds on ϕ1pzq, differentiating the equation ϕipzq´1 “ z ´
řn
j“1 σ

2
ijϕjpzq gives

´ϕipzq´2ϕ1
ipzq “ 1 ´

n
ÿ

j“1

σ2
ijϕ

1
jpzq,

hence

ϕ1
ipzq “ ´ϕipzq2

´

1 ´

n
ÿ

j“1

σ2
ijϕ

1
jpzq

¯

and

|ϕ1
ipzq| ď |ϕipzq|2

´

1 `

n
ÿ

j“1

σ2
ij |ϕ

1
jpzq|

¯

.

Let M1 :“ maxi |ϕ1
ipzq|. By (A.2),

M1 ď
9

4|z|2
p1 ` RmaxM1q.

Since Rmax{|z|2 ď 1{6, we solve M1 ď 9
4|z|2

` 3
8M1 to obtain

M1 “ max
i

|ϕ1
ipzq| ď

18

5|z|2
.

To bound ϕ2pzq, similarly, differentiating the equation one more time yields

ϕ2
i pzq “ ´2ϕipzqϕ1

ipzq

´

1 ´

n
ÿ

j“1

σ2
ijϕ

1
jpzq

¯

` ϕipzq2
n
ÿ

j“1

σ2
ijϕ

2
j pzq.

Hence,

|ϕ2
i pzq| ď 2|ϕipzq| |ϕ1

ipzq|

´

1 `

n
ÿ

j“1

σ2
ij |ϕ

1
jpzq|

¯

` |ϕipzq|2
n
ÿ

j“1

σ2
ij |ϕ

2
j pzq|.
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Let M2 :“ maxi |ϕ2
i pzq|. Using the previous bounds on M1 and (A.2), we have

M2 ď 2 ¨
3

2|z|
¨

18

5|z|2
¨

´

1 `
3

5

¯

`
9Rmax

4|z|2
M2.

Thus,

M2 “ max
i

|ϕ2
i pzq| ď

3456

125|z|3
ď

28

|z|3
.

Proof of Part (ii): In the following, we prove (5.2). From ϕipzq “ 1
z´pΣϕqi

and the exact identity
1

z´x “ 1
z ` x

zpz´xq
, treating x “ pΣϕqi, we get

ϕipzq “
1

z
`

pΣϕqi

zpz ´ pΣϕqiq
“

1

z
`

pΣϕqi

z
ϕipzq :“

1

z
` δipzq, (A.4)

where

|δipzq| ď
|pΣϕqi|

|z|
|ϕipzq| ď

9

4

Rmax

|z|3

by (A.2) and (A.3). Next, from the algebraic identity 1
z´x “ 1

z ` x
z2

` x2

z2pz´xq
, we also have

ϕipzq “
1

z
`

pΣϕqi

z2
`

pΣϕq2i

z2
ϕipzq :“

1

z
`

pΣϕqi

z2
` δ̃ipzq, (A.5)

where, by (A.2) and (A.3), we have the estimate

|δ̃ipzq| ď
|pΣϕqi|

2

|z|2

ˇ

ˇϕipzq
ˇ

ˇ ď
27

8

R2
max

|z|5
.

Now we plug (A.4) into the term pΣϕqi
z2

in (A.5):

pΣϕqi

z2
“

1

z2

ÿ

j

σ2
ij

ˆ

1

z
` δjpzq

˙

“
Ri

z3
`

ř

j σ
2
ijδjpzq

z2
.

Observe that
ˇ

ˇ

ˇ

ˇ

ˇ

ř

j σ
2
ijδjpzq

z2

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Rmax

|z|2
max
j

|δjpzq| ď
9

4

R2
max

|z|5
.

Combining the above estimates, we arrive at the final expansion:

ϕipzq “
1

z
`

Ri

z3
`

˜

δ̃ipzq `

ř

j σ
2
ijδjpzq

z2

¸

:“
1

z
`

Ri

z3
` εipzq

with the error term εipzq satisfying

|εipzq| ď |δ̃ipzq| `

ˇ

ˇ

ˇ

ˇ

ˇ

ř

j σ
2
ijδjpzq

z2

ˇ

ˇ

ˇ

ˇ

ˇ

ď
27

8

R2
max

|z|5
`

9

4

R2
max

|z|5
“

45

8

R2
max

|z|5
.
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This proves (5.2).
To prove (5.4), we start with

ϕipzq “

ˆ

1

z
`

Ri

z3
` εipzq

˙1

“ ´
1

z2
´

3Ri

z4
` ε1

ipzq.

Recall that
εipzq “ δ̃ipzq `

1

z2

ÿ

j

σ2
ijδjpzq,

where

δipzq “
pΣϕqi

z
ϕipzq and δ̃ipzq “

pΣϕq2i

z2
ϕipzq.

It remains to bound |ε1
ipzq|. Note that

δ1
ipzq “ ´

pΣϕqi

z2
ϕipzq `

pΣϕ1qi

z
ϕipzq `

pΣϕqi

z
ϕ1
ipzq,

δ̃1
ipzq “ ´2

pΣϕq2i

z3
ϕipzq ` 2

pΣϕqipΣϕ
1qi

z2
ϕipzq `

pΣϕq2i

z2
ϕ1
ipzq.

Plugging in the previous estimates

|ϕipzq| ď
3

2|z|
, |ϕ1

ipzq| ď
18

5|z|2
, |pΣϕqi| ď

3Rmax

2|z|
, |pΣϕ1qi| ď

18Rmax

5|z|2

yields

|δ1
ipzq| ď 13.05

Rmax

|z|4
and |δ̃1

ipzq| ď 31.05
R2

max

|z|6
.

Together with |δipzq| ď 9
4
Rmax
|z|3

, we obtain that

|ε1
ipzq| ď |δ̃1

ipzq| `

ˇ

ˇ

ˇ

ˇ

ˇ

´
2

z3

ÿ

j

σ2
ijδjpzq `

1

z2

ÿ

j

σ2
ijδ

1
jpzq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 48.6
R2

max

|z|6
.

We have proved (5.4).

A.2 Proof of Lemma 5.2

Fix z P C with |z| ě
?
6Rmax ą 0. Let

?
¨ denote the principal branch of the complex square

root on Czp´8, 0s. Recall that in (5.1), ϕipzq “ 1
z´

ř

j σ
2
ijϕjpzq

. For comparison, for each i P rks,

if Ri ą 0, define an auxiliary function

mipzq “
z ´

?
z2 ´ 4Ri

2Ri
“

z

2Ri

˜

1 ´

c

1 ´
4Ri

z2

¸

and if Ri “ 0, define mipzq “ 1
z . Then mipzq satisfies the quadratic equation

mipzq “
1

z ´ Rimipzq
. (A.6)
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Set
dipzq “ ϕipzq ´ mipzq and dpzq “ pd1pzq, . . . , dnpzqq.

Then

Φpzq “ diagpm1pzq, . . . ,mnpzqq ` dpzq.

We can rewrite

εipzq “ ϕipzq ´
1

z
´

Ri

z3
“ mipzq ´

1

z
´

Ri

z3
` dipzq,

which yields

oscpεipzqq ď osc

ˆ

mipzq ´
1

z
´

Ri

z3

˙

` 2}dpzq}8. (A.7)

We now bound each term on the right-hand side separately.
We start with the first term on the right-hand side of (A.7). Since |

4Ri
z2

| ď 2
3 ă 1, the binomial

series for
?
1 ´ w is absolutely convergent at w “

4Ri
z2

. Hence,

?
1 ´ w “ 1 ´ 2

8
ÿ

k“0

1

k ` 1

ˆ

2k

k

˙

´w

4

¯k`1
“ 1 ´ 2

8
ÿ

k“0

Ck

´w

4

¯k`1
,

where Ck “ 1
k`1

`

2k
k

˘

denotes the Catalan number. Applying this expansion

mipzq “
z

2Ri

˜

1 ´

c

1 ´
4Ri

z2

¸

,

we get

mipzq “
z

2Ri

«

1 ´

˜

1 ´ 2
8
ÿ

k“0

Ck

ˆ

4Ri{z
2

4

˙k`1
¸ff

“
z

Ri

˜

8
ÿ

k“0

Ck
Rk`1
i

z2k`2

¸

“
1

z
`

Ri

z3
`

8
ÿ

k“2

Ck
Rk
i

z2k`1
:“

1

z
`

Ri

z3
` vipzq (A.8)

and thus

Φpzq “
1

z
I `

1

z3
R ` diagpvipzqq1ďiďn ` dpzq. (A.9)

It follows that

osc

ˆ

mipzq ´
1

z
´

Ri

z3

˙

“ max
i,j

|vipzq ´ vjpzq|

“ max
i,j

ˇ

ˇ

ˇ

ˇ

ˇ

8
ÿ

k“2

Ck
Rk
i ´ Rk

j

z2k`1

ˇ

ˇ

ˇ

ˇ

ˇ

ď

˜

8
ÿ

k“2

Ck
kRk´1

max

|z|2k`1

¸

oscpRq,
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where we used

|Rk
i ´ Rk

j | “ |pRi ´ RjqpRk´1
i ` Rk´2

i Rj ` ¨ ¨ ¨ ` Rk´1
j q| ď oscpRq ¨ kRk´1

max.

Since Rmax{|z|2 ď 1{6 by our assumption, we continue to have

osc

ˆ

mipzq ´
1

z
´

Ri

z3

˙

ď
Rmax

|z|5

˜

8
ÿ

k“2

kCk
Rk´2

max

|z|2pk´2q

¸

oscpRq

ď
Rmax

|z|5
oscpRq

˜

8
ÿ

k“2

kCk
6k´2

¸

ď
11Rmax

|z|5
oscpRq. (A.10)

In the last step, we used
ř8
k“2

kCk
6k´2 ď 11. This can be derived by taking the generating function

of the Catalan numbers

cpxq “

8
ÿ

k“0

Ckx
k “

1 ´
?
1 ´ 4x

2x
. (A.11)

The sum is S “
ř8
k“2 kCkx

k´2 evaluated at x “ 1{6. Differentiating the generating function
gives c1pxq “

ř8
k“1 kCkx

k´1 “ 1 ` xS. Therefore, the sum is exactly given by S “
c1pxq´1

x .
Taking the derivative yields c1pxq “

1´2x´
?
1´4x

2x2
?
1´4x

. Evaluating this at x “ 1{6 gives c1p1{6q “

12
?
3 ´ 18. Substituting this back into the sum formula yields the exact value:

8
ÿ

k“2

kCk
6k´2

“ 6p12
?
3 ´ 19q ď 11.

Furthermore, we obtain the following bound for later estimates:

|mipzq ´ mjpzq| ď
|Ri ´ Rj |

|z|3
` osc

ˆ

mipzq ´
1

z
´

Ri

z3

˙

ď
oscpRq

|z|3
`

11Rmax

|z|5
oscpRq

ď

ˆ

1 `
1

6

˙

oscpRq

|z|3
“

7

6

oscpRq

|z|3
. (A.12)

In the last inequality, we applied Rmax{|z|2 ď 1{6.
Next, we turn to the second term on the right-hand side of (A.7). For each i, we have

|dipzq| “ |ϕipzq ´ mipzq| “

ˇ

ˇ

ˇ

ˇ

ˇ

1

z ´
ř

j σ
2
ijϕjpzq

´
1

z ´ Rimipzq

ˇ

ˇ

ˇ

ˇ

ˇ

“
|Rimipzq ´

ř

j σ
2
ijϕjpzq|

|z ´
ř

j σ
2
ijϕjpzq| ¨ |z ´ Rimipzq|

ď
2

|z|2

ˇ

ˇ

ˇ
Rimipzq ´

ÿ

j

σ2
ijϕjpzq

ˇ

ˇ

ˇ
. (A.13)
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For the last step above, observe that |z ´
ř

j σ
2
ijϕjpzq| ě 3

4 |z| by Lemma 5.1 (i). In addition, we
claim that

|z ´ Rimipzq| ě
2|z|

3
.

To see this, from (A.6), we have |z ´ Rimipzq| “ 1
|mipzq|

. Using the series expansion of mipzq in
(A.8) and Rmax{|z|2 ď 1{6, we get

|mipzq| ď
1

|z|

8
ÿ

k“0

Ck

´ Ri

|z|2

¯k
ď

1

|z|

8
ÿ

k“0

Ck
6k

“
cp1{6q

|z|
ă

1.5

|z|
,

where cpxq is defined in (A.11). The claim is proved.
It remains to estimate |Rimipzq ´

ř

j σ
2
ijϕjpzq|. We write

ˇ

ˇ

ˇ
Rimipzq ´

ÿ

j

σ2
ijϕjpzq

ˇ

ˇ

ˇ
“ |

ÿ

j

σ2
ijpmipzq ´ mjpzqq `

ÿ

j

σ2
ijpmjpzq ´ ϕjpzqq|

ď
ÿ

j

σ2
ij |mipzq ´ mjpzq| ` Rmax}dpzq}8.

Plugging in (A.12), we further have

|Rimipzq ´
ÿ

j

σ2
ijϕjpzq| ď

7

6

Rmax

|z|3
oscpRq ` Rmax}dpzq}8

and thus from (A.13),

}dpzq}8 “ max
i

|dipzq| ď
2

|z|2

ˆ

7

6

Rmax

|z|3
oscpRq ` Rmax}dpzq}8

˙

ď
7

3

Rmax

|z|5
oscpRq `

1

3
}dpzq}8.

Rearranging terms, we arrive at

}dpzq}8 ď
7Rmax

2|z|5
oscpRq. (A.14)

Finally, we conclude that

oscpεipzqq ď osc

ˆ

mipzq ´
1

z
´

Ri

z3

˙

` 2}dpzq}8 ď 14.5
Rmax

z5
oscpRq.

A.3 Proof of Proposition 5.1

By part (ii) of Lemma 5.1,

uJ
j Φpzquj “

1

z
`

Vjj
z3

` ϵjpzq, |ϵjpzq| “ |uJ
j εpzquj | ď

45

8

R2
max

z5
,

for all real z ě 3
?
Rmax. For brevity, denote fpzq “ uJ

j Φpzquj and thus α̂jpzq “ 1 ´ λjfpzq.
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We first show that α̂j has a unique zero. Note that Vjj ě 0. At z0 :“ 3
?
Rmax,

fpz0q “ uJ
j Φpz0quj ě

1

z0
´

45

8

R2
max

z50
“

ˆ

1

3
´

45

8 ¨ 35

˙

1
?
Rmax

“
67

216

1
?
Rmax

,

hence
α̂jpz0q ď 1 ´

67

216

λj
?
Rmax

ă 0

since λj ě 6
?
Rmax. On the other hand, α̂jpzq Ñ 1 as z Ñ 8. Next, by part (ii) of Lemma 5.1,

f 1pzq “ uJ
j Φ

1pzquj “ ´
1

z2
´

3Vjj
z4

` ϵ1
jpzq, |ϵ1

jpzq| “ |uJ
j ε

1pzquj | ď
243

5

R2
max

z6
.(A.15)

Therefore, on the interval r3
?
Rmax,8q,

α̂1
jpzq “ ´f 1pzq ě λj

ˆ

1

z2
´

243

5

R2
max

z6

˙

ą 0

since
243

5

R2
max

z6
ď

243

5

1

81z2
“

243

405

1

z2
ă

1

z2
.

Therefore, α̂j is strictly increasing, and has a unique and simple real zero ϑj P r3
?
Rmax,8q.

Observe that at z “ λj{2 ě 3
?
Rmax and z “ 2λj , we have

α̂jpλj{2q “ 1 ´ λju
J
j Φpλj{2quj ď 1 ´ λj

˜

2

λj
´

45

8

25R2
max

λ5
j

¸

ď ´1 `
5

36
ă 0

and

α̂jp2λjq “ 1 ´ λju
J
j Φp2λjquj ě 1 ´ λj

˜

1

2λj
`

45

8

R2
max

25λ5
j

¸

ě
1

2
´

45

9216
ą 0.

Since α̂j is strictly increasing, we have

λj
2

ď ϑj ď 2λj .

Now we locate ϑj . Note that fpϑjq “ λ´1
j . We introduce a scalar comparison function

mV,jpzq “
z ´

a

z2 ´ 4Vjj
2Vjj

which satisfies the quadratic equation

mpzq “
1

z ´ Vjjmpzq
. (A.16)
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This function approximates fpzq “ uJ
j Φpzquj by noting Vjj “

ř

i ujpiq
2Ri and the definition of

ϕipzq in (5.1).
Denote

xj :“ λj `
Vjj
λj

.

Then xj is a zero of 1 ´ λjmV,jpzq “ 0. Indeed, plugging mV,jpzq “ 1
λj

into (A.16), we get

λj “ z ´ VjjmV,jpzq “ z ´
Vjj
λj

and thus z “ λj `
Vjj
λj

.

Next, we expand mV,jpzq as a Catalan series the same as (A.8) at z “ xj :

1

λj
“ mV,jpxjq “

1

xj
`

Vjj
x3j

`

8
ÿ

k“2

Ck
Vkjj

x2k`1
j

. (A.17)

To estimate |ϑj ´ xj |, we first show that fpxjq “ uJ
j Φpxjquj « 1

λj
“ fpϑjq. Then we apply

the mean value theorem to bound |ϑj ´ xj |.
In the proof of Lemma 5.2, we have the expansion of Φpzq given in (A.9). Hence,

fpxjq “ uJ
j Φpxjquj “

1

xj
`

Vjj
x3j

`

8
ÿ

k“2

Ck

ř

i ujpiq
2Rk

i

x2k`1
j

` uJ
j dpxjquj .

Subtracting with (A.17), we obtain

|fpxjq ´ fpϑjq| “ |fpxjq ´
1

λj
| ď

8
ÿ

k“2

Ck

x2k`1
j

ˇ

ˇ

ˇ

ˇ

ˇ

Vkjj ´
ÿ

i

ujpiq
2Rk

i

ˇ

ˇ

ˇ

ˇ

ˇ

` }dpxjq}8.

Note that
ˇ

ˇ

ˇ

ˇ

ˇ

Vkjj ´
ÿ

i

ujpiq
2Rk

i

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

i

ujpiq
2
ˇ

ˇ

ˇ
Vkjj ´ Rk

i

ˇ

ˇ

ˇ
ď kRk

max

ÿ

i

ujpiq
2 |Vjj ´ Ri|

ď kRk
maxoscpRq.

Following the same step as (A.10) and combining the bound on }d}8 in (A.14), we arrive at

|fpxjq ´ fpϑjq| ď 11
Rmax

x5j
oscpRq `

7

2

Rmax

x5j
oscpRq ď 14.5

Rmax

λ5
j

oscpRq.

Finally, by mean value theorem, |fpxjq ´ fpϑjq| “ |xj ´ϑj | ¨ |f 1pwq| for some w between xj and
ϑj . Since λj{2 ď ϑj ď 2λj and xj ď 2λj , we have w ď 2λj . By (A.15), we get

f 1pwq ě
1

w2
´

243

5

R2
max

w6
ě

1

w2

ˆ

1 ´
243

5 ¨ 81

˙

“
2

5w2
ě

1

10λ2
j

.

Rearranging yields that
ˇ

ˇ

ˇ

ˇ

λj `
Vjj
λj

´ ϑj

ˇ

ˇ

ˇ

ˇ

“ |xj ´ ϑj | ď 145
Rmax

λ3
j

oscpRq.

The proof is now complete.
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A.4 Proof of Lemma 5.4

We apply Corollary 3.12 from [16] with a standard truncation technique. Denote

Ln :“ KσmaxppD ` 4q lognq1{2.

By a union bound, we have

Ppmax
i,j

|Eij | ą Lnq ď n2 ¨ 2 expp´pLn{Kq2q “ 2n´pD`2q.

We split E into big and small parts according to Ln. Namely, we write E “ Z ` M ` B, where
we define these symmetric matrices via

Zij “ Eij1t|Eij |ďLnu ´ EpEij1t|Eij |ďLnuq, Mij “ EpEij1t|Eij |ďLnuq, Bij “ Eij1t|Eij |ąLnu.

Note that if maxi,j |Eij | ď Ln, then B “ 0. We work on the event E “ tmaxi,j |Eij | ď Lnu

below and previous calculations suggest that PpEq ě 1 ´ 2n´pD`2q.
Next, we bound }M}. Note that since Eij has mean 0, Mij “ ´EpEij1t|Eij |ąLnuq. Therefore,

|Mij | ď Ep|Eij |1t|Eij |ąLnuq “

ż 8

Ln

Pp|Eij | ě tq dt ď 2Lnn
´pD`4q

since Pp|Eij | ą Lnq ď 2n´pD`4q. Then we have

}M} ď max
i

ÿ

j

|Mij | ď 2Lnn
´pD`3q.

Finally, for the bound on }Z}, we apply Corollary 3.12 from [16]. Note that Zij’s have mean
0 and |Zij | ď 2Ln. Also, EpZ2

ijq ď EpE2
ijq “ σ2

ij . Applying of [16, Corollary 3.12 ], together
with a standard symmetrization (as in the proof of [16, Corollary 3.3 ]), yields that for t ą 0,

P
´

}Z} ě 2
?
2p1 ` ϵqσ̃ ` t

¯

ď n expp´t2{pcϵLnq2q.

We choose ϵ such that 2
?
2p1`ϵq “ 2.9 and denote cϵ “ c. The parameter σ̃ “ maxi

b

ř

j EpZ2
ijq “

b

maxi σ2
ij “

?
Rmax by our supposition. Choosing t “ cLn

a

pD ` 3q logn, we obtain that

P
´

}Z} ě 2.9
a

Rmax ` cLn
a

pD ` 3q logn
¯

ď n´pD`2q.

Combining the above estimates, we have that with probability at least 1 ´ 3n´pD`2q,

}E} ď }Z} ` }M} ` }B} ď 2Lnn
´pD`3q ` 1.5

a

Rmax ` cLn
a

pD ` 3q logn

ď 2.9
a

Rmax ` cKσmaxpD ` 4q logn.
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B Proofs of Proposition 7.1 and Proposition 7.2

B.1 Proof of Proposition 7.1

Let Q “ I ´ UUJ be the orthogonal projection onto the null space of A. Set PJ “ UJU
J
J where

J “ rrszrks and UJ “ puk`1, . . . , urq. Then

PUK
k

“ PJ ` Q.

We first prove (7.1) in part (i). Starting from } sin∠pUk, Ũkq} “ }PUK
k
P
Ũk

} (see, for instance,
[28, Exercises VII. 1. 9-1.11]), we have

} sin∠pUk, Ũkq} “ }pPJ ` QqP
Ũk

} ď }PJPŨk} ` }QP
Ũk

}

ď }UJ
J Ũk}F ` }QP

Ũk
}.

It remains to bound }QP
Ũk

} “ }QŨk}. From the spectral decomposition of Ã, we have pA `

EqŨk “ ŨkΛ̃k. Multiplying by Q on the left and noting that QA “ 0, we obtain QEŨk “

QŨkΛ̃k. Since Λ̃k is invertible, we have

QŨk “ QEŨkΛ̃
´1
k .

To see that Λ̃k is indeed invertible, note that by Weyl’s inequality, for every 1 ď s ď k,

3

2
λs ě λs ` }E} ě λ̃s ě λs ´ }E} ě

1

2
λs, (B.1)

where the last inequality follows from our assumption λs ě λk ě 2}E}. Therefore,

}QP
Ũk

} “ }QEŨkΛ̃
´1
k } ď }QEŨk} ¨ }Λ̃´1

k } ď
}E}

λ̃k
ď 2

}E}

λk
. (B.2)

Now we turn to part (ii). Note that (7.2) is given in Eq. (10) of [98]. It remains to prove (7.3).
It follows from the decomposition ũs “ PUk ũs ` PJ ũs ` Qũs for each 1 ď s ď k that

Ũk “ PUk Ũk ` PJ Ũk ` QŨk

and thus

}Ũk ´ PUk Ũk}2,8 “ }PJ Ũk ` QŨk}2,8 ď }UJU
J
J Ũk}2,8 ` }QŨk}2,8

ď }U}2,8 ¨ }UJ
J Ũk}F ` }QŨk}2,8.

To finish the proof, we show that

}QŨk}2,8 ď
13

2

?
k}U}2,8

Rmax

λ̃2
k

` 2

g

f

f

e

k
ÿ

s“1

λ̃2
s max
1ďiďn

›

›eJ
i QΞpzqU

›

›

2
.
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For 1 ď s ď k, from the pA ` Eqũs “ λ̃sũs, we have Aũs “ pλ̃s ´ Eqũs. Therefore,

ũs “ Gpλ̃sqAũs “ Φpλ̃sqAũs ` Ξpλ̃sqAũs (B.3)

and for any canonical vector el, we obtain

eJ
l QŨk “

`

eJ
l QΦpλ̃sqAũs

˘

sPrks
`
`

eJ
l QΞpλ̃sqAũs

˘

sPrks
:“ q

p1q

l ` q
p2q

l .

It follows that
}QŨk}2,8 “ max

1ďlďn
}eJ
l QŨk} ď max

1ďlďn

`

}q
p1q

l } ` }q
p2q

l }
˘

.

We bound }q
p1q

l } and }q
p2q

l } on the right hand side. We start from

}q
p1q

l } “

g

f

f

e

k
ÿ

s“1

`

eJ
l QΦpλ̃sqAũs

˘2
.

For each l P rns, observe that

|eJ
l QΦpλ̃sqAũs| “ |eJ

l QΦpλ̃sqU ¨ ΛUJũs| ď }eJ
l QΦpλ̃sqU} ¨ }ΛUJũs}. (B.4)

Note that
}ΛUJũs} ď 2λ̃s.

This is because from pA`Eqũs “ λ̃sũs, we have Aũs “ UΛUJũs “ pλ̃sI ´Eqũs. Multiplying
UJ on each side, we further get ΛUJũs “ UJpλ̃s ´ Eqũs and

}ΛUJũs} ď pλ̃s ` }E}q ď 2λ̃s

by (B.1) and our assumption λs ě λk ě 2}E}.
Next, we estimate }eJ

l QΦpλ̃sqU}. Since λ̃s ě 1
2λs ě 3

?
Rmax, Note that Φpλ̃sq is a diagonal

matrix. Indeed, for a general real diagonal matrix D “ diagpd1, ¨ ¨ ¨ , dnq,

eJ
l QDU “ eJ

l pI ´ UUJqDU “ eJ
l DU ´ eJ

l UpUJDUq

“ eJ
l UpdlI ´ UJDUq “ eJ

l U ¨ UJpdlI ´ DqU

due to eJ
l D “ dle

J
l and hence,

}eJ
l QDU} ď }eJ

l U}max
i

|di ´ dl| ď }U}2,8oscpDq.

We apply this to D “ Φpλ̃sq. Since Φpzq “ 1
z In ` 1

z3
R` εpzq from (5.3), by Lemma 5.2, we get

oscpΦpλ̃sqq ď

˜

1 ` 15
Rmax

λ̃2
s

¸

oscpRq

λ̃3
s

ď
8

3

oscpRq

λ̃3
s

,

where we used λ̃s ě 1
2λs ě 3

?
Rmax from (B.1) and our assumption λk ě 6

?
Rmax. Thus,

}eJ
l QΦpλ̃sqU} ď }U}2,8oscpΦpλ̃sqq ď

8

3
}U}2,8

oscpRq

λ̃3
s

.
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Combining the above estimates, we continue from (B.4) to achieve

|eJ
l QΦpλ̃sqAũs| ď

8

3
}U}2,8

oscpRq

λ̃2
s

ď
8

3
}U}2,8

oscpRq

λ̃2
k

.

Thus

}q
p1q

l } “

g

f

f

e

k
ÿ

s“1

`

eJ
l QΦpλ̃sqAũs

˘2
ď

8

3

?
k}U}2,8

oscpRq

λ̃2
k

.

The estimate for

}q
p2q

l } “

g

f

f

e

k
ÿ

s“1

`

eJ
l QΞpλ̃sqAũs

˘2

is simpler. Using an estimate similar to (B.4), we have

|eJ
l QΞpλ̃sqAũs| “ |eJ

l QΞpλ̃sqU ¨ ΛUJũs| ď }eJ
l QΞpλ̃sqU} ¨ }ΛUJũs}

ď 2λ̃s}e
J
l QΞpλ̃sqU}.

Thus

}q
p2q

l } ď 4

g

f

f

e

k
ÿ

s“1

λ̃2
s max
1ďiďn

›

›

›
eJ
i QΞpλ̃sqU

›

›

›

2
.

Combining all the above estimates, we complete the proof.

B.2 Proof of Proposition 7.2

Fix s P rks. Recall that J “ rrszrks. We partition J into two parts

J :“ tk ` 1, . . . , r`u and N :“ tr` ` 1, . . . , ru.

Then
}UJ

J ũs}
2 “ }UJ

J ũs}
2 ` }UJ

N ũs}
2.

We estimate each term separately.

Step 1. Bound on }UJ
J ũs}. Set I “ rks Y tr` ` 1, . . . , ru “ rrszJ . We then have the decompo-

sition
A “ UΛUJ “ UJΛJU

J
J ` UIΛIU

J
I .

Multiplying both sides of (B.3) by UJ
J from the left yields

UJ
J ũs “ UJ

JΦpλ̃sqAũs ` UJ
JΞpλ̃sqAũs

“ UJ
JΦpλ̃sqUJΛJ ¨ UJ

J ũs ` UJ
JΦpλ̃sqUI ¨ ΛIU

J
I ũs ` UJ

JΞpλ̃sqU ¨ ΛUJũs,

where we have used the decomposition of A. Isolating the term UJ
J ũs gives

´

I ´ UJ
JΦpλ̃sqUJΛJ

¯

UJ
J ũs “ UJ

JΦpλ̃sqUI ¨ ΛIU
J
I ũs ` UJ

JΞpλ̃sqU ¨ ΛUJũs. (B.5)
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Denote
LJ pλ̃sq :“ I ´ UJ

JΦpλ̃sqUJΛJ .

We first bound the smallest singular value sminpLJ pλ̃sqq. We split

UJ
JΦpλ̃sqUJ “ diagpuJ

j Φpλ̃squjqjPJ ` OffpUJ
JΦpλ̃sqUJ q

:“ diagpuJ
j Φpλ̃squjqjPJ ` QJ pλ̃sq

and rewrite

LJ pλ̃sq “ I ´ diagpuJ
j Φpλ̃squjqjPJΛJ ´ QJ pλ̃sqΛJ

“ diag
´

1 ´ λju
J
j Φpλ̃squj

¯

jPJ
´ QJ pλ̃sqΛJ .

Then

sminpLJ pλ̃sqq ě
∆Φ

J pλ̃sq

λ̃s
´ }QJ pλ̃sqΛJ } (B.6)

with ∆Φ
J pλ̃sq “ λ̃sminjPJ |1 ´ λju

J
j Φpλ̃squj | defined in (7.4).

Now we bound }QJ pλ̃sqΛJ } on the right-hand side of (B.6). Since λ̃s ě 3
?
Rmax, by the

second-order expansion of Φ in (A.5), we have

QJ pλ̃sq “ OffpUJ
JΦpλ̃sqUJ q “ Off

˜

VJJ

λ̃3
s

¸

` Off
´

UJ
J εpλ̃sqUJ

¯

.

Note, by orthogonality, that
›

›

›
Off

´

UJ
J εpλ̃sqUJ

¯›

›

›
“

›

›

›
Off

´

UJ
J
`

εpλ̃sq ´ c˚I
˘

UJ

¯›

›

›
ď }εpλ̃sq ´ c˚I} “

1

2
oscpεpλ̃sqq,

where we select c˚ “ 1
2

´

maxi εipλ̃sq ` mini εipλ̃sq
¯

. It follows, by applying Proposition 5.2,
that

}QJ pλ̃sqΛL} ď
λk`1

λ̃3
s

}OffpVJJ q} `
13

2

Rmaxλk`1

λ̃5
s

oscpRq.

Our assumption implies that
∆Φ

J pλ̃sq

λ̃s
ě 2}QJ pλ̃sqΛL}

and hence, from (B.6), we get

sminpLJ pλ̃sqq ě
1

2

∆Φ
J pλ̃sq

λ̃s
.

Next, we turn to the term on the right-hand side of (B.5). Applying the triangle inequality
yields

}UJ
JΦpλ̃sqUI ¨ ΛIU

J
I ũs ` UJ

JΞpλ̃sqU ¨ ΛUJũs}

ď }UJ
JΦpλ̃sqUI} ¨ }ΛIU

J
I ũs} ` }UJ

JΞpλ̃sqU} ¨ }ΛUJũs}.
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For the bound on }ΛUJũs}, starting from pA`Eqũs “ λ̃sũs, we have UΛUJũs “ pλ̃sI ´Eqũs.
Multiplying UJ from the left on both sides and taking the norms yield

}ΛUJũs} “ }UJpλ̃sI ´ Eqũs} ď λ̃s ` }E} ď 2λ̃s.

The last step follows from (B.1) and our assumption λs ě 2}E}. Similarly, we also have

}ΛIU
J
I ũs} ď 2λ̃s.

The right-hand side of (B.5) is bounded by

2λ̃s

´

}UJ
JΦpλ̃sqUI} ` }UJΞpλ̃sqU}

¯

.

It remains to estimate }UJ
JΦpλ̃sqUI}. We plug in the second-order expansion of Φpλ̃sq in (A.5).

By the orthogonality of eigenvectors, we get

UJ
JΦpλ̃sqUI “

UJ
JRUI

λ̃3
s

` UJ
J εpλ̃sqUI

“
VJI

λ̃3
s

` UJ
J

´

εpλ̃sq ´ c˚I
¯

UI ,

where c˚ “ 1
2

´

maxi εipλ̃sq ` mini εipλ̃sq
¯

. By Proposition 5.2, we obtain

}UJ
JΦpλ̃sqUI} ď

}VJI}

λ̃3
s

` }εpλ̃sq ´ c˚I}

ď
}VJI}

λ̃3
s

`
1

2
oscpεpλ̃sqq ď

}VJI}

λ̃3
s

`
13

2

Rmax

λ̃5
s

oscpRq.

Therefore, the right-hand side of can be bounded by

2λ̃s

˜

}VJI}

λ̃3
s

`
13

2

Rmax

λ̃5
s

oscpRq ` }UJΞpλ̃sqU}

¸

.

Finally, combining the above estimates, we continue from (B.5) to achieve the bound

}UJ
J ũs} ď

2λ̃s

´

}VJI}

λ̃3s
` 13

2
Rmax

λ̃5s
oscpRq ` }UJΞpλ̃sqU}

¯

sminpLJ pλ̃sqq

ď
4

∆Φ
J pλ̃sq

˜

}VJI}

λ̃s
`

13

2

Rmax

λ̃3
s

oscpRq ` λ̃2
s}U

JΞpλ̃sqU}

¸

.

Step 2. Bound on }UJ
N ũs}. Denote the index set K :“ rrszN . We decompose

A “ UNΛNUJ
N ` UKΛKU

J
K .

69



Following the same derivation of (B.5), we have
´

I ´ UJ
NΦpλ̃sqUNΛN

¯

UJ
N ũs “ UJ

NΦpλ̃sqUK ¨ ΛKU
J
K ũs ` UJ

NΞpλ̃sqU ¨ ΛUJũs. (B.7)

Denote
L̂N pλ̃sq :“ I ´ UJ

NΦpλ̃sqUNΛN .

We first bound smin

`

L̂N pλ̃sq
˘

. Since ΛN contains only negative eigenvalues, set DN :“ diagp|λl|qlPN “

´ΛN ą 0. Denote QN :“ UJ
NΦpλ̃sqUN for simplicity. Since ϕipλ̃sq ą 0, QN ą 0. Rewrite

L̂N pλ̃sq “ I ` QNDN “ Q
1{2
N

´

I ` Q
1{2
N DNQ

´1{2
N

¯

Q
1{2
N .

Observe that I ` Q
1{2
N DNQ

´1{2
N ľ I . We get

smin

`

L̂N pλ̃sq
˘

ě

d

λminpQN q

λmaxpQN q
.

To bound the eigenvalues of QN , note that for any unit vector v, vJQN v “ pUN vqJΦpλ̃sqpUN vq.
Combining Lemma 5.1 (i), we get

1

2λ̃s
ď min

i
ϕpλ̃sq ď λminpQN q ď λmaxpQN q ď max

i
ϕpλ̃sq ď

3

2λ̃s

and thus

smin

`

L̂N pλ̃sq
˘

ě

c

1

3
.

By the same estimation as in Step 1, we bound the right-hand side of (B.7) by

2λ̃s

˜

}VNK}

λ̃3
s

`
13

2

Rmax

λ̃5
s

oscpRq ` }UJΞpλ̃sqU}

¸

.

Hence,

}UJ
N ũs} ď 2

?
3

˜

}VNK}

λ̃2
s

`
13

2

Rmax

λ̃4
s

oscpRq ` λ̃s}U
JΞpλ̃sqU}

¸

.

This completes the proof.

C Proof of Proposition 8.1

Before we prove Proposition 8.1, we introduce the necessary notation and a cumulant expansion
formula to be used in the proof (adapted from [62]).

For any matrix F P Rnˆn and vectors v, w P Rn, we write

Fvw :“ vJFw, Fiw :“ eJ
i Fw, Fvj :“ vJFej , Fij :“ eJ

i Fej ,
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where te1, . . . , enu denotes the standard basis of Rn. Moreover, for 1 ď i, j ď n define

∆ij :“ p1 ` δijq
´1
`

eie
J
j ` eje

J
i

˘

, (C.1)

and for a differentiable function f “ fpHq of a symmetric matrix H “ pHijq (with tHij : i ď ju

treated as independent variables) set

Bijf :“
B

BHij
fpHq “

d

dt

ˇ

ˇ

ˇ

ˇ

t“0

f
`

H ` t∆ij

˘

.

Since there is potential ambiguity between
ˇ

ˇB rijpGvwq
ˇ

ˇ and
ˇ

ˇpB rijGqvw
ˇ

ˇ, we explicitly note that

B rij

`

vJGw
˘

“ vJ
`

B rijG
˘

w,

and throughout the proof we therefore write
ˇ

ˇB rijGvw

ˇ

ˇ with no confusion.

LEMMA C.1 (Cumulant expansion, Lemma 2.4 from [62]). Let h be a real random variable with
finite moments of all orders. For k ě 1 define the k-th cumulant by

Ckphq :“ p´iqk
dk

dtk
logE

“

eith
‰

ˇ

ˇ

ˇ

ˇ

t“0

.

Let f : R Ñ C be smooth, and write f pkq for its k-th derivative. Fix ℓ P N. Then

E
“

hfphq
‰

“

ℓ
ÿ

k“0

1

k!
Ck`1phqE

“

f pkqphq
‰

` Rℓ`1,

where the remainder Rℓ`1 satisfies, for any t ą 0,

|Rℓ`1| ď 2ℓpℓ ` 2q ¨

˜

E
”

sup
|x|ď|h|

ˇ

ˇf pℓ`1qpxq
ˇ

ˇ

2
ı

¨ E
“

|h|2ℓ`41p|h| ą tq
‰

¸1{2

` 2ℓpℓ ` 2q ¨ E|h|ℓ`2 ¨ sup
|x|ďt

ˇ

ˇf pℓ`1qpxq
ˇ

ˇ.

Now we provide the proof. Define

L :“ diagpl1, . . . , lnq with lk :“
n
ÿ

s“1

σ2
ksGss. (C.2)

The main technical task is to establish:

PROPOSITION C.1. Fix D ą 0. Let v, w P Rn be deterministic unit vectors, and let z P C satisfy
|z| ě 6

?
Rmax.

(i) Under the general sub-Gaussian regime, with probability at least 1 ´ 6n´D´4,

ˇ

ˇvJpE ´ LqGw
ˇ

ˇ ď CpD ` 6q3{2βKσmax log
2 n

|z|
` Cn´500,
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where C ě 1 is an absolute constant.
(ii) Under the bounded sparse-entry regime, namely if maxi,j |Eij | ď c0Kσmax almost surely,

then, with probability at least 1 ´ 6n´D´4,

ˇ

ˇvJpE ´ LqGw
ˇ

ˇ ď CpD ` 6qc0
Kσmax log n

|z|
,

where C ą 0 is an absolute constant.

The key to proving Proposition C.1 is the following moment estimates, whose proof is deferred
to Section C.1. For brevity, we denote

D :“ pE ´ LqG.

and bound the moments of
Dvw “ vJpE ´ LqGw.

We define a regime-dependent truncation parameter

Ln :“

#

100
?
D ` 6Kσmax log n, in the general sub-Gaussian regime,

c0Kσmax, in the bounded sparse-entry regime.
(C.3)

Define

Ω0
n :“

"

}E} ď 3
a

Rmax, max
a,b

|Eab| ď Ln

*

and a slightly larger event

Ωn :“

"

}E} ď 3.5
a

Rmax, max
a,b

|Eab| ď 2Ln

*

. (C.4)

Let χ “ χpEq P r0, 1s be a smooth cutoff such that

χpEq “ 1 on Ω0
n, χpEq “ 0 outside Ωn.

Our main technical estimate is the following bound:

LEMMA C.2. For any integer p ě 3,

Ep|Dvw|2pχpEqq ďCKβ
3
ÿ

m“1

pm´1σ
m
max

|z|m
E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m

χpEq

ff

` CK2β2
4
ÿ

m“1

pm´1 σm`1
max

|z|m`1
E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m

χpEq

ff

` εp

for an absolute constant C ě 1. Here, we define

εp :“ Cpp3 exp
`

´5000pD ` 6qplog nq2
˘pβKσmaxq2

|z|2
(C.5)

in the general sub-Gaussian regime and εp :“ 0 in the bounded sparse-entry regime.
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Using this lemma, we first obtain a bound on

Zp :“
`

Ep|Dvw|2pχpEqq
˘1{2p

.

By the Hölder inequality, for any q ď 2p,

Er|Dvw|qχpEqs ď
`

E|Dvw|2pχpEq
˘

q
2p “ Zqp.

The same argument gives

E
„ˆ

|Dvw| ` 22
Ln

|z|

˙q

χpEq

ȷ

ď

˜

E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p

χpEq

ff¸

q
2p

.

Note that by the Minkowski inequality,

˜

E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p

χpEq

ff¸
1
2p

ď
`

E|Dvw|2pχpEq
˘

1
2p ` 22

Ln

|z|
“ Zp ` 22

Ln

|z|
.

We get

E
„ˆ

|Dvw| ` 22
Ln

|z|

˙q

χpEq

ȷ

ď

ˆ

Zp ` 22
Ln

|z|

˙q

.

Therefore, Lemma C.2 implies

Z2pp ďCKβ
3
ÿ

m“1

pm´1σ
m
max

|z|m

ˆ

Zp ` 22
Ln

|z|

˙2p´m

` CK2β2
4
ÿ

m“1

pm´1 σm`1
max

|z|m`1

ˆ

Zp ` 22
Ln

|z|

˙2p´m

` εp, (C.6)

where εp is defined in (C.5).
We claim that

Zp ď C

˜

p
Ln

|z|
` p

βKσmax

|z|
`

ˆ

βKσmax

|z|

˙2

` ε1{p2pq
p

¸

. (C.7)

To see this, consider the case where Zp ď 88p Ln
|z|

` 2ε
1{p2pq
p . In this regime, (C.7) holds trivially.

Now, let us assume Zp ą 88p Ln
|z|

and Zp ą 2ε
1{p2pq
p . Thus, Zp ` 22Ln

|z|
ď p1 ` 1

4pqZp and for
1 ď m ď 4,

ˆ

Zp ` 22
Ln

|z|

˙2p´m

ď

ˆ

1 `
1

4p

˙2p

Z2p´m
p ď e1{2Z2p´m

p .

Moreover, the last term in (C.6) satisfies εp ď 2´2pZ
2p
p and can be absorbed into the left-hand

side. Hence, (C.6) simplifies to

Z2pp ď

3
ÿ

m“1

CKβpm´1σ
m
max

|z|m
Z2p´m
p `

4
ÿ

m“1

CK2β2pm´1 σm`1
max

|z|m`1
Z2p´m
p (C.8)
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for an absolute constant C ě 1. Next, we apply Young’s inequality for B ¨ Z
2p´m
p . Let δ ą 0 be a

small constant to be specified later. Since

B ¨ Z2p´m
p “ pδZ2p´m

p q ¨
B

δ
ď

pδZ2p´m
p q2p{p2p´mq

2p{p2p ´ mq
`

pB{δq2p{m

2p{m

“
δ2p{p2p´mq

2p{p2p ´ mq
Z2pp `

p1{δq2p{m

2p{m
B

2p
m .

Choose δ “ 1{100. Then δ2p{p2p´mq

2p{p2p´mq
ă 1{10 for 1 ď m ď 4. We absorb the Z

2p
p terms to the

left-hand side of (C.8). Continuing from (C.8), we have

Z2pp ď

3
ÿ

m“1

ˆ

CKβpm´1σ
m
max

|z|m

˙

2p
m

`

4
ÿ

m“1

ˆ

CK2β2pm´1 σm`1
max

|z|m`1

˙

2p
m

.

Taking the 2p-th roots on both sides yields

Zp ď C max
1ďmď3

ˆ

Kβpm´1σ
m
max

|z|m

˙
1
m

` C max
1ďmď4

ˆ

K2β2pm´1 σm`1
max

|z|m`1

˙

1
m

.

Since Kβ ě 1, p ě 3, and |z| ě σmax, we have for 1 ď m ď 3,

ˆ

Kβpm´1σ
m
max

|z|m

˙
1
m

“ pKβq
1
m p

m´1
m

σmax

|z|
ď p

βKσmax

|z|

and for 2 ď m ď 4,

pKβq
2
m p

m´1
m

ˆ

σmax

|z|

˙1` 1
m

“

ˆ

βKσmax

|z|

˙

¨ pKβq
2´m
m ¨ p

m´1
m ¨

ˆ

σmax

|z|

˙
1
m

ď p
βKσmax

|z|
.

The above inequality simplifies to

Zp ď C

˜

p
βKσmax

|z|
`

ˆ

βKσmax

|z|

˙2
¸

.

Combining this bound with the exceptional case proves (C.7).

Now we prove Proposition 8.1. Let us first consider the general sub-Gaussian regime. By the
union bound and our sub-Gaussian tail assumption,

P
ˆ

max
a,b

|Eab| ą 2Ln

˙

ď
ÿ

a,b

Pp|Eab| ą Lnq ď 2n2 exp
`

´104pD ` 6qplog nq2
˘

ď 2n´D´4.

Moreover, by Lemma 5.4, we have

Pp}E} ą 3
a

Rmaxq ď 3n´D´4
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by selecting the constant C0 in Assumption 1.2 sufficiently large. Hence,

P
`

pΩ0
nqc

˘

ď 5n´D´4.

From the decomposition |Dvw| “ |Dvw|1Ω0
n

` |Dvw|1pΩ0
nqc and χpEq “ 1 on Ω0

n, we have
|Dvw|1Ω0

n
ď |Dvw|χpEq. Thus

|Dvw| ď |Dvw|χpEq ` |Dvw|1pΩ0
nqc .

It follows that
Pp|Dvw| ě tq ď Pp|Dvw|χpEq ě tq ` P

`

pΩ0
nqc

˘

.

Then by Markov’s inequality and 0 ď χ ď 1, for any integer p ě 3,

Pp|Dvw| ě tq ď
Ep|Dvw|2pχpEqq

t2p
` 5n´D´4

“

ˆ

Zp

t

˙2p

` 5n´D´4.

We choose p “ rpD ` 4q log ns and in view of (C.7),

t “ e ¨ C

˜

p
Ln

|z|
` p

βKσmax

|z|
`

ˆ

βKσmax

|z|

˙2

` ε1{p2pq
p

¸

.

With this choice of t,
ˆ

Zp

t

˙2p

ď e´2p ď exp
`

´ 2pD ` 4q log n
˘

“ n´2D´8 ď n´D´4.

It follows that
Pp|Dvw| ě tq ď n´D´4 ` 5n´D´4 “ 6n´D´4.

Finally, let us simplify the terms in t under the choice of p. For the term ε
1{p2pq
p , note that by

Assumption 1.2, Rmax ď nσ2
max and

?
Rmax ě C0pD ` 8qKσmax log n. We have

K ď

?
n

C0pD ` 8q logn
.

As discussed in Remark 1.1, β ď C
a

logpeKq ď C
?
log n. Under our assumption |z| ě

6
?
Rmax, βKσmax

|z|
ď C 1. Thus

ε1{p2pq
p “ C1{2p3{p2pq exp

ˆ

´
10pD ` 6q log2 n

2p

˙ˆ

βKσmax

|z|

˙1{p

ď C exp

ˆ

´
5000pD ` 6q log2 n

2pD ` 5q logn

˙

ď C expp´500 lognq “ Cn´500.

Next, substituting p ď pD ` 5q log n and Ln “ 5
?
D ` 6Kσmax log n, we also have

p
Ln

|z|
ď 5pD ` 6q3{2Kσmax log

2 n

|z|
and p

βKσmax

|z|
ď pD ` 5q

βKσmax log n

|z|
.
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Note that

p
βKσmax

|z|
ě

ˆ

βKσmax

|z|

˙2

(C.9)

by selecting the constant C0 sufficiently large in Assumption 1.2. Thus, we conclude that with
probability at least 1 ´ 6n´D´4,

|Dvw| ď C

ˆ

5pD ` 6q3{2Kσmax log
2 n

|z|
` pD ` 5q

βKσmax log n

|z|
` n´500

˙

ď CpD ` 6q3{2Kσmax log
2 n

|z|
` Cn´500.

We now prove the bounded sparse-entry case. In this regime, Ln “ c0Kσmax and εp “ 0.
Thus from (C.7), together with (C.9), we obtain

Zp ď C

ˆ

p
c0Kσmax

|z|
` p

βKσmax

|z|

˙

.

Moreover, the entrywise truncation event is deterministic, i.e., maxi,j |Eij | ď Ln almost surely.
Also, β ď c0. Taking p “ rpD ` 4q logns and applying the same Markov argument as above,
together with the operator norm event, yields

|Dvw| ď CpD ` 6q
c0Kσmax logn

|z|

with probability at least 1´ 6n´D´4. This proves part (ii) and completes the proof of Proposition
C.1.

C.1 Proof of Lemma C.2

We prove Lemma C.2 in this section. Let

Q :“ Dp´1
vw Dp

vw.

We rewrite
Er|Dvw|2pχpEqs “ E rpEGqvwQχpEqs ´ E rpLGqvwQχpEqs . (C.10)

We analyze the first term on the right-hand side of (C.10) using the cumulant expansion. For
1 ď i, j ď n, define the auxiliary functions

hijpEq :“ GjwQ, fχijpEq :“ hijpEqχpEq.

Thus
E rpEGqvwQχpEqs “

ÿ

i,j

vi E
”

Eijf
χ
ijpEq

ı

.

Let χ ” χpEq. For l ď 3, the product rule gives

Blijf
χ
ij “ χ ¨ Blijhij `

l
ÿ

a“1

ˆ

l

a

˙

pB
l´a
ij hijqpBaijχq.
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The first term on the right-hand side is the main term estimated below. The remaining terms
contain at least one derivative of the cutoff function. We choose χ so that, for 1 ď a ď 3,

|BaijχpEq| ď CaL
´a
n .

These derivative terms are supported in ΩnzΩ0
n. Using the derivative bounds proved below, to-

gether with Cauchy-Schwarz inequality and the high-probability estimate for pΩ0
nqc, the total con-

tribution of the terms containing Baijχ, a ě 1, is absorbed into an error Opn´D´5q, after increasing
C0 if necessary.

In the estimates below, we write only the terms in which no derivative falls on χ. The terms
involving derivatives of χ are supported on ΩnzΩ0

n. By the same derivative estimates used below
and the probability bound for this transition region, their total contribution is negligible compared
with the final high-probability bound. We therefore record only the main terms in the moment
estimate. The remainder εp below refers only to the tail part of the cumulant remainder; in the
bounded sparse-entry regime this tail part is zero. Therefore, to simplify notation, we suppress the
cutoff χpEq from the main estimates. From this point on, we simply work with

fijpEq :“ GjwQ

Since E is symmetric, the independent random variables are Eij (1 ď i ď j ď nq. For i ă j,
we write Bij for differentiation with respect to Eij “ Eji, and we set Bji :“ Bij . For the diagonal
entries, Bii denotes differentiation with respect to Eii. With this convention, for x, y P Rn,

BijGxy “ p1 ` δijq
´1pGxiGjy ` GxjGiyq, (C.11)

Now, from

pEGqvwQ “
ÿ

i

viEiiGiwQ `
ÿ

iăj

Eij
`

viGjw ` vjGiw

˘

Q “
ÿ

i,j

viEijfijpEq,

we apply the cumulant expansion Lemma C.1 to each independent entry Eij (1 ď i ď j ď nq

with l “ 2 to get

ErpEGqvwQs :“ X1 ` X2 ` R3,

where for k “ 1, 2,

Xk :“
ÿ

i,j

vi
1

k!
Ck`1pEijqE

”

BkijfijpEq

ı

. (C.12)

Here the k “ 0 cumulant term vanishes because the entries of E are centered. The remainder is
written as

R3 :“
ÿ

i,j

viR
ij
3 (C.13)

where

R
ij
3 :“ E

“

EijfijpEq
‰

´

2
ÿ

k“1

1

k!
Ck`1pEijqE

“

B kijfijpEq
‰

.

With these notations, we have

Er|Dvw|2ps “ pX1 ´ E rpLGqvwQsq ` X2 ` R3. (C.14)

The next lemma bounds each term on the right-hand side of (C.14).
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LEMMA C.3. (i) For X1,

|X1 ´ E rpLGqvwQs| ď
2

3
σmax

E
“

|Dvw|2p´1
‰

|z|
` 36pσ2

max

Er|Dvw|2p´2s

|z|2
.

(ii) For X2,

|X2| ď
4

9
βKσmax

E
“

|Dvw|2p´1
‰

|z|
`178pβKσ2

max

Er|Dvw|2p´2s

|z|2
`700p2βKσ3

max

Er|Dvw|2p´3s

|z|3
.

(iii) For R3, recalling Ln from (C.3), we have

|R3| ďCK2β2
4
ÿ

m“1

pm´1 σm`1
max

|z|m`1
E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m
ff

` Cpp3 exp
`

´ 10pD ` 6q log2 n
˘pβKσmaxq2

|z|2

for an absolute constant C ě 1.

Again, we emphasize that in Lemma C.3, we suppress χpEq from the notation. More precisely,
every expectation in the bounds for X1, X2, and R3 is understood to include the factor χpEq,
except for the explicitly separated cutoff-derivative terms.

With this lemma, the conclusion of Lemma C.2 follows from (C.14):

E
“

|Dvw|2pχpEq
‰

ď |X1 ´ E rpLGqvwQs| ` |X2| ` |R3|

ď CKβ
3
ÿ

m“1

pm´1σ
m
max

|z|m
E
“

|Dvw|2p´mχpEq
‰

` CK2β2
4
ÿ

m“1

pm´1 σm`1
max

|z|m`1
E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m

χpEq

ff

` Cpp3 exp
`

´ 10pD ` 6q log2 n
˘pβKσmaxq2

|z|2
.

In the remainder of this section, we prove Lemma C.3.

Proof of Lemma C.3 (i). From the definition of L “ diagp
řn
j“1 σ

2
kjGjjq1ďkďn in (C.2), we

have
ErpLGqvwQs “ Er

ÿ

i,j

viLijGjwQs “
ÿ

i,j

viσ
2
ijErGjjGiwQs. (C.15)

From (C.12), by product rule, we get

X1 “
ÿ

i,j

viC2pEijqErBijfijpEqs

“
ÿ

i,j

viσ
2
ijErBijpGjwQqs

“
ÿ

i,j

viσ
2
ijE rpBijGjwqQs `

ÿ

i,j

viσ
2
ijE rGjwpBijQqs .
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Plugging in BijGjw “ p1 ` δijq
´1
`

GjiGjw ` GjjGiw

˘

by (C.11), we further obtain

X1 “
ÿ

i,j

viσ
2
ijE rGjjGiwQs `

ÿ

i‰j

viσ
2
ijE rGjiGjwQs `

ÿ

i,j

viσ
2
ijE rGjwpBijQqs .

Comparing with (C.15), we arrive at

X1 ´ E rpLGqvwQs “ T p1q ` T p2q,

where

T p1q :“ E
”

ÿ

i‰j

viσ
2
ijGjiGjwQ

ı

, T p2q :“ E
”

ÿ

i,j

viσ
2
ijGjwpBijQq

ı

.

We now provide upper bounds for T p1q and T p2q.

Step 1. Estimates for T p1q. Applying Cauchy-Schwarz, we have

ˇ

ˇ

ˇ

ÿ

i‰j

viσ
2
ijGjiGjw

ˇ

ˇ

ˇ
ď

´

ÿ

i‰j

v2i σ
2
ij |Gij |

2
¯1{2´ÿ

i‰j

σ2
ij |Gjw|2

¯1{2
.

Note that
ÿ

i‰j

v2i σ
2
ij |Gij |

2 ď
ÿ

i

v2i
`

ÿ

j

σ2
ij |Gij |

2
˘

ď σ2
max

ÿ

i

v2i }Gei}
2 ď σ2

max}G}2

and
ÿ

i‰j

σ2
ij |Gjw|2 ď

ÿ

j

|Gjw|2
`

ÿ

i

σ2
ij

˘

ď Rmax}Gw}2 ď Rmax}G}2.

We get

ˇ

ˇ

ˇ

ÿ

i,j

viσ
2
ijGjiGjw

ˇ

ˇ

ˇ
ď σmax

a

Rmax}G}2 ď
4σmax

?
Rmax

|z|2
ď

2

3

σmax

|z|
.

by applying (5.6) and the assumption |z| ě 6
?
Rmax. Consequently,

|T p1q| ď
2

3

σmax

|z|
E
“

|Dvw|2p´1
‰

.

Step 2. Estimates for T p2q. Recall that

T p2q :“
ÿ

i,j

viσ
2
ijE

“

GjwBijpDp´1
vw Dp

vwq
‰

.

For p ě 2, by the product rule,

BijpDp´1
vw Dp

vwq “ pp ´ 1qpBijDvwqDp´2
vw Dp

vw ` ppBijDvwq|Dvw|2pp´1q.
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For p “ 1, the first term is absent, and the same final bound follows. Hence, it suffices to bound
the two quantities

A :“
ÿ

i,j

viσ
2
ijGjwpBijDvwq, Ā :“

ÿ

i,j

viσ
2
ijGjwpBijDvwq.

We first estimate A. From the identity pzI ´ EqG “ I , we have EG “ zG ´ I . Plugging into
D “ pE ´ LqG “ EG ´ LG yields

D “ pzI ´ LqG ´ I.

Thus BijD “ pzI ´ LqBijG ´ pBijLqG. Recall ∆ij from (C.1). We also have

BijDvw “ vJpzI ´ LqG∆ijGw ´ vJpBijLqGw.

Denote ṽJ :“ vJpzI ´ Lq. From the definition of L in (C.2) and the partial derivative formula
(C.11), we compute

Bijls “
ÿ

k

σ2
skBijGkk “ 2p1 ` δijq

´1
ÿ

k

σ2
skGkiGkj .

Hence,
vJpBijLqGw “ 2p1 ` δijq

´1
ÿ

s,k

vsσ
2
s,kGkiGkjGsw.

It follows that

BijDvw “ p1 ` δijq
´1
´

GṽiGjw ` GṽjGiw ´ 2
ÿ

s,k

vsσ
2
skGkiGkjGsw

¯

. (C.16)

We are ready to bound

|A| “

ˇ

ˇ

ˇ

ÿ

i,j

viσ
2
ijGjwpBijDvwq

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ

ÿ

i,j

viσ
2
ijG

2
jwGṽi

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ÿ

i,j

viσ
2
ijGjwGṽjGiw

ˇ

ˇ

ˇ

` 2
ˇ

ˇ

ˇ

ÿ

i,j

viσ
2
ijGjw

ÿ

s,k

vsσ
2
s,kGkiGkjGsw

ˇ

ˇ

ˇ

:“ T
p2q

1 ` T
p2q

2 ` T
p2q

3 .

Note that
}L} ď Rmax}G} ď 2

Rmax

|z|
ď

1

18
|z|

by (5.6) and our supposition |z| ą 6
?
Rmax. Thus }ṽ} ď }zI ´ L} ď |z| ` }L} ď 19

18 |z|. We will
repeatedly use

ř

i |Giw|2 “ }Gw}2 ď }G}2.

Now we estimate T
p2q

1 , T
p2q

2 and T
p2q

3 respectively. For T p2q

1 , since maxi,j σ
2
ij ď σ2

max,

T
p2q

1 ď σ2
max

ÿ

i

|vi||Gṽi| ¨
ÿ

j

|Gjw|2 ď σ2
max}Gw}2

d

ÿ

i

|vi|2
ÿ

i

|Gṽi|
2

ď σ2
max}G}2}ṽJG} ď σ2

max}G}3}ṽ} ď
76σ2

max

9|z|2
.
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Similarly,

T
p2q

2 ď σ2
max

ÿ

i

|vi||Giw| ¨
ÿ

j

|Gjw||Gṽj | ď σ2
max

d

ÿ

i

|vi|2
ÿ

i

|Giw|2

d

ÿ

j

|Gjw|2
ÿ

j

|Gṽj |
2

ď σ2
max}G}3}ṽ} ď

76σ2
max

9|z|2
.

For T p2q

3 , observe that
ÿ

s

|vsσ
2
sk||Gsw| ď σ2

max

ÿ

s

|vs||Gsw| ď σ2
max}G}

and
ÿ

k

|GkiGkj | ď

d

ÿ

k

|Gki|
2
ÿ

k

|Gkj |
2 ď }G}2

by Cauchy-Schwarz inequality. We further have

T
p2q

3 ď 2σ2
max}G}3

ÿ

i,j

|viσij | ¨ |σijGjw| ď 2σ2
max}G}3

d

ÿ

i,j

|vi|2σ2
ij

d

ÿ

i,j

σ2
ij |Gjw|2

ď 2σ2
max}G}3

a

Rmax

a

Rmax}Gw}2 ď 2σ2
maxRmax}G}4 ď

8σ2
max

9|z|2
.

Combining the above estimates, we obtain

|A| ď
76σ2

max

9|z|2
`

76σ2
max

9|z|2
`

8σ2
max

9|z|2
“

160σ2
max

9|z|2
ď

18σ2
max

|z|2
.

The same estimate holds for Ā. Indeed, since BijDvw “ BijDvw, the preceding argument
applies with G,L, z replaced by G,L, z. Hence,

|Ā| ď
18σ2

max

|z|2
.

Finally, we bound

|T p2q| ď pp ´ 1q|E
“

|A| ¨ Dp´2
vw Dp

vw

‰

| ` p|E
“

|Ā| ¨ |Dvw|2pp´1q
‰

|

ď
36pσ2

max

|z|2
Er|Dvw|2p´2s.

This completes the proof of Lemma C.3 (i).

Proof of Lemma C.3 (ii). For brevity, we suppress the harmless distinction between Dp´1
vw Dp

vw

and D2p´1
vw . The argument with complex conjugates is identical, using BijDvw “ BijDvw.

Recall that

X2 “
ÿ

i,j

vi
1

2
C3pEijqE

“

B 2
ij

`

Gjw D2p´1
vw

˘‰

.
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Using the Leibniz rule and our assumption |C3pEijq| “ |EpE3
ijq| ď βKσmaxσ

2
ij , we get

|X2| ď βKσmax

2
ÿ

s“0

E
”

ÿ

i,j

|vi|σ
2
ij |B

2´s
ij pGjwq| ¨ |BsijpD2p´1

vw q|

ı

. (C.17)

We estimate the three values s “ 0, 1, 2 separately.

‚ Case 1: s “ 0. We estimate
ÿ

i,j

|vi|σ
2
ij |B

2
ijpGjwq|.

Using
B2
ijG “ 2!Gp∆ijGq2,

one obtains
ÿ

i,j

|vi|σ
2
ij |B

2
ijpGjwq| ď 2

ÿ

i,j

|vi|σ
2
ij |e

J
j Gp∆ijGq2w| “ 2

ÿ

j

`

ÿ

i

|vi|σ
2
ij

˘

¨ |eJ
j Gp∆ijGq2w|.

Let v “ p|vi|q and v is still a unit vector. By Cauchy-Schwartz, together with }∆ij} ď 1, we get

ÿ

i,j

|vi|σ
2
ij |B

2
ijpGjwq| ď 2

d

ÿ

j

`

ÿ

i

σ2
ijvi

˘2
d

ÿ

j

|eJ
j Gp∆ijGq2w|2

“ 2}Σv} ¨ }Gp∆ijGq2w} ď 2}Σ} ¨ }G}3.

Since }Σ} ď
a

}Σ}1 ¨ }Σ}8 “ Rmax, }G} ď 2{|z| and |z| ě 6
?
Rmax, this gives

ÿ

i,j

|vi|σ
2
ij |B

2
ijpGjwq| ď 16

Rmax

|z|3
ď

4

9

1

|z|
.

Therefore, the contribution from the s “ 0 term in (C.17) is bounded by

4

9
βKσmax

E|Dvw|2p´1

|z|
.

‚ Case 2: s “ 1. We estimate

E
”

ÿ

i,j

|vi|σ
2
ij |BijGjw| ¨ |BijpD2p´1

vw q|

ı

.

From (C.11), we first have

BijGjw “ p1 ` δijq
´1pGijGjw ` GjjGiwq.

By the chain rule,
|BijpD2p´1

vw q| ď 2p|Dvw|2p´2|BijDvw|.

Recall from (C.16) that

BijDvw “ p1 ` δijq
´1
´

GṽiGjw ` GṽjGiw ´ K
¯

,
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where for brevity we define
K :“ 2

ÿ

s,k

vsσ
2
skGkiGkjGsw.

We also recall that ṽJ :“ vJpzI ´ Lq and }ṽ} ď 19
18 |z|.

For vectors v,w, we will repeatedly use the following estimates:
ÿ

i

|Giw|2 “ }Gw}2 ď }G}2}w}2 (C.18)

Consequently, by the Cauchy-Schwarz inequality,
ÿ

i

|viGiw| ď }G}}v}}w} and
ÿ

j

|GvjGjw| ď }Gv}}Gw} ď }G}2}v}}w}. (C.19)

It follows that

|K| ď 2σ2
max

ˇ

ˇ

ÿ

s

vsGsw

ˇ

ˇ ¨
ˇ

ˇ

ÿ

k

GikGkj

ˇ

ˇ ď 2σ2
max}G}3. (C.20)

Now we are ready to estimate
ÿ

i,j

ˇ

ˇviσ
2
ijpBijGjwqpBijDvwq

ˇ

ˇ ď
ÿ

i,j

ˇ

ˇviσ
2
ijpGijGjw ` GjjGiwqpGṽiGjw ` GṽjGiwq

ˇ

ˇ

`
ÿ

i,j

|viσ
2
ijpGijGjw ` GjjGiwqK|. (C.21)

For the first term on the right-hand side of (C.21), expanding the product yields four terms.
We bound each respectively using (C.18) and (C.19):

ÿ

i,j

|viσ
2
ij ||GijGjwGṽiGjw| ď σ2

max}G}
ÿ

i

|viGṽi|
ÿ

j

|Gjw|2 ď σ2
max}G}4}ṽ}.

ÿ

i,j

|viσ
2
ij ||GijGjwGṽjGiw| ď σ2

max}G}
ÿ

i

|viGiw|
ÿ

j

|Gjw||Gṽj | ď σ2
max}G}4}ṽ}.

ÿ

i,j

|viσ
2
ij ||GjjGiwGṽiGjw| ď σmax}G}2

ÿ

i

|viGṽi|
ÿ

j

|σijGjw| ď σmax

a

Rmax }G}4}ṽ}.

ÿ

i,j

|viσ
2
ij ||GjjGiwGṽjGiw| ď σmax}G}2

ÿ

i

|viGiw|
ÿ

j

|σijGṽj | ď σmax

a

Rmax }G}4}ṽ}.

Summing these estimates and using the fact that σ2
max ď σmax

?
Rmax, we obtain

ÿ

i,j

ˇ

ˇviσ
2
ijpGijGjw ` GjjGiwqpGṽiGjw ` GṽjGiwq

ˇ

ˇ ď 4σmax

a

Rmax }G}4}ṽ}.
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For the second term on the right-hand side of (C.21), note that by (C.20)
ÿ

i,j

|viσ
2
ijpGijGjw ` GjjGiwqK| ď 2σ2

max}G}3
ÿ

i,j

|viσ
2
ij |p|GijGjw| ` |GjjGiw|q

ď 4σ2
maxRmax}G}5,

where in the last inequality, we apply (C.19) to bound

ÿ

i,j

|viσ
2
ij ||Gij ||Gjw| ď

d

ÿ

i,j

v2i σ
2
ij |Gij |

2

d

ÿ

i,j

σ2
ij |Gjw|2 ď σmax

a

Rmax}G}2

and
ÿ

i,j

|viσ
2
ij ||GjjGiw| ď }G}

ÿ

i

|vi||Giw|
ÿ

j

σ2
ij ď Rmax}G}2.

Combining the above estimates, we have
ÿ

i,j

|viσ
2
ijpBijGjwqpBijDvwq| ď 4σmax

a

Rmax}G}4}ṽ} ` 4σ2
maxRmax}G}5.

Using (5.6) and our assumption |z| ě 6
?
Rmax, we further have

ÿ

i,j

ˇ

ˇviσ
2
ijpBijGjwqpBijDvwq

ˇ

ˇ ď 4σmax
|z|

6

24

|z|4

19|z|

18
` 4σmax

|z|2

36

25

|z|5
ď

64σmax

|z|2
.

Consequently, the contribution from the s “ 1 term in (C.17) is bounded by

βKσmaxE
”

ÿ

i,j

|vi|σ
2
ij |BijGjw| ¨ |BijpD2p´1

vw q|

ı

ď 128pβKσ2
max

E|Dvw|2p´2

|z|2
.

‚ Case 3: s “ 2. We estimate

E
”

ÿ

i,j

|vi|σ
2
ij |Gjw||B2

ijpD2p´1
vw q|

ı

.

The second derivative gives

|B2
ij

`

D2p´1
vw

˘

| ď 2p|Dvw|2p´2|B2
ijDvw| ` 4p2|Dvw|2p´3|BijDvw|2.

Hence,

E
”

ÿ

i,j

|vi|σ
2
ij |Gjw||B2

ijpD2p´1
vw q|

ı

ď 2pE
”

ÿ

i,j

|vi|σ
2
ij |Gjw||B2

ijDvw||Dvw|2p´2
ı

` 4p2E
”

ÿ

i,j

|vi|σ
2
ij |Gjw||BijDvw|2|Dvw|2p´3|

ı

.(C.22)

We first estimate
ÿ

i,j

|vi|σ
2
ij |Gjw||B2

ijDvw|.
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From (C.16), we have

B2
ijDvw “ p1 ` δijq

´1
”

BijpGṽiGjwq ` BijpGṽjGiwq ´ BijK
ı

and thus
ÿ

i,j

|viσ
2
ijGjwpB2

ijDvwq| ď
ÿ

i,j

|viσ
2
ijGjwBijpGṽiGjwq| `

ÿ

i,j

|viσ
2
ijGjwBijpGṽjGiwq|

`
ÿ

i,j

|viσ
2
ijGjwBijK|. (C.23)

The first two terms on the right-hand side of (C.23) can be estimated similarly. We provide the
calculation for the first term. By (C.11),

ÿ

i,j

|viσ
2
ijGjwBijpGṽiGjwq|

ď
ÿ

i,j

”

ˇ

ˇviσ
2
ijG

2
jwpGṽiGij ` GṽjGiiq

ˇ

ˇ `
ˇ

ˇviσ
2
ijGjwGṽipGijGjw ` GjjGiwq

ˇ

ˇ

ı

.

Note that each term on the right-hand side is bounded by pσ2
max ` σmax

?
Rmax q}G}4}ṽ} by

applying (C.18) and (C.19). For instance,
ÿ

i,j

ˇ

ˇviσ
2
ijG

2
jwpGṽiGij ` GṽjGiiq

ˇ

ˇ

ďσ2
max}G}

ÿ

i

|viGṽi|
ÿ

j

|Gjw|2 ` σmax}G}2}ṽ}
ÿ

j

|Gjw|2
ÿ

i

|viσij |

ď pσ2
max ` σmax

a

Rmax q}G}4}ṽ}.

Continuing from (C.23), we have
ÿ

i,j

|viσ
2
ijGjwpB2

ijDvwq| ď 8σmax

a

Rmax }G}4}ṽ} `
ÿ

i,j

|viGjwBijK|.

It remains to estimate
ř

i,j |viGjwBijK|, where

BijK “ 2
ÿ

s,k

vsσ
2
skBijpGkiGkjGswq.

We first estimate |BijK|. Expanding BijpGkiGkjGswq using the product rule and (C.11) yields
several terms, each of which admits a similar treatment. We present the calculation for one repre-
sentative term. For instance,

ÿ

s,k

|vsσ
2
skpBijGkiqGkjGsw| ď σ2

max

ÿ

s,k

|vspGkiGjj ` GkjGijqGkjGsw|

ď σ2
max}G}

ÿ

s

|vsGsw|
ÿ

k

p|Gki| ` |Gkj |q|Gkj |

ď 2σ2
max}G}4
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where we applied (C.18) and (C.19) in the last inequality. Hence,

|BijK| ď 12σ2
max}G}4

and by Cauchy-Schwarz and (C.18),
ÿ

i,j

|viσ
2
ijGjwBijK| ď 12σ2

max}G}4
ÿ

i,j

|viσ
2
ijGjw| ď 12σ2

max}G}4 ¨ Rmax}G} “ 12σ2
maxRmax}G}5.

Finally, using |z| ě 6
?
Rmax and }G} ď 2{|z|, we have

ÿ

i,j

|viσ
2
ijGjwpB2

ijDvwq| ď 8σmax

a

Rmax}G}4}ṽ} ` 12σ2
maxRmax}G}5

ď 8σmax
|z|

6

24

|z|4

19|z|

18
` 12σmax

|z|3

63
25

|z|5
ă 25

σmax

|z|2
. (C.24)

Next, we bound
ÿ

i,j

|vi|σ
2
ij |Gjw||BijDvw|2.

Continuing from (C.16), we get

pBijDvwq2 “ p1 ` δijq
´2
”

pGṽiGjw ` GṽjGiwq2 ` K2 ´ 2KpGṽiGjw ` GṽjGiwq

ı

,

where
K “ 2

ÿ

s,k

vsσ
2
skGkiGkjGsw.

Plugging this expansion into
ř

i,j |viGjwpBijDvwq2|, we first observe from (C.20) that
ÿ

i,j

|viσ
2
ijGjw||K|2 ď p2σ2

max}G}3q2
ÿ

i,j

|viσ
2
ij ||Gjw| ď 4σ4

max}G}6 ¨ Rmax}G}.

Next, using (C.18) and (C.19), we also have

2
ÿ

i,j

|viσ
2
ijGjwpGṽiGjw ` GṽjGiwq||K|

ď 4σ4
max}G}3

˜

ÿ

i,j

|viGṽi| ¨ |Gjw|2 `
ÿ

i

|viGiw|
ÿ

j

|GjwGṽj |

¸

ď 8σ4
max}G}6}ṽ}.

Finally, we claim that
ÿ

i,j

|viσ
2
ijGjwpGṽiGjw ` GṽjGiwq2| ď 4σ2

max}G}5}ṽ}2.

To see this, we expand the square in the summation and show that each term is bounded by
}G}5}ṽ}2, using a similar calculation with (C.18) and (C.19). For instance,

ÿ

i,j

|viGjwG
2
ṽiG

2
jw| ď }G}2}ṽ}

ÿ

i

|viGṽi|
ÿ

j

|Gjw|2 ď }G}5}ṽ}2,
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and the remaining terms are estimated in the same manner.

Hence, together with }ṽ} ď 19
18 |z|, we get

ÿ

i,j

|viσ
2
ijGjwpBijDvwq2| ď 4σ4

maxRmax}G}7 ` 8σ4
max}G}6}ṽ} ` 4σ2

max}G}5}ṽ}2

ď
23σ2

max

|z|3
p4

|z|4

64
24

|z|4
` 8

|z|2

62
23

|z|3

19|z|

18
` 4

22

|z|2

192|z|2

182
q ă 175

σ2
max

|z|3
.

(C.25)

We continue from (C.22) to get

E
”

ÿ

i,j

|vi|σ
2
ij |Gjw||B2

ijpD2p´1
vw q|

ı

ď 50pσmax
E|Dvw|2p´2

|z|2
` 700p2σ2

max

E|Dvw|2p´3

|z|3
.

Thus, the contribution from the s “ 2 term in (C.17) is bounded by

βKσmaxE
”

ÿ

i,j

|vi|σ
2
ij |Gjw||B2

ijpD2p´1
vw q|

ı

ď 50pβKσ2
max

E|Dvw|2p´2

|z|2
` 700p2βKσ3

max

E|Dvw|2p´3

|z|3
.

Combining all the above estimates completes the proof of Lemma C.3 (ii).

A third-order bound for the remainder term. Before turning to the remainder term, we record
an additional derivative estimate required by the cumulant remainder formula in Lemma C.1. This
estimate serves as a third-order analogue of those used in bounding X2 above, corresponding to
the third-order derivatives of

GjwD2p´1
vw .

The argument follows the structure of the s “ 0, 1, 2 cases in the proof of Lemma C.3 (ii). We
isolate this estimate here for use in the remainder analysis.

Recall from the truncation parameter Ln from (C.3). For 1 ď i, j ď n and |x| ď Ln, let

Eijpxq :“ E ` px ´ Eijq∆
ij , Gijpxqpzq :“ pzI ´ Eijpxqq´1.

Define

Lijpxq :“ diagpl
ijpxq

1 , . . . , lijpxq
n q with lijpxq

s :“
n
ÿ

k“1

σ2
skG

ijpxq

kk ,

and
Dijpxq :“ pEijpxq ´ LijpxqqGijpxqpzq.

We use the notation Dijpxq
vw “ vJDijpxqw and G

ijpxq
vw “ vJGijpxqw. Set

fijpE
ijpxqq :“ G

ijpxq

jw

´

Dijpxq
vw

¯2p´1
.
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Recall from (C.4) the event

Ωn :“

"

}E} ď 3.5
a

Rmax, max
a,b

|Eab| ď 2Ln

*

.

The goal is to prove the following estimate on the event Ωn (the support of χpEq):

ÿ

i,j

|vi|σ
2
ij sup

|x|ďLn

ˇ

ˇ

ˇ
B3
ijfijpE

ijpxqq

ˇ

ˇ

ˇ
ď C

4
ÿ

m“1

pm´1 σm´1
max

|z|m`1

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m

(C.26)

for an absolute constant C ą 0.
We start with some preliminary estimates. On the event Ωn, we have, for |x| ď Ln,

}Eijpxq} ď }E} ` p|x| ` |Eij |q}∆ij} ď 3.5
a

Rmax ` 3Ln ď 4
a

Rmax (C.27)

provided the constant C0 in Assumption 1.2 is chosen sufficiently large. Hence, for |z| ě 6
?
Rmax,

by the Neumann expansion, we have

}Gijpxqpzq} ď
3

|z|
. (C.28)

Next, we show that

sup
|x|ďLn

|Dijpxq
vw ´ Dvw| ď 22

Ln

|z|
.

To see this, for |x| ď Ln, we bound

|Dijpxq
vw ´ Dvw| “ |vJpDijpxq ´ Dqw| ď }Dijpxq ´ D}.

From the definitions of Dijpxq and D, we further have

|Dijpxq
vw ´ Dvw| ď }pEijpxq ´ LijpxqqGijpxqpzq ´ pE ´ LqGpzq}

“ }rpEijpxq ´ Eq ´ pLijpxq ´ LqsGijpxqpzq ` pE ´ LqpGijpxqpzq ´ Gpzqq}

ď p}Eijpxq ´ E} ` }Lijpxq ´ L}q}Gijpxqpzq} ` p}E} ` }L}q}Gijpxqpzq ´ Gpzq}.

For simplicity, denote P ij :“ Eijpxq ´ E “ px ´ Eijq∆
ij . Similar to (C.27), we have

}Eijpxq ´ E} “ }P ij} ď p|x| ` |Eij |q}∆ij} ď 3Ln.

Next, by the resolvent identity, we have

Gijpxqpzq ´ Gpzq “ GijpxqpzqP ijGpzq

Thus, by (C.28) and (5.6),

}Gijpxqpzq ´ Gpzq} “ }Gijpxqpzq} ¨ }P ij} ¨ }Gpzq} ď 18
Ln

|z|2
.
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Then

}Lijpxq ´ L} “ max
s

|lijpxq
s ´ ls| “ max

s

n
ÿ

k“1

σ2
sk|G

ijpxq

kk pzq ´ Gkkpzq|

ď Rmax}Gijpxqpzq ´ Gpzq} ď 18Ln
Rmax

|z|2
ď

1

2
Ln

by the assumption |z| ě 6
?
Rmax. Similarly,

}L} “ max
s

|ls| ď max
s

n
ÿ

k“1

σ2
sk|Gkkpzq| ď Rmax}Gpzq} ď 2

Rmax

|z|
.

It follows that

}E} ` }L} ď 3.5
a

Rmax ` 2
Rmax

|z|
ď

ˆ

7

12
`

1

18

˙

|z|.

Combining the above estimates, we conclude that

|Dijpxq
vw ´ Dvw| ď 10.5

Ln

|z|
` 18

ˆ

7

12
`

1

18

˙

Ln

|z|
“ 22

Ln

|z|
.

Thus

sup
|x|ďLn

|Dij
vwpxq| ď |Dvw| ` 22

Ln

|z|
. (C.29)

Now, we proceed to the proof of (C.26). By the Leibniz rule,

B3
ijfijpE

ijpxqq “

3
ÿ

s“0

ˆ

3

s

˙

´

B
3´s
ij G

ijpxq

jw

¯´

BsijpDijpxq
vw q2p´1

¯

.

We estimate the four cases s “ 0, 1, 2, 3 separately. The cases s “ 0, 1, 2 follow similar arguments
to those used for X2 in (C.17).

First, for s “ 0, using
B3
ijG

ijpxq “ 3!Gijpxqp∆ijGijpxqq3

and the same estimate used for the s “ 0 term in the X2 bound, we get

ÿ

i,j

|vi|σ
2
ij |B

3
ijG

ijpxq

jw | ď 6Rmax}Gijpxq}4 ď 6Rmax
34

|z|4
ď

27

2|z|2
.

Therefore,
ÿ

i,j

|vi|σ
2
ij |B

3
ijG

ijpxq

jw | ¨ |pDijpxq
vw q2p´1| ď

27

2|z|2
|Dijpxq

vw |2p´1.

Next, for s “ 1, since

|BijpDijpxq
vw q2p´1| ď 2p|Dijpxq

vw |2p´2|BijDijpxq
vw |,
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we aim to bound
ÿ

i,j

|vi|σ
2
ij |B

2
ijG

ij
jwpxq||BijDijpxq

vw |.

This is proved exactly as the s “ 1 estimate for X2, but with an extra factor of G. We sketch the
key steps here. Expand

BijDijpxq
vw “ p1 ` δijq

´1
´

G
ijpxq

ṽxi
G
ijpxq

jw ` G
ijpxq

ṽxj
G
ijpxq

iw ´ Kx

¯

,

where ṽJ
x :“ vJpzI ´ Lijpxqq and

Kx :“ 2
ÿ

s,k

vsσ
2
skG

ijpxq

ki G
ijpxq

kj Gijpxq
sw .

Since

}Lijpxq} ď max
s

n
ÿ

k“1

σ2
sk|Gijpxqpzq| ď Rmax}Gijpxqpzq} ď 3

Rmax

|z|
ď

1

12
|z|,

we have }ṽJ
x } ď 13

12 |z|. Similar to (C.20), we obtain

|Kx| ď 2σ2
max}Gijpxq}3.

For the second derivative of the resolvent

B2
ijG

ijpxq

jw “ 2p1 ` δijq
´2
”

`

pG
ijpxq

ij q2 ` G
ijpxq

ii G
ijpxq

jj

˘

G
ijpxq

jw ` 2G
ijpxq

ij G
ijpxq

jj G
ijpxq

iw

ı

,

we apply the crude upper bound

|B2
ijG

ijpxq

jw | ď 4}Gijpxq}2
`

|G
ijpxq

jw | ` |G
ijpxq

iw |
˘

.

Multiplying this by the expansion of BijDijpxq
vw and applying the identical Cauchy-Schwarz esti-

mates used for X2, we obtain
ÿ

i,j

|vi|σ
2
ij |B

2
ijG

ijpxq

jw ||BijDijpxq
vw | ď 16σmax

a

Rmax}Gijpxq}5}ṽx} ` 16σ2
maxRmax}Gijpxq}6

ď 16σmax

ˆ

|z|

6

˙

35

|z|5

ˆ

13|z|

12

˙

` 16σmax

ˆ

|z|3

216

˙

36

|z|6

ď 702
σmax

|z|3
` 54

σmax

|z|3
“ 756

σmax

|z|3
.

Hence the s “ 1 contribution is bounded by

1512p
σmax

|z|3
|Dijpxq

vw |2p´2.

For s “ 2, we use

|B2
ij

´

pDijpxq
vw q2p´1

¯

| ď 2p|Dijpxq
vw |2p´2|B2

ijDijpxq
vw | ` 4p2|Dijpxq

vw |2p´3|BijDijpxq
vw |2.
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The first estimate needed is
ÿ

i,j

|vi|σ
2
ij |BijG

ij
jwpxq||B2

ijDij
vwpxq|.

Using |BijG
ijpxq

jw | ď 2}Gijpxq}p|G
ijpxq

jw | ` |G
ijpxq

iw |q and multiplying by the bounds established in
(C.24), we pull out an extra factor of 2}Gijpxq} and double the sum to account for |Giw|:

ÿ

i,j

|vi|σ
2
ij |BijG

ijpxq

jw ||B2
ijDijpxq

vw | ď 32σmax

a

Rmax}Gijpxq}5}ṽx} ` 48σ2
maxRmax}Gijpxq}6

ď 1404
σmax

|z|3
` 162

σmax

|z|3
“ 1566

σmax

|z|3
.

We also require the estimate for
ÿ

i,j

|vi|σ
2
ij |BijG

ij
jwpxq||BijDijpxq

vw |2.

Again, using |BijG
ijpxq

jw | ď 2}Gijpxq}p|G
ijpxq

jw | ` |G
ijpxq

iw |q to the estimates from (C.25) yields:
ÿ

i,j

|vi|σ
2
ij |BijG

ijpxq

jw ||BijDijpxq
vw |2 ď 24σ2

max}Gijpxq}6}ṽx}2 ` 16σ4
maxRmax}Gijpxq}8

ď 24σ2
max

36

|z|6

ˆ

169|z|2

144

˙

` 16σ2
max

ˆ

|z|4

1296

˙

38

|z|8

ď C
σ2
max

|z|4
.

Therefore, the total s “ 2 contribution is bounded by

Cp
σmax

|z|3
|Dijpxq

vw |2p´2 ` Cp2
σ2
max

|z|4
|Dijpxq

vw |2p´3.

Finally, for s “ 3, applying the generalized chain rule (Faà di Bruno’s formula [48, p. 137])
to the third derivative of pDijpxq

vw q2p´1 yields:
ˇ

ˇ

ˇ
B3
ij

´

pDijpxq
vw q2p´1

¯ˇ

ˇ

ˇ
ď 2p|Dijpxq

vw |2p´2|B3
ijDijpxq

vw |

` 12p2|Dijpxq
vw |2p´3|BijDijpxq

vw ||B2
ijDijpxq

vw |

` 8p3|Dijpxq
vw |2p´4|BijDijpxq

vw |3.

Bounding this requires three separate estimates:
ÿ

i,j

|vi|σ
2
ij |G

ijpxq

jw ||B3
ijDijpxq

vw | ď C1
σmax

|z|3
, (C.30)

ÿ

i,j

|vi|σ
2
ij |G

ijpxq

jw ||BijDijpxq
vw ||B2

ijDijpxq
vw | ď C2

σ2
max

|z|4
, (C.31)

ÿ

i,j

|vi|σ
2
ij |G

ijpxq

jw ||BijDijpxq
vw |3 ď C3

σ3
max

|z|5
, (C.32)
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where C1, C2, C3 ą 0 are absolute constants (which are all bounded 105).
We briefly sketch the proof of these estimates. For (C.30), from the identity D “ pzI ´LqG´

I , we have

B3
ijD “ pzI ´ LqB3

ijG ´ 3pBijLqB2
ijG ´ 3pB2

ijLqBijG ´ pB3
ijLqG.

Then we multiply this expansion with |vi|σ
2
ij |G

ijpxq

jw | and sum over i, j. The first term is bounded

by expanding B3
ijG “ 3!Gp∆ijGq3. The factor |G

ijpxq

jw | combined with the variance weight gener-
ates one factor of σmax, while the remaining Green functions are controlled by (C.18) and (C.19).
This yields the C1σmax|z|´3 bound. The terms containing BaijL are handled by expanding

Baijls “
ÿ

k

σ2
skBaijG

ijpxq

kk ,

together with
|BaijG

ijpxq

kk | ď C̃a}Gijpxq}a´1
ÿ

sPti,ju

|G
ijpxq

ks |2.

and the Cauchy-Schwarz inequality. This proves (C.30).
The estimates (C.31) and (C.32) follow by combining the already proved bounds for BijDijpxq

vw

and B2
ijD

ijpxq
vw , and the factor |G

ijpxq

jw |. Note that each additional BijD contributes one factor
σmax{|z| in the estimate, exactly as in the s “ 2 case of the X2 estimate.

Consequently, the s “ 3 contribution is bounded by

2pC1
σmax

|z|3
|Dijpxq

vw |2p´2 ` 12p2C2
σ2
max

|z|4
|Dijpxq

vw |2p´3 ` 8p3C3
σ3
max

|z|5
|Dijpxq

vw |2p´4.

Combining the four cases s “ 0, 1, 2, 3 yields

ÿ

i,j

|vi|σ
2
ij sup

|x|ďLn

ˇ

ˇ

ˇ
B3
ij

´

G
ijpxq

jw pDijpxq
vw q2p´1

¯ˇ

ˇ

ˇ
ď C

4
ÿ

m“1

pm´1 σm´1
max

|z|m`1
|Dijpxq

vw |2p´m. (C.33)

Using |Dijpxq
vw | ď |Dvw| ` 22Ln{|z| from (C.29), we finally obtain

ÿ

i,j

|vi|σ
2
ij sup

|x|ďLn

ˇ

ˇ

ˇ
B3
ij

´

G
ijpxq

jw pDijpxq
vw q2p´1

¯ˇ

ˇ

ˇ
ď C

4
ÿ

m“1

pm´1 σm´1
max

|z|m`1

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m

.

This proves (C.26).

Proof of Lemma C.3 (iii). We estimate the remainder term in the cumulant expansion with
l “ 2. Recall from (C.13) that

R3 “
ÿ

i,j

viR
ij
3 .
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By Lemma C.1,

|R3| ď
ÿ

i,j

|viR
ij
3 |

ď 16
ÿ

i,j

|vi|E
“

|Eij |
4
‰

E

«

sup
|x|ďt

|B3
ijfijpE

ij ` x∆ijq|

ff

pTerm 1q

` 16
ÿ

i,j

|vi|

˜

E

«

sup
|x|ď|Eij |

|B3
ijfijpE

ijpxqq|2

ff¸1{2
´

E
”

|Eij |
81|Eij |ąt

ı¯1{2
pTerm 2q

We choose t “ Ln. In the general sub-Gaussian regime, Ln “ 5
?
D ` 6Kσmax log n, , while in

the bounded sparse-entry regime, it is equal to zero. Here, as before, the cutoff χ is suppressed
from the notation. Also, as explained in the beginning of Section C.1, terms with derivatives
applied to χ are negligible.

Let us consider the general sub-Gaussian regime. We first estimate Term 1. Set

θ :“ βKσmax.

By Assumption 1.1,
E|Eij |

4 ď β2K2σ2
maxσ

2
ij “ θ2σ2

ij .

Hence, by (C.26), the contribution from Term 1 is bounded by

16
ÿ

i,j

|vi|E
“

|Eij |
4
‰

E

«

sup
|x|ďLn

|B3
ijfijpE

ij ` x∆ijq|

ff

ď 16θ2
ÿ

i,j

|vi|σ
2
ijE

«

sup
|x|ďLn

ˇ

ˇ

ˇ
B3
ijfijpE

ijpxqq

ˇ

ˇ

ˇ

ff

ď Cθ2
4
ÿ

m“1

pm´1 σm´1
max

|z|m`1
E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m
ff

.

It remains to estimate Term 2. By the sub-Gaussian tail assumption, we have
´

E
”

|Eij |
81t|Eij |ąLnu

ı¯1{2
ď θ2σ2

ij expp´10pD ` 6q log2 nq. (C.34)

To see this, note that the case σij “ 0 is trivial. For σij ą 0, write Eij “ σijξij with }ξij}ψ2 ď K.
A standard sub-Gaussian tail integration yields

E
”

|Eij |
81t|Eij |ąLnu

ı

ď CpKσijq
8

ˆ

1 `
Ln

Kσij

˙8

exp

˜

´
L2n

K2σ2
ij

¸

“ C pKσij ` Lnq
8 exp

˜

´
L2n

K2σ2
ij

¸

. (C.35)

Because σij ď σmax and Ln “ 5
?
D ` 6Kσmax log n, we bound

pKσij ` Lnq
8

ď CD4K8σ8
maxplognq8.

93



Moreover, we write

exp

˜

´
L2n

K2σ2
ij

¸

“
σ4
ij

σ4
max

«

σ4
max

σ4
ij

exp

˜

´25pD ` 6q
σ2
max

σ2
ij

log2 n

¸ff

ď
σ4
ij

σ4
max

exp
`

´ 25pD ` 6q log2 n
˘

,

where we used the fact that the function y ÞÑ y2 expp´cyq is strictly decreasing for y ě 1 and
large c ą 0, and then y2 expp´cyq ď expp´cq.

Thus, the right-hand side of (C.35) is bounded by CD4K8σ4
maxσ

4
ijplognq8 expp´25pD `

6q log2 nq. To get the desired bound (C.34), we only need this quantity

D4K8σ4
maxσ

4
ijplog nq8 expp´25pD ` 6q log2 nq ď θ4σ4

ij expp´20pD ` 6q log2 nq,

where θ “ βKσmax. Since β ě 1, we require

expp25pD ` 6q log2 nq ě D4K4 expp20pD ` 6q log2 nq. (C.36)

We now use Assumption 1.2. Since Rmax ď nσ2
max and

?
Rmax ě C0pD ` 8qKσmax log n, we

have

K ď

?
n

C0pD ` 8q logn
.

Hence, (C.36) holds and (C.34) is proved.
Now, Term 2 is bounded by

16
ÿ

i,j

|vi|

˜

E

«

sup
|x|ď|Eij |

|B3
ijfijpE

ijpxqq|2

ff¸1{2
´

E
”

|Eij |
81|Eij |ąt

ı¯1{2

ď C expp´10pD ` 6q log2 nqθ2
ÿ

i,j

˜

E

«

sup
|x|ď|Eij |

ˇ

ˇ

ˇ
|vi|σ

2
ijB

3
ijfijpE

ijpxqq

ˇ

ˇ

ˇ

2
ff¸1{2

.

Recall that the cutoff χ is suppressed from the notation. On the support Ωn of χ, (C.33) holds.
Moreover, by (C.27) and (C.28), we also have this crude bound

}Dijpxq} “ }pEijpxq ´ LijpxqqGijpxq} ď C.

Therefore,
|Dijpxq

vw |2p´m ď Cp, 1 ď m ď 4.

It follows from (C.33) that
˜

E

«

sup
|x|ď|Eij |

ˇ

ˇ

ˇ
|vi|σ

2
ijB

3
ijfijpE

ijpxqq

ˇ

ˇ

ˇ

2
ff¸1{2

ď Cp
4
ÿ

m“1

pm´1 σm´1
max

|z|m`1
.

Since σmax ď
?
Rmax ď |z|{6, we simplify this bound to

˜

E

«

sup
|x|ď|Eij |

ˇ

ˇ

ˇ
|vi|σ

2
ijB

3
ijfijpE

ijpxqq

ˇ

ˇ

ˇ

2
ff¸1{2

ď Cpp3
1

|z|2
.
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Combining the above bound and (C.34), the total contribution of Term 2 is bounded by

16
ÿ

i,j

|vi|

˜

E

«

sup
|x|ď|Eij |

|B3
ijfijpE

ijpxqq|2

ff¸1{2
´

E
”

|Eij |
81|Eij |ąt

ı¯1{2

ď Cpp3 exp
`

´ 10pD ` 6q log2 n
˘ θ2

|z|2
.

Finally, we arrive at

|R3| ď Cθ2
4
ÿ

m“1

pm´1 σm´1
max

|z|m`1
E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m
ff

` Cpp3 exp
`

´ 10pD ` 6q log2 n
˘ θ2

|z|2

“ CpKβq2
4
ÿ

m“1

pm´1 σm`1
max

|z|m`1
E

«

ˆ

|Dvw| ` 22
Ln

|z|

˙2p´m
ff

` Cpp3 exp
`

´ 10pD ` 6q log2 n
˘ θ2

|z|2
.

The bounded sparse-entry regime follows the same approach. Indeed, the Term 2 in the bound for
|R3| is equal to zero because maxi,j |Eij | ď Ln almost surely. This simplifies the derivation. We
skip the details. The proof of Lemma C.3 is now complete.

D Proof of Proposition 8.2

Recall that

H “ diagph1, . . . , hnq, hi “

n
ÿ

j“1

σ2
ijϕj ;

L “ diagpl1, . . . , lnq, li “

n
ÿ

j“1

σ2
ijGjj .

Set
D :“ pE ´ LqG, Dii :“ eJ

i Dei.

Note that maxi |ϕipzq| ď 3
2|z|

by Lemma 5.1. Define

di :“ ϕi ´ Gii, d :“ pd1, . . . , dnqJ

We first bound }d}8. From pzI ´ EqG “ I, we have EG “ zG ´ I. Therefore, taking the
pi, iq-entry of D “ pE ´ LqG yields

Dii “ pEGqii ´ liGii “ pz ´ liqGii ´ 1.

Equivalently,
pz ´ liqGii “ 1 ` Dii.

On the other hand, we have from the QVE that pz ´ hiqϕi “ 1. Thus

pz ´ hiqpϕi ´ Giiq “ pz ´ hiqϕi ´ pz ´ hiqGii

“ 1 ´ pz ´ hiqGii

“ pz ´ liqGii ´ Dii ´ pz ´ hiqGii

“ phi ´ liqGii ´ Dii.
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Multiplying by ϕi, since ϕi “ pz ´ hiq
´1, yields

di “ ϕiGiiphi ´ liq ´ ϕiDii. (D.1)

Moreover,

hi ´ li “

n
ÿ

j“1

σ2
ijpϕj ´ Gjjq “

n
ÿ

j“1

σ2
ijdj .

Substituting this into (D.1), we obtain

di “ ϕiGii

´

n
ÿ

j“1

σ2
ij

¯

dj ´ ϕiDii.

Thus, by taking the ℓ8 norm, we get

}d}8 ď max
i

|ϕiGii| ¨ Rmax}d}8 ` max
i

|ϕi| ¨ max
i

|Dii|.

Since
max
i

|ϕiGii| ď
3

2|z|
¨
2

|z|
“

3

|z|2
,

we bound
}d}8 ď

3Rmax

|z|2
}d}8 `

3

2|z|
max
i

|Dii|.

Since |z|2 ě 36Rmax by our assumption, we further obtain

}d}8 ď
2

|z|
max
i

|Dii|. (D.2)

We now return to vJpL ´ HqGw. Since v, w are unit vectors,

|vJpL ´ HqGw| ď }L ´ H} ¨ }G},

where

}L ´ H} “ max
i

ˇ

ˇ

ˇ

n
ÿ

j“1

σ2
ijpGjj ´ ϕjq

ˇ

ˇ

ˇ
ď Rmax}d}8.

Combining this with }G} ď 2{|z| and (D.2), we arrive at

|vJpL ´ HqGw| ď
4Rmax

|z|2
max
i

|Dii| ď
1

9
max
i

|Dii|. (D.3)

To bound Dii, we apply Proposition 8.1 with v “ w “ ei and take a union bound to obtain

max
1ďiďn

|Dii| ď C

ˆ

mD

|z|
` n´500

˙

with probability at least 1 ´ n´D´4. In the bounded sparse-entry regime, the analogous bound
follows without the n´500 term.

Combining the above estimate with (D.3) proves Proposition 8.2.
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E Proofs of Corollary 3 and Corollary 4

E.1 Proof of Corollary 3

Write
Ξpzq “ Gpzq ´ Φpzq.

We start with the following consequence of the isotropic local law:

COROLLARY 5 (Compressed local law on the signal subspace). Fix D ą 0. Suppose the assump-
tions of Theorem 4 hold. Then, for every fixed z P C` with |z| ě 6

?
Rmax, with probability at

least 1 ´ n´D´2,
›

›UJpGpzq ´ ΦpzqqU
›

› ď Cr
mD

|z|2
.

Proof of Corollary 5. Since

›

›UJpGpzq ´ ΦpzqqU
›

› ď
›

›UJpGpzq ´ ΦpzqqU
›

›

F
“

g

f

f

e

r
ÿ

i,j“1

ˇ

ˇeiJUJpGpzq ´ ΦpzqqUej
ˇ

ˇ

2

ď r max
1ďi,jďr

ˇ

ˇei
JUJpGpzq ´ ΦpzqqUej

ˇ

ˇ,

the conclusion of Corollary 5 follows directly from Theorem 4 and the union bounds.

To extend the pointwise bound Corollary 5 to the spectral domain

Sout :“ tz P C : 6
a

Rmax ď |z| ď 2R3
maxu,

we use a standard ε-net argument. Set

η :“ min
!

1,
rmD

20

)

.

Let Nη be a η-net of Sout. A simple volume argument (see for instance [86, Lemma 3.3]) shows
that

|Nη| ď

ˆ

1 `
8R3

max

η

˙2

.

Since Rmax ď n100 and σ´1
max ď n100, we have mD ě cn´100 for an absolute constant c ą 0.

Thus R3
max{η ď C 1n400 and |Nη| ď Cn800.

Applying Corollary 5 with D1 “ D ` 810 and taking a union bound over z P Nη, we obtain

P
ˆ

max
zPNη

|z|2
›

›UJΞpzqU
›

› ě CrmD1

˙

ď |Nη|n´D´814 ă n´D´10.

Using mD1 “ mD`810 ď C 1mD, we establish that with probability at least 1 ´ n´D´10,

max
zPNη

|z|2
›

›UJΞpzqU
›

› ď CrmD.
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Now we extend the estimate from Nη to the whole domain Sout. Define

fpzq :“ z2UJGpzqU, gpzq :“ z2UJΦpzqU.

We first show that f and g are Lipschitz on S.
Let z, w P Sout and assume without loss of generality that |z| ě |w| ě 6

?
Rmax. By the

resolvent identity,
Gpzq ´ Gpwq “ pw ´ zqGpzqGpwq.

Using }Gpzq} ď 2{|z| and }Gpwq} ď 2{|w|, we get

}fpzq ´ fpwq} ď |z||z ´ w|}Gpzq} ` |w||z ´ w|}Gpzq}

` |w|2}Gpzq ´ Gpwq}

ď 2|z ´ w| ` 2
|w|

|z|
|z ´ w| ` 4

|w|

|z|
|z ´ w|

ď 8|z ´ w|.

Hence f is 8-Lipschitz on S.
Next we prove the Lipschitz bound for g. For each i P rns, the QVE gives

1

ϕipzq
“ z ´

ÿ

j

σ2
ijϕjpzq,

1

ϕipwq
“ w ´

ÿ

j

σ2
ijϕjpwq.

Subtracting the two identities and multiplying by ϕipzqϕipwq, we obtain

ϕipzq ´ ϕipwq “ ϕipzqϕipwq

«

w ´ z `
ÿ

j

σ2
ijpϕjpzq ´ ϕjpwqq

ff

.

Therefore, by Lemma 5.1,

}Φpzq ´ Φpwq} ď
9

4|z||w|
p|z ´ w| ` Rmax}Φpzq ´ Φpwq}q .

Since |z||w| ě 36Rmax, we have
9Rmax

4|z||w|
ď

1

16
.

Thus,

}Φpzq ´ Φpwq} ď
12

5

|z ´ w|

|z||w|
.

Using again Lemma 5.1, we have }Φpzq} ď 3{p2|z|q. Hence

}gpzq ´ gpwq} ď |z||z ´ w|}Φpzq} ` |w||z ´ w|}Φpzq}

` |w|2}Φpzq ´ Φpwq}

ď
3

2
|z ´ w| `

3

2

|w|

|z|
|z ´ w| `

12

5

|w|

|z|
|z ´ w|

ă 6|z ´ w|.
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Therefore g is 6-Lipschitz on S.
Now take any z P Sout. By the definition of the η-net, there exists w P Nη such that |z ´w| ď

η. Then

|z|2
›

›UJΞpzqU
›

› “ }fpzq ´ gpzq}

ď }fpzq ´ fpwq} ` }fpwq ´ gpwq} ` }gpwq ´ gpzq}

ď 14η ` |w|2
›

›UJΞpwqU
›

› .

Since η ď
rmD
20 , we get

sup
zPSout

|z|2
›

›UJΞpzqU
›

› ď
14rmD

20
` CrmD ď C 1rmD

with probability at least 1 ´ n´D´10. This completes the proof of (6.1).
The proof of (6.2) is identical to the proof of (6.1). One applies Theorem 4 to the pairs pei, uaq

for i P rns and a P rrs, takes a union bound over i, a, and uses the same net argument over Sout.
Finally,

eJ
i QΞpzqU “ eJ

i ΞpzqU ´ eJ
i U ¨ UJΞpzqU,

so (6.3) follows from (6.2) and (6.1).

E.2 Proof of Corollary 4

We first collect two preliminary estimates used in the proof. We begin with the concentration
estimate used in the leave-one-out argument. It follows from the scalar Bernstein inequality [93,
Theorem 2.8.4], combined with a standard net argument; in the sub-Gaussian regime, we first
truncate the variables at the appropriate high-probability level.

LEMMA E.1 (Vector Bernstein inequality). Let X1, . . . , Xn be independent centered real ran-
dom variables and c1, . . . , cn P Rr be deterministic. Set v2 :“

řn
j“1 EpX2

j q}cj}
2 and c8 :“

max1ďjďn }cj}. There exists an absolute constant C ą 0 such that the following hold.

(a) If |Xj | ď L almost surely for every j, then, for t ě Cr,

›

›

›

n
ÿ

j“1

Xjcj

›

›

›
ď C

´?
t v ` tLc8

¯

with probability at least 1 ´ 2e´ct.

(b) Suppose }Xj}ψ2 ď Kτj , where τ2j “ EpX2
j q ď σ2

˚. Then, for t ě Cpr ` log nq,

›

›

›

n
ÿ

j“1

Xjcj

›

›

›
ď C

´?
t v ` tKσ˚

?
t c8

¯

with probability at least 1 ´ 4e´ct.

The same conclusions hold conditionally if the vectors cj are measurable with respect to a σ-field
independent of X1, . . . , Xn.
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In particular, taking Xj “ Eij and t “ tD,r “ CpD ` rq logn, in either regime we have
›

›

›

ÿ

j

Eijcj

›

›

›
ď C

”

a

tD,r
`

ÿ

j

σ2
ij}cj}

2
2

˘1{2
` tD,rL

ra
D,rmax

j
}cj}2

ı

(E.1)

with probability at least 1 ´ 4e´ctD,r .

Next, we collect several resolvent identities needed for the leave-one-out approach. For i P

rns, let Epiq be the principal minor obtained from E by deleting its ith row and column, and write

hi :“ pEjiqj‰i P Rn´1, Gpiqpzq :“ pzI ´ Epiqq´1.

We also write Bpiq P Rpn´1qˆr for the matrix obtained from B by deleting its ith row. We defer a
short proof of these resolvent identities to the end of this section.

LEMMA E.2. For every i P rns,

Gii “

´

z ´ Eii ´ hJ
i G

piqhi

¯´1
, (E.2)

eJ
i GB “ Gii

´

eJ
i B ` hJ

i G
piqBpiq

¯

, (E.3)

GpiqBpiq “ pGBqpiq ´ Gpiqhipe
J
i GBq, (E.4)

where pGBqpiq denotes the matrix obtained from GB by deleting its ith row.

We first prove the row-adaptive local law for a fixed spectral parameter. Recall the definition
of LD,r from (1.5) and from (6.4) that

tD,r :“ CpD ` rq logn.

PROPOSITION E.1. Let B P Rnˆr be deterministic and suppose |z| ě C 1
a

tD,rRmax for a
sufficiently large absolute constant C 1. Then, with probability at least 1 ´ Cn´D´2,

|z|2}pGpzq ´ ΦpzqqB}2,8 ď C
“a

tD,r ΓpBq `
`

tD,rL
ra
D,r ` mD

˘

}B}2,8
‰

. (E.5)

Proof. Our goal is to control }pG ´ ΦqB}2,8 by a leave-one-out argument. We first note that
}Φ} “ maxi |ϕi| ď 3

2|z|
by Lemma 5.1 (i) and thus

}GB}2,8 ď }ΦB}2,8 ` }pG ´ ΦqB}2,8 ď
3

2|z|
}B}2,8 ` }pG ´ ΦqB}2,8. (E.6)

This inequality will be used to close the bootstrap below.
Fix i P rns and condition on Epiq and Eii. Then hi is independent of the conditioning σ-field,

whereas GpiqBpiq is measurable with respect to it. Hence, combining (E.1) with a union bound
over i yields

}hJ
i G

piqBpiq} ď C
”

a

tD,r
`

ÿ

j‰i

σ2
ij}e

J
j G

piqBpiq}2
˘1{2

` tD,rL
ra
D,r}G

piqBpiq}2,8

ı

(E.7)

for all i, with probability at least 1 ´ 4ne´ctD,r .
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We now estimate the two terms on the right-hand side of (E.7). By (E.4), for j ‰ i,

eJ
j G

piqBpiq “ eJ
j GB ´ eJ

j G
piqhi ¨ eJ

i GB.

Decomposing

eJ
j GB “ eJ

j ΦB ` eJ
j pG ´ ΦqB “ ϕje

J
j B ` eJ

j pG ´ ΦqB

and applying Minkowski’s inequality, we obtain

`

ÿ

j‰i

σ2
ij}e

J
j G

piqBpiq}2
˘1{2

ď
`

ÿ

j‰i

σ2
ij |ϕj |

2}eJ
j B}2

˘1{2
`
a

Ri }pG ´ ΦqB}2,8

`
`

ÿ

j‰i

σ2
ij |e

J
j G

piqhi|
2
˘1{2

}GB}2,8.

Using maxj |ϕj | ď 3{p2|z|q and σij ď σmax, we further get

`

ÿ

j‰i

σ2
ij}e

J
j G

piqBpiq}2
˘1{2

ď
3

2|z|
γipBq`

a

Ri }pG´ΦqB}2,8`σmax}Gpiqhi}¨}GB}2,8. (E.8)

Likewise, (E.4) yields
}GpiqBpiq}2,8 ď

`

1 ` }Gpiqhi}
˘

}GB}2,8. (E.9)

Combining (E.7), (E.8), and (E.9), and using σmax ď Lra
D,r with

}Gpiqhi} ď }Gpiq} }Eei} ď }Gpiq} }E} ď
6
?
Rmax

|z|
,

we obtain

}hJ
i G

piqBpiq} ď C

«

a

tD,r

|z|
γipBq `

a

tD,rRi }pG ´ ΦqB}2,8

` tD,rL
ra
D,r

ˆ

1 `

?
Rmax

|z|

˙

}GB}2,8

ff

.

Since |z| ě C 1
a

tD,rRmax and by (E.6),

}GB}2,8 ď
3

2|z|
}B}2,8 ` }pG ´ ΦqB}2,8,

this simplifies to

}hJ
i G

piqBpiq} ď C

«

a

tD,r

|z|
γipBq `

tD,rL
ra
D,r

|z|
}B}2,8

`
`
a

tD,rRi ` tD,rL
ra
D,r

˘

}pG ´ ΦqB}2,8

ff

. (E.10)
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To proceed, note that, by (E.3),

eJ
i pG ´ ΦqB “ pGii ´ ϕiqe

J
i B ` Giih

J
i G

piqBpiq.

Using (E.10) and taking the maximum over i, together with }G} ď 2
|z|

, we get

}pG ´ ΦqB}2,8 ď max
i

|Gii ´ ϕi| }B}2,8

`
C

|z|2

“a

tD,r ΓpBq ` tD,rL
ra
D,r}B}2,8

‰

` C

a

tD,rRmax ` tD,rL
ra
D,r

|z|
}pG ´ ΦqB}2,8. (E.11)

By Assumption 1.3,
tD,rL

ra
D,r ≲

a

tD,rRmax ď p1{C 1q|z|,

so the last coefficient in (E.11) is at most 1{2 when C 1 is sufficiently large. Therefore,

}pG ´ ΦqB}2,8 ď 2max
i

|Gii ´ ϕi| }B}2,8 `
C

|z|2

“a

tD,r ΓpBq ` tD,rL
ra
D,r}B}2,8

‰

.

Finally, it follows by applying Theorem 4 with v “ w “ ei and taking a union bound over i that

max
i

|Gii ´ ϕi| ď
mD

|z|2
,

which proves (E.5).

We now pass from the fixed-z estimate to the uniform row-adaptive local law. The argument
follows the proof of Corollary 3, so we only sketch it.

Proof of Corollary 4. It remains to make Proposition E.1 uniform over z P Sra defined in (6.5).
On the event t}E} ď 3

?
Rmaxu, the same resolvent calculation as in the proof of Corollary 3

shows that the maps rowwisez ÞÑ z2GpzqB and z ÞÑ z2ΦpzqB are both 8}B}-Lipschitz.
We now apply the same ε-net argument as in the proof of Corollary 3. By the polynomial

bounds in Assumption 1.1, a suitable net of Sra has cardinality polynomial in n. Applying Propo-
sition E.1 on this net and taking a union bound, the choice

tD,r “ CpD ` rq logn

absorbs the net cardinality and yields failure probability at most n´D. The Lipschitz bounds above
extend the estimate from the net to all z P Sra. This proves (6.6).

Finally, we provide the proof of Lemma E.2.

Proof of Lemma E.2. Without loss of generality, denote

zI ´ E “

ˆ

z ´ Eii ´hJ
i

´hi zI ´ Epiq

˙

.
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Write accordingly

G “

ˆ

Gii Gi,´i

G´i,i G´i,´i

˙

,

where the subscript ´i means that the ith coordinate is deleted. The block inverse formula (the
Schur complement) yields (E.2) and

Gi,´i “ Giih
J
i G

piq, G´i,´i “ Gpiq ` GpiqhiGiih
J
i G

piq,

where ´i denotes deletion of the ith coordinate. Since

B “

ˆ

eJ
i B

Bpiq

˙

,

multiplying the first block row by B leads to

eJ
i GB “ Gii

´

eJ
i B ` hJ

i G
piqBpiq

¯

,

which is (E.3). Similarly, the lower block row gives

pGBqpiq “ GpiqBpiq ` GpiqhiGii

´

eJ
i B ` hJ

i G
piqBpiq

¯

“ GpiqBpiq ` Gpiqhipe
J
i GBq,

which is equivalent to (E.4).

F Extensions to general signal eigenspaces

Theorem 1 is stated for the top positive eigenspace only to simplify notation. The proof extends
directly to general eigenspaces Ul:s “ pul, . . . , usq for 1 ď l ă s ď r. We also provide a simple
alternative approach using the bounds for top eigenspaces.

For negative population spikes, we apply our framework to ´A and ´pA`Eq. In our ordering
λ1 ě ¨ ¨ ¨ ě λr`

ą 0 ą λr``1 ě ... ě λr, the eigenspaces corresponding to the most negative
eigenvalues become the top eigenspaces. This symmetry yields the same perturbation guarantees
for the bottom eigenspaces without additional analysis.

For intermediate blocks Ul:s and Ũl:s where 1 ď l ă s ď r`. We use the decomposition
PUl:s “ PUs ´ PUl´1

to obtain

} sin∠pUl:s, Ũl:sq} ď } sin∠pUl´1, Ũl´1q} ` } sin∠pUs, Ũsq}, (F.1)

and

min
O

}Ũl:s ´ Ul:sO}2,8 ď }pI ´ PUl:sqŨl:s}2,8 ` }Ul:s}2,8} sin∠pUl:s, Ũl:sq}2, (F.2)

where

}pI ´ PUl:sqŨl:s}2,8 ď }pI ´ PUsqŨs}2,8 ` }Ul´1}2,8} sin∠pUl´1, Ũl´1q}.

Thus, the perturbation bounds for Ul:s, Ũl:s follow by substituting the estimates for the top-s and
top-pl ´ 1q eigenspaces. By symmetry, analogous decompositions hold for intermediate blocks of
negative spikes.
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We provide the proofs of (F.1) and (F.2) below.

Proof of (F.1): First, by [28, Exercises VII. 1. 9– 1.11],

} sin∠pUl:s, Ũl:sq} “ }pI ´ PUl:sqŨl:s} “ }PUK
l:s
Ũl:s}.

From the decomposition PUl:s “ PUs ´ PUl´1
, we can express

PUK
l:s

“ I ´ PUl:s “ pI ´ PUsq ` PUl´1
“ PUK

s
` PUl´1

.

It follows that
}PUK

l:s
Ũl:s} ď }PUK

s
Ũl:s} ` }PUl´1

Ũl:s}. (F.3)

For the first term, observe that the columns of Ũl:s are a subset of the columns of Ũs. Thus

}PUK
s
Ũl:s} ď }PUK

s
Ũs} “ } sin∠pUs, Ũsq}.

For the second term in (F.3), since Ũl:s is orthogonal to Ũl´1, we have P
ŨK
l´1

Ũl:s “ Ũl:s. Then

PUl´1
Ũl:s “ PUl´1

P
ŨK
l´1

Ũl:s,

and therefore,

}PUl´1
P
ŨK
l´1

Ũl:s} ď }PUl´1
P
ŨK
l´1

} ¨ }Ũl:s} “ } sin∠pUl´1, Ũl´1q}.

Substituting these two bounds back into (F.3) completes the proof of (F.1).

Proof of (F.2): Let UJ
l:sŨl:s “ WDV J be the singular value decomposition. We choose O “

WV J and then decompose

Ũl:s ´ Ul:sO “ pI ´ PUl:sqŨl:s ` PUl:spŨl:s ´ Ul:sOq

“ pI ´ PUl:sqŨl:s ` Ul:spU
J
l:sŨl:s ´ Oq.

Taking the 2 Ñ 8 norm and applying the triangle inequality yields

}Ũl:s ´ Ul:sO}2,8 ď }pI ´ PUl:sqŨl:s}2,8 ` }Ul:spU
T
l:sŨl:s ´ Oq}2,8. (F.4)

By our choice of O, the second term in (F.4) is bounded by

}Ul:sW pD ´ IqV J}2,8 ď }Ul:s}2,8}W pI ´ DqV J} “ }Ul:s}2,8}I ´ D}.

Note that the diagonal entries of D are the cosines of the principal angles θi. The entries of I ´D2

are exactly sin2 θi. Because D ľ 0, we have I ´ D ĺ I ´ D2, which implies

}I ´ D} ď }I ´ D2} “ } sin∠pUl:s, Ũl:sq}2.

This proves the main inequality in (F.2). It remains to bound }pI ´ PUl:sqŨl:s}2,8. Using I ´

PUl:s “ pI ´ PUsq ` PUl´1
, we expand

pI ´ PUl:sqŨl:s “ pI ´ PUsqŨl:s ` PUl´1
Ũl:s.
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Thus
}pI ´ PUl:sqŨl:s}2,8 ď }pI ´ PUsqŨl:s}2,8 ` }PUl´1

Ũl:s}2,8. (F.5)

For the first term, since pI ´ PUsqŨl:s consists of a subset of the columns of pI ´ PUsqŨs, we get

}pI ´ PUsqŨl:s}2,8 ď }pI ´ PUsqŨs}2,8.

For the second term, plugging in PUl´1
“ Ul´1U

J
l´1, we find

}PUl´1
Ũl:s}2,8 “ }Ul´1pUJ

l´1Ũl:sq}2,8 ď }Ul´1}2,8}UJ
l´1Ũl:s}.

Finally, because Ũl:s is orthogonal to Ũl´1, we obtain

}UJ
l´1Ũl:s} “ }UJ

l´1PŨK
l´1

Ũl:s} ď }UJ
l´1PŨK

l´1
}}Ũl:s} “ } sin∠pUl´1, Ũl´1q}.

Substituting these bounds into (F.5) finishes the proof.

G Extension to rectangular matrices: singular subspace perturba-
tions

We briefly discuss the extension of current results to the rectangular model:

X̃ “ X ` E P Rn1ˆn2 ,

where X “ UΣV J “
řr
i“1 σiuiv

J
i is a rank r matrix with singular values σ1 ě σ2 ě ¨ ¨ ¨ ě

σr ą 0. The random noise matrix E has i.i.d. entries with EpEijq “ 0 and EpE2
ijq “ σ2

ij . Denote
Σ “ pσ2

ijq P Rn1ˆn2 . The entries of E are sub-Gaussian with a variance profile: }Eij}ψ2 ď Kσij .
Using the standard Hermitian dilation (or linearization), we embed the rectangular matrices

into larger symmetric block matrices by considering the pn1 ` n2q ˆ pn1 ` n2q augmented sym-
metric matrices:

A “

ˆ

0 X
XJ 0

˙

, E “

ˆ

0 E
EJ 0

˙

, Ã “ A ` E.

The nonzero eigenvalues of A are

λ1 “ σ1 ě ¨ ¨ ¨ ě λr “ σr ą 0 ą λr`1 “ ´σ1 ě ¨ ¨ ¨ ě λ2r “ ´σr

with corresponding eigenvectors

wj :“
1

?
2

ˆ

uj
vj

˙

, wj`r :“
1

?
2

ˆ

uj
´vj

˙

, 1 ď j ď r.

Let A “ WDWJ, where

W “
1

?
2

ˆ

U U
V ´V

˙

.
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For I Ď r2rs, we denote by WI the submatrix of W formed by columns twi : i P Iu. All
information about the top-k singular subspaces Uk and Vk is encoded in the eigenspace WIk ,
where

Ik :“ t1, . . . , ku Y tk ` 1, . . . , k ` ru.

Hence, we can directly translate our eigenspace perturbation results to singular subspaces. We
now introduce the relevant parameters. Define

R
pLq

i :“
n1
ÿ

j“1

σ2
ij , R

pRq

j :“
n2
ÿ

i“1

σ2
ij ,

and let RL :“ diagpR
pLq

i q1ďiďn1 , RR :“ diagpR
pRq

i q1ďiďn2 ,

Raug :“ diagpRL,RRq, Raug
max :“ max

!

max
i

R
pLq

i , max
j

R
pRq

j

)

.

Define Maug ” Maug,D as in (1.3) with the dimension factor n1 ` n2 and set

ρaugk :“ 10Maug ` 15
oscpRaugq

σk
,

and
δk :“ σk ´ σk`1.

Also, we denote V “ WJRaugW . Note that

VJI “ WJ
J RaugWI “

1

2

`

UJ
JRLUI ` V J

J RRVI
˘

.

We define Baug
k similar to Bk (1.4):

Baug
k :“

10
?
k

δkσk

ˆ

}VJI} ` 8
Raug

max

σ2
k

oscpRaugq

˙

` 4
?
k

}VNK}

σ2
k

.

We can then directly translate eigenspace perturbation results from the symmetric model Ã “

A`E to the rectangular model X̃ “ X `E using the revised parameters above and the following
key relationships (see [98] for details): for any unitarily invariant norm ~ ¨ ~,

maxt~ sin∠pUk, Ũkq~,~ sin∠pVk, Ṽkq~u ď ~ sin∠pWI , W̃kq~

and

maxt}Ũk ´ PUk Ũk}2,8, }Ṽk ´ PVk Ṽk}2,8u ď }W̃I ´ PWI
W̃I}2,8.

Specifically, this implies that the following 2 Ñ 8 bound holds with probability at least
1 ´ n´D:

min
OPOpkq

}Ũk ´ UkO}2,8

ď 4maxt}U}2,8, }V }2,8u

ˆ

Baug
k ` 30

Raug
max

σ2
k

˙

` 120
?
k
Maug

σk
. (G.1)
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The same bound also holds for minOPOpkq }Ṽk ´ VkO}2,8.
We conclude by clarifying the nature of the coupled terms in (G.1). While the dependence

on both variance profiles (RL and RR) reflects the intrinsic statistical coupling in the asymmetric
noise matrix, the dependence on the maximum joint incoherence maxt}U}2,8, }V }2,8u and the
total dimension n1 `n2 is an artifact of the symmetric embedding framework. We plan to address
this limitation in future work.

H Proofs of Lemma 3.1, Proposition 3.1, (J.1) and (J.2)

H.1 Proof of Lemma 3.1

For brevity, write
LJ ,s :“ I ´ UJ

JΦpλ̃sqUJΛJ .

For j P J , set
αjpzq :“ λ´1

j ´ uJ
j Φpzquj .

Recall the quantity defined in Proposition 7.2

∆Φ
J pλ̃sq :“ λ̃smin

jPJ

ˇ

ˇ

ˇ
1 ´ λju

J
j Φpλ̃squj

ˇ

ˇ

ˇ
“ min

jPJ

ˇ

ˇ

ˇ
λ̃sλjαjpλ̃sq

ˇ

ˇ

ˇ
.

We first relate sminpLJ ,sq to ∆Φ
J pλ̃sq. Decompose

UJ
JΦpλ̃sqUJ “ diag

`

uJ
j Φpλ̃squj

˘

jPJ ` QJ pλ̃sq,

where
QJ pλ̃sq :“ Off

`

UJ
JΦpλ̃sqUJ

˘

.

Then
LJ ,s “ diag

´

1 ´ λju
J
j Φpλ̃squj

¯

jPJ
´ QJ pλ̃sqΛJ .

Hence

sminpLJ ,sq ě
∆Φ

J pλ̃sq

λ̃s
´ }QJ pλ̃sqΛJ }. (H.1)

We next estimate the off-diagonal term }QJ pλ̃sqΛJ }. Using the expansion

Φpzq “
1

z
I `

1

z3
R ` εpzq,

we have
QJ pλ̃sq “

1

λ̃3
s

OffpVJJ q ` Off
`

UJ
J εpλ̃sqUJ

˘

.

Since the eigenvalues in J are positive and bounded above by λk`1,

}QJ pλ̃sqΛJ } ď
λk`1

λ̃3
s

}OffpVJJ q} ` λk`1

›

›

›
Off

`

UJ
J εpλ̃sqUJ

˘

›

›

›
.
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By Lemma 5.2,

›

›

›
Off

`

UJ
J εpλ̃sqUJ

˘

›

›

›
ď

1

2
oscpεpλ̃sqq ď

15

2

Rmax

λ̃5
s

oscpRq.

Therefore
}QJ pλ̃sqΛJ } ď

λk`1

λ̃3
s

}OffpVJJ q} `
15

2

λk`1Rmax

λ̃5
s

oscpRq. (H.2)

We now verify that the off-diagonal term in (H.1) is small compared with the diagonal part. Using
λ̃s ě 1

2λk, Rmax ď 36λ2
k, and }OffpVJJ q} ď oscpRq, from (H.2), we get

λ̃s}QJ pλ̃sqΛJ } ď

ˆ

8 `
5

3

˙

λk`1

λ2
k

oscpRq ď
1

20

ˆ

8 `
5

3

˙

δk,

where the last inequality again follows from the gap assumption. Since ∆Φ
J pλ̃sq ě δk{2, we get

}QJ pλ̃sqΛJ } ď
1

10

ˆ

8 `
5

3

˙

∆Φ
J pλ̃sq

λ̃s
.

Returning to (H.1), we obtain

sminpLJ ,sq ě
1

30

∆Φ
J pλ̃sq

λ̃s
ě

1

60

δk

λ̃s
.

Thus }L´1
J ,s} ď 60 λ̃sδk . This proves the desired bound.

H.2 Proof of Proposition 3.1

For s P rks, the eigen-equation gives

ũs “ Gpλ̃sqAũs “ Φpλ̃sqAũs ` Ξpλ̃sqAũs,

where Ξpzq :“ Gpzq ´ Φpzq. It follows that

UJũs “ UJΦpλ̃sqUΛUJũs ` UJΞpλ̃sqUΛUJũs.

Taking the J -block yields

UJ
J ũs “ UJ

JΦpλ̃sqUIΛI ¨ UJ
I ũs ` UJ

JΦpλ̃sqUJΛJ ¨ UJ
J ũs ` UJ

JΞpλ̃sqUΛUJũs.

Collecting the UJ
J ũs terms gives

pI ´ UJ
JΦpλ̃sqUJΛJ qUJ

J ũs “ UJ
JΦpλ̃sqUIΛI ¨ UJ

I ũs ` UJ
JΞpλ̃sqUΛUJũs.

Recall Ts from (3.1). We further get

UJ
J ũs ´ TsUJ

I ũs “ pI ´ UJ
JΦpλ̃sqUJΛJ q´1UJ

JΞpλ̃sqUΛUJũs. (H.3)
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By definition and N “ tr` ` 1, . . . , ru,

PU ũs “ UkU
J
k ũs ` UJU

J
J ũs ` UNUJ

N ũs.

Combining this with (H.3), we get

worc
s “ PU ũs ´ UJ TsUJ

I ũs

“ UkU
J
k ũs ` UNUJ

N ũs ` UJ pI ´ UJ
JΦpλ̃sqUJΛJ q´1UJ

JΞpλ̃sqU ¨ ΛUJũs. (H.4)

Note that we have established in (7.6) that

}UJ
N ũs} ă 4

}VNK}

λ2
k

` 24
Rmax

λ4
k

oscpRq ` 4
M

λk
. (H.5)

Now we estimate the last term on the right-hand side of (H.4). We first have

}ΛUJũs} ď 2|λ̃s|.

To see this, from pA ` Eqũs “ λ̃sũs, we have

Aũs “ pλ̃sI ´ Eqũs.

Multiplying by UJ gives ΛUJũs “ UJAũs “ UJpλ̃sI ´ Eqũs. Hence,

}ΛUJũs} ď |λ̃s| ` }E} ď 2|λ̃s|

by our assumption λk ě 9
?
Rmax and Weyl’s inequality.

On the event ED, we have

}UJ
JΞpλ̃sqU} ď

M

λ̃2
s

.

Combining these estimates with Lemma 3.1 yields

}UJ pI ´ UJ
JΦpλ̃sqUJΛJ q´1UJ

JΞpλ̃sqU ¨ ΛUJũs}

ď }pI ´ UJ
JΦpλ̃sqUJΛJ q´1UJ

JΞpλ̃sqU ¨ ΛUJũs} ď 120
M

δk
. (H.6)

From (H.4) and the orthogonality of the signal subspaces, worc
s ´ UkU

J
k ũs lies entirely in the

span of UK
k . Combining the above bounds, we have

}worc
s ´ UkU

J
k ũs} ď }UJ

N ũs} ` }UJ pI ´ UJ
JΦpλ̃sqUJΛJ q´1UJ

JΞpλ̃sqU ¨ ΛUJũs}

ď 4
}VNK}

λ2
k

` 24
Rmax

λ4
k

oscpRq ` 124
M

δk
.

Denote
∆orc :“ pworc

1 ´ UkU
J
k ũ1, . . . , w

orc
k ´ UkU

J
k ũkq.

It follows immediately that

}∆orc} ď }∆orc}F ď
?
k

ˆ

4
}VNK}

λ2
k

` 24
Rmax

λ4
k

oscpRq ` 124
M

δk

˙

“ Eosc
k .
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We rewrite
W orc
k “ pworc

1 , . . . , worc
k q “ UkU

J
k Ũk ` ∆orc.

Note that

Uorc
k “ orthpW orc

k q “ W orc
k ppW orc

k qJW orc
k q´1{2. (H.7)

We aim to bound

} sin∠pUk, U
orc
k q} “ }PUK

k
Uorc
k } “ }PUK

k
W orc
k ppW orc

k qJW orc
k q´1{2} ď

}PUK
k
W orc
k }

sminpW orc
k q

.

First,
}PUK

k
W orc
k } “ }PUK

k
pUkU

J
k Ũk ` ∆orcq} “ }PUK

k
∆orc} ď }∆orc}.

Next, since W orc
k “ UkU

J
k Ũk ` ∆orc, and ∆orc is orthogonal to Uk, we have

σminpW orc
k q ě σminpUkU

J
k Ũkq “ σminpUJ

k Ũkq “

b

1 ´ } sin∠pUk, Ũkq}2.

On the event that Theorem 1 holds, } sin∠pUk, Ũkq} ď 1{100. Thus,

σminpW orc
k q ě

1

2
.

We conclude that
} sin∠pUk, U

orc
k q} ď 2}∆orc} ď 2Eosc

k .

For the 2 Ñ 8 norm bound, we start with the standard decomposition

min
OPOpkq

}Uorc
k ´ UkO}2,8 ď }pI ´ PUkqUorc

k }2,8 ` }Uk}2,8} sin∠pUk, U
orc
k q}2.

It remains to bound }pI ´ PUkqUorc
k }2,8. Since PUK

k
W orc
k “ ∆orc, from (H.7), we get

pI ´ PUkqUorc
k “ ∆orcppW orc

k qJW orc
k q´1{2.

Thus

}pI ´ PUkqUorc
k }2,8 ď }∆orc}2,8}ppW orc

k qJW orc
k q´1{2}

ď
}∆orc}2,8

σminpW orc
k q

ď 2}∆orc}2,8.

We bound }∆orc}2,8. From (H.4),

∆orc “ pworc
1 ´ UkU

J
k ũ1, . . . , w

orc
k ´ UkU

J
k ũkq

“ UN ¨ UJ
N Ũk ` UJ ¨ B

where B :“ rb1, ¨ ¨ ¨ , bks with columns

bs “ pI ´ UJ
JΦpλ̃sqUJΛJ q´1UJ

JΞpλ̃sqU ¨ ΛUJũs.
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In (H.6), we have

}bs} ď 120
M

δk

and thus
}B} ď }B}F ď 120

?
k
M

δk
.

Also, by (H.5), we get

}UJ
N Ũk} ď }UJ

N Ũk}F ď
?
kmax

sPk
}UJ

N ũs}

ď 4
?
k

}VNK}

λ2
k

` 24
?
k
Rmax

λ4
k

oscpRq ` 4
?
k
M

λk
.

Now we get

}pI ´ PUkqUorc
k }2,8 ď 2}∆orc}2,8 “ 2 max

1ďiďn
}eJ
i pUN ¨ UJ

N Ũk ` UJ ¨ Bq}

ď 2}U}2,8p}UJ
N Ũk} ` }B}q

ď }U}2,8

ˆ

8
?
k

}VNK}

λ2
k

` 48
?
k
Rmax

λ4
k

oscpRq ` 248
?
k
M

δk

˙

“ 2}U}2,8Eosc
k .

Finally, combining the bound on } sin∠pUk, U
orc
k q}, we obtain

min
OPOpkq

}Uorc
k ´ UkO}2,8 ď }pI ´ PUkqUorc

k }2,8 ` }Uk}2,8} sin∠pUk, U
orc
k q}2

ď 3}U}2,8Eosc
k .

The proof is complete.

H.3 Proof of (J.1) and (J.2)

By the definitions of ŵs and worc
s , their difference is

ŵs ´ worc
s “ P

Ũ
ũs ´ PU ũs ´

´

ŨJ T̂sŨJ
I ũs ´ UJ TsUJ

I ũs

¯

.

Since P
Ũ
ũs “ ũs, we get

Ŵk ´ W orc
k “ pI ´ PU qŨk ´ Dk.

Let ∆ :“ }Ŵk ´ W orc
k }. Applying the triangle inequality, we bound

∆ ď }pI ´ PU qŨk} ` }Dk} ď 2
}E}

λk
` }Dk}.

The bound in the second inequality was established in (B.2).
Similarly, taking the 2 Ñ 8 norm yields

∆2,8 :“ }Ŵk ´ W orc
k }2,8 ď }pI ´ PU qŨk}2,8 ` }Dk}2,8.
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Note that the assumption Eorc
k `

}E}

λk
` }Dk} ď c guarantees that Eorc

k ` ∆ ď c ď 1{10 for a
sufficiently small absolute constant c.

Recall from the proof of Proposition 3.1 that W orc
k “ UkU

J
k Ũk ` ∆orc, where }PUK

k
W orc
k } ď

}∆orc} ď Eorc
k and }PUK

k
W orc
k }2,8 ď }U}2,8Eorc

k .

From the decomposition Ŵk “ W orc
k ` pŴk ´ W orc

k q, we obtain

}PUK
k
Ŵk} ď }PUK

k
W orc
k } ` }Ŵk ´ W orc

k } ď Eorc
k ` ∆.

Similarly, the 2 Ñ 8 norm satisfies

}PUK
k
Ŵk}2,8 ď }PUK

k
W orc
k }2,8 ` }Ŵk ´ W orc

k }2,8 ď }U}2,8Eorc
k ` ∆2,8. (H.8)

Next, we lower-bound sminpŴkq. We established previously that sminpW orc
k q ě 1{2. By

Weyl’s inequality,

sminpŴkq ě sminpW orc
k q ´ }Ŵk ´ W orc

k } ě
1

2
´ ∆ ě

1

2
´

1

10
“

2

5

since ∆ ď 1{10.
Similar to the proof of Proposition 3.1, we get

} sin∠pUk, Û
db
k q} “ }PUK

k
Ûdb
k } ď

}PUK
k
Ŵk}

σminpŴkq
ď

5

2
pEorc
k ` ∆q.

For the 2 Ñ 8 bound, we start with

min
OPOpkq

}Ûdb
k ´ UkO}2,8 ď }pI ´ PUkqÛdb

k }2,8 ` }Uk}2,8} sin∠pUk, Û
db
k q}2.

Since pI ´ PUkqÛdb
k “ PUK

k
ŴkpŴJ

k Ŵkq´1{2, we bound the first term using (H.8):

}pI ´ PUkqÛdb
k }2,8 ď

}PUK
k
Ŵk}2,8

σminpŴkq
ď

5

2
p}U}2,8Eorc

k ` ∆2,8q .

Substituting this and the bound on } sin∠pUk, Û
db
k q}2 back into the decomposition yields the

desired bound.

I Proofs of Propositions 1.1 and 1.2

All proofs are carried out on the event ED, as mentioned at the beginning of Section 7.

I.1 Proof of Proposition 1.1

We first record the projected form of Corollary 4. Let Q “ I ´ UUJ. Since

QpG ´ ΦqU “ pG ´ ΦqU ´ U
“

UJpG ´ ΦqU
‰

,
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we have
}QpG ´ ΦqU}2,8 ď }pG ´ ΦqU}2,8 ` }U}2,8}UJpG ´ ΦqU}.

Denote Ξpzq “ Gpzq ´ Φpzq. Applying Corollary 4 with B “ U to the first term and Corollary 3
to the second term, we obtain that with probability at least 1 ´ n´D,

sup
zPSra

|z|2}QΞpzqU}2,8 ď CRDpUq. (I.1)

Here we used that Sra Ď Sout and mD ď MD.
On the event }E} ď 3

?
Rmax, by Weyl’s inequality and our assumption on λk, we have

λ̃s ě λk ´ 3
a

Rmax ě Cra

a

pD ` rqRmax log n.

Thus, λ̃s P Sra for all s ď k. Hence (I.1) applies at z “ λ̃s for s P rks.
We now follow the proof of Theorem 1. The only estimate that changes is the stochastic

null-space term
g

f

f

e

k
ÿ

s“1

λ̃2
s

›

›

›
QΞpλ̃sqU

›

›

›

2

2,8

on the right-hand side of (7.3). By (I.1), we bound it by
g

f

f

e

k
ÿ

s“1

λ̃2
s

›

›

›
QΞpλ̃sqU

›

›

›

2

2,8
ď

g

f

f

e

k
ÿ

s“1

C2RDpUq2

λ̃2
s

ď C
?
k
RDpUq

λk
,

where the last inequality follows from λ̃s ě cλk. All remaining estimates are unchanged from the
proof of Theorem 1, which proves (1.1).

I.2 Proof of Proposition 1.2

Recall that
Ỹk :“ ŨkΛ̃

1{2
k , Yk :“ UkΛ

1{2
k .

We start with a deterministic decomposition. By inserting the projection operators PUk “ UkU
J
k

and PUK
k

“ I ´ PUk , we have for any O P Opkq,

ỸkO ´ Yk “ PUK
k
ỸkO ` UkpUJ

k ỸkO ´ Λ
1{2
k q.

Thus,

}ŨkΛ̃
1{2
k O ´ UkΛ

1{2
k }2,8 ď }PUK

k
Ỹk}2,8 ` }Uk}2,8}UJ

k ỸkO ´ Λ
1{2
k }. (I.2)

We first control the second term on the right-hand side of (I.2) by choosing a specific O P

Opkq. For simplicity, denote Z :“ UJ
k ŨkΛ̃

1{2
k “ UJ

k Ỹk. Consider the polar decomposition
Z “ HR, where H “ pZZJq1{2 is a symmetric positive semi-definite matrix and R P Opkq. We
set O “ RJ. Thus,

ZO “ HRRJ “ H.

113



Consequently,
}UJ

k ỸkO ´ Λ
1{2
k } “ }ZO ´ Λ

1{2
k } “ }H ´ Λ

1{2
k }.

To bound this difference, noting that both H and Λk are positive semi-definite, we apply Theorem
6.2 from [63] to get

}H ´ Λ
1{2
k } ď

}H2 ´ Λk}

λminpHq ` λminpΛ
1{2
k q

ď
}H2 ´ Λk}

?
λk

,

where the final inequality follows from the fact that λminpHq ě 0.
Now we turn to bound }H2 ´ Λk}. It follows from the definition of H that

H2 “ UJ
k

`

ŨkΛ̃kŨ
J
k

˘

Uk.

Since Ãk “ ŨkΛ̃kŨ
J
k , we also have H2 “ UJ

k ÃkUk.
Plugging in Λk “ UJ

k AUk, the difference can be written as

H2 ´ Λk “ UJ
k pÃk ´ AqUk.

Let Ũąk P Rnˆpn´kq be an orthonormal basis of SpanpŨkqK, formed by the remaining eigenvec-
tors of Ã, and let Λ̃ąk be the corresponding diagonal matrix of eigenvalues. Then

Ã “ ŨkΛ̃kŨ
J
k ` ŨąkΛ̃ąkŨ

J
ąk :“ Ãk ` Ãąk.

From Ã “ A ` E and the decomposition Ã “ Ãk ` Ãąk, we substitute Ãk ´ A “ E ´ Ãąk to
obtain

H2 ´ Λk “ UJ
k EUk ´ UJ

k ÃąkUk.

Applying the triangle inequality yields

}H2 ´ Λk} ď }UJ
k EUk} ` }UJ

k ÃąkUk}.

For the second term, observe that UT
k ÃąkUk “ pUJ

k ŨąkqΛ̃ąkpŨJ
ąkUkq. Taking the operator

norm, we get

}UJ
k ÃąkUk} ď }Λ̃ąk} ¨ }UJ

k Ũąk}2.

By Weyl’s inequality, }Λ̃ąk} ď }Λąk} ` }E}. Furthermore, }UJ
k Ũąk} “ } sin∠pUk, Ũkq}.

Substituting these bounds back into the triangle inequality yields

}H2 ´ Λk} ď }UJ
k EUk} ` p}Λąk} ` }E}q} sin∠pUk, Ũkq}2.

Finally, we obtain

}UJ
k ŨkΛ̃

1{2
k O ´ Λ

1{2
k } ď

1
?
λk

´

}UJ
k EUk} ` p}Λąk} ` }E}q} sin∠pUk, Ũkq}2

¯

.
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Next, we bound }PUK
k
Ỹk}2,8 “ }PUK

k
ŨkΛ̃

1{2
k }2,8. First, we obtain a deterministic bound

by directly applying the component-wise estimates established in the proof of Proposition 7.1.
Recall the decomposition PUK

k
“ PJ ` Q, where PJ “ UJU

J
J with UJ “ puk`1, . . . , urq, and

Q “ I ´ UUJ. By triangle inequality, we get

}PUK
k
Ỹk}2,8 ď }PJ ŨkΛ̃

1{2
k }2,8 ` }QŨkΛ̃

1{2
k }2,8

ď }U}2,8 ¨ }UJ
J ŨkΛ̃

1{2
k } ` }QŨkΛ̃

1{2
k }2,8

ď }U}2,8 ¨ }UJ
J ŨkΛ̃

1{2
k }F ` }QŨkΛ̃

1{2
k }2,8.

Now we evaluate the rows of QŨkΛ̃
1{2
k . The squared Euclidean norm of the l-th row is given by

řk
s“1 λ̃spe

J
l Qũsq

2. In the proof of Proposition 7.1, we established the resolvent decomposition
eJ
l Qũs “ q

p1q

ls ` q
p2q

ls , where the individual terms are deterministically bounded by

|q
p1q

ls | ď
8

3
}U}2,8

oscpRq

λ̃2
s

and |q
p2q

ls | ď 2λ̃s}e
J
l QΞpλ̃sqU}2.

Next, we multiply these squared bounds by the weight λ̃s and sum over s P rks to get
g

f

f

e

k
ÿ

s“1

λ̃s|q
p1q

ls |2 ď
8

3
}U}2,8oscpRq

g

f

f

e

k
ÿ

s“1

1

λ̃3
s

ď 3
?
k}U}2,8

oscpRq

λ
3{2
k

,

and
g

f

f

e

k
ÿ

s“1

λ̃s|q
p2q

ls |2 ď 2

g

f

f

e

k
ÿ

s“1

λ̃3
s}e

J
l QΞpλ̃sqU}22.

Combining these estimates via the triangle inequality yields the final deterministic bound for
the weighted orthogonal projection:

}PUK
k
Ỹk}2,8 ď }U}2,8}UJ

J ŨkΛ̃
1{2
k }F ` 3

?
k}U}2,8

oscpRq

λ
3{2
k

` 2

g

f

f

e

k
ÿ

s“1

λ̃3
s max
1ďiďn

}eJ
i QΞpλ̃sqU}22. (I.3)

It remains to bound

}UJ
J ŨkΛ̃

1{2
k }F “

g

f

f

e

k
ÿ

s“1

λ̃s}UJ
J ũs}

2.

For J ‰ H, from the bound (7.5), we get
b

λ̃s}U
J
J ũs} ď

4

∆Φ
J pλ̃sq

˜

}VJI}

λ̃
1{2
s

`
13

2

Rmax

λ̃
5{2
s

oscpRq ` λ̃5{2
s }UJΞpλ̃sqU}

¸

` 2
?
3

˜

}VNK}

λ̃
3{2
s

`
13

2

Rmax

λ̃
7{2
s

oscpRq ` λ̃3{2
s }UJΞpλ̃sqU}

¸
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Substituting ∆Φ
J pλ̃sq ě 1

2δk and }UJΞpλ̃sqU} ď M{λ̃2
s into the above bound, we obtain

b

λ̃s}U
J
J ũs} ď

8

δk

}VJI}

λ̃
1{2
s

`
52

δk

Rmax

λ̃
5{2
s

oscpRq `
8Mλ̃

1{2
s

δk

` 2
?
3

}VNK}

λ̃
3{2
s

` 13
?
3
Rmax

λ̃
7{2
s

oscpRq ` 2
?
3
M

λ̃
1{2
s

.

To compute the Frobenius norm }UJ
J ŨkΛ̃

1{2
k }F “

›

›

`

b

λ̃s}U
J
J ũs}

˘k

s“1

›

›

2
, we sum over all k

components and use 3
2λs ě λ̃s ě 99

100λk, which yields

}UJ
J ŨkΛ̃

1{2
k }F

ď
8.1

?
k

δkλ
1{2
k

}VJI} `
3.6

?
k

λ
3{2
k

}VNK} ` 78
?
k
RmaxoscpRq

δkλ
5{2
k

`
10M

δk

g

f

f

e

k
ÿ

s“1

λs `
3.5

?
k

λ
1{2
k

M.

By (I.1), for every s ď k,

max
1ďiďn

}eJ
i QΞpλ̃sqU}2 ď C

RDpUq

λ̃2
s

.

Thus,

2

g

f

f

e

k
ÿ

s“1

λ̃3
s max
1ďiďn

}eJ
i QΞpλ̃sqU}22 ď CRDpUq

g

f

f

e

k
ÿ

s“1

1

λ̃s
ď C

?
k
RDpUq
b

λ̃k

ă C
?
k
RDpUq

?
λk

.

Finally, combining these estimates into (I.3) and noting that 13
2 λ̃

´3{2
k ď 7λ

´3{2
k , we obtain

}PUK
k
Ỹk}2,8 ď }U}2,8

˜

8.1
?
k

δkλ
1{2
k

}VJI} `
3.6

?
k

λ
3{2
k

}VNK} ` 78
?
k
RmaxoscpRq

δkλ
5{2
k

¸

1tkăru

` }U}2,8

¨

˝

10M

δk

g

f

f

e

k
ÿ

s“1

λs `
3.5

?
k

λ
1{2
k

M

˛

‚1tkăru ` 3
?
k}U}2,8

oscpRq

λ
3{2
k

` C
?
k
RDpUq

λ
1{2
k

.

Recall that

Bk :“
10

?
k

δkλk

ˆ

}VJI} ` 8
Rmax

λ2
k

oscpRq

˙

` 4
?
k

}VNK}

λ2
k

.

We simplify the bound to

}PUK
k
Ỹk}2,8 ď}U}2,8

a

λkBk1tkăru ` }U}2,8
10M

δk

g

f

f

e

k
ÿ

s“1

λs1tkăru

` C
?
k
RDpUq

λ
1{2
k

` 3
?
k}U}2,8

oscpRq

λ
3{2
k

. (I.4)
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Now, from (I.2), we get

}ŨkΛ̃
1{2
k O ´ UkΛ

1{2
k }2,8

ď }PUK
k
Ỹk}2,8 `

}Uk}2,8
?
λk

”

}UJ
k EUk} ` p}Λąk} ` }E}q} sin∠pUk, Ũkq}2

ı

,

where }PUK
k
Ỹk}2,8 is bounded by (I.4). Applying the bound for } sin∠pUk, Ũkq} from Theorem 1

completes the proof.

J Plug-in de-biasing implementation and limitations

To keep the discussion simple, assume in this paragraph that r and r` are known and the variance
profile Σ is known, so that Φpzq is computable from the QVE..

Define
ŨJ :“ pũk`1, . . . , ũr`

q, ŨI :“ pũ1, . . . , ũk, ũr``1, . . . , ũrq,

with corresponding diagonal eigenvalue matrices Λ̃J and Λ̃I . Also write

Ũ :“ pũ1, . . . , ũrq, P
Ũ
:“ Ũ ŨJ.

If J “ H, no correction is needed and we set Ûdb
k :“ Ũk. Otherwise, for s P rks, define

T̂s :“
´

I ´ ŨJ
JΦpλ̃sqŨJ Λ̃J

¯´1
ŨJ
JΦpλ̃sqŨIΛ̃I ,

whenever the inverse exists. The plug-in corrected vector is

ŵs :“ P
Ũ
ũs ´ ŨJ T̂sŨJ

I ũs, s “ 1, . . . , k.

Note that for s ď k, P
Ũ
ũs “ ũs. Finally, set

Ŵk :“ pŵ1, . . . , ŵkq, Ûdb
k :“ orthpŴkq.

To compare this estimator with the oracle estimator, define the correction discrepancy

Dk :“
´

ŨJ T̂sŨJ
I ũs ´ UJ TsUJ

I ũs

¯k

s“1
.

Then the difference between the plug-in and oracle matrices is given by

Ŵk ´ W orc
k “ pI ´ PU qŨk ´ Dk.

Consequently, the accuracy of the plug-in correction is governed by the norms of this difference.
As shown in (B.2) below, }pI ´ PU qŨk} ď 2}E}{λk. On the event that

Eorc
k `

}E}

λk
` }Dk} ď c
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for a sufficiently small absolute constant c ą 0, the same argument as in Proposition 3.1 gives

} sin∠pÛdb
k , Ukq} ď C

ˆ

Eorc
k `

}E}

λk
` }Dk}

˙

. (J.1)

Moreover,

min
OPOpkq

}Ûdb
k ´ UkO}2,8 ď C

”

}U}2,8Eorc
k ` }pI ´ PU qŨk}2,8 ` }Dk}2,8

` }Uk}2,8

ˆ

Eorc
k `

}E}

λk
` }Dk}

˙2
ı

. (J.2)

The proofs of (J.1) and (J.2) are given in Appendix H.3 for completeness.

REMARK J.1 (Limitation and useful regimes). The plug-in correction Ûdb
k is not a universal

replacement for the raw empirical eigenspace Ũk. The term Dk measures the error in estimating
the oracle correction from the empirical lower-positive J -block. This term could be large in two
situations. First, if the lower-positive block J contains weak or poorly separated spikes, then
the empirical block ŨJ may not estimate UJ accurately. Second, when eigenvalues are tightly
clustered (δk is small), the matrices I ´ UJ

JΦpλ̃sqUJΛJ become ill-conditioned. Inverting them
will make }Dk} blow up.

Thus the plug-in estimator is useful only when

}Dk} ≲ Eorc
k

and the removed bias is larger than the residual terms
?
k

δkλk

ˆ

}VJI} `
Rmax

λ2
k

oscpRq

˙

" Eorc
k `

}E}

λk
.

This condition does not require the geometric bias to vanish. It may hold, for instance, when J
contains strong, well-separated spikes that can be accurately estimated, even if the variance profile
R has a large coupling between UJ and UI . A systematic analysis of optimal fully data-driven
bias correction is left for future work.

K Proofs for the applications

K.1 Proofs for the DCSBM application

We first record the population geometry. The calculation is standard; see, for example, [74, 69].
Let

S :“ ZJΘ2Z “ diagps1, . . . , srq and X0 :“ ΘZS´1{2.

Note that S has rank r and XJ
0 X0 “ Ir.

LEMMA K.1 (Population geometry of the DCSBM). Write the eigen-decomposition S1{2BS1{2 “

V ΛV J where V P Oprq. Then the eigenspace of P may be represented as U “ X0V , and

eJ
i U “ µie

J
gpiqV,

eJ
i U

}eJ
i U}

“ eJ
gpiqV. (K.1)
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Consequently,
}eJ
i U} “ µi, }U}2,8 “ µ`, min

i
}eJ
i U}2 “ µ´,

and the normalized population centers of two distinct communities are separated by distance
?
2.

Proof. Note that

P “ ΘZBZJΘ “ X0

`

S1{2BS1{2
˘

XJ
0 “ pX0V qΛpX0V qJ.

Thus we may take U “ X0V . If gpiq “ a, then

eJ
i X0 “

θi
?
sa

eJ
a “ µie

J
a ,

which proves (K.1). Since the rows of V are orthonormal, }eJ
a V ´ eJ

b V } “
?
2 for a ‰ b.

We use the following specialization of the refined full-signal perturbation bound from the main
results. It is obtained by applying Corollary 1 to the positive and negative eigenspaces separately
(see Remark 1.3). Recall that tD,r “ pD ` rq log n.

PROPOSITION K.1 (Perturbation input). Let P “ UΛUJ be a symmetric rank-r probability
matrix and let λ‹ :“ min1ďjďr |λjpP q|. For centered Bernoulli noise, suppose Rmax ě CDtD,r
and λ‹ ě CD

a

tD,rRmax. Then, with probability at least 1 ´ n´D,

min
OPOprq

›

›ŨrO ´ U
›

›

2,8
ď CD

«

?
r

a

tD,r ΓpUq ` tD,r}U}2,8

λ‹

` p
?
r ` 1q}U}2,8

Rmax

λ2
‹

ff

.

Here ΓpUq :“ maxi
`
ř

j Pijp1 ´ Pijq}eJ
j U}2

˘1{2
.

Now we are in the position to prove Theorem 2.

Proof of Theorem 2. By Lemma K.1, }U}2,8 “ µ` and ΓpUq “ Γdc. As given in (2.1), Assump-
tion 2.1 suggests

τn “ λ‹ “ min
1ďjďr

|λjpP q| ě σminpBqs´. (K.2)

Since P is symmetric and entrywise nonnegative,

}P } ď dmax “ max
i

ÿ

j

Pij .

Moreover, pmax “ op1q implies

Ri “
ÿ

j

Pijp1 ´ Pijq — di uniformly in i, Rmax — dmax, oscpRq ď Rmax. (K.3)

For the centered Bernoulli entries and fixed D, we have Lra
D,r ≲ 1 and MD ≲D tD,r, and

therefore (recall RDpUq in (1.6))

RDpUq ≲D

a

tD,r Γdc ` tD,rµ`. (K.4)
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By (2.3), (K.2) and (K.3), the conditions in Proposition K.1 are satisfied.
Applying Proposition K.1 and using (K.2)–(K.4) yields

min
OPOprq

}ŨrO ´ U}2,8 ď C2,D ¨ εD,npτnq,

which proves (2.4).
It remains to prove exact recovery. Let O˚ attain the bound (2.4) and write

ûi :“ eJ
i ŨrO˚, ui :“ eJ

i U.

If (2.5) holds with cD sufficiently small, then every ûi is nonzero and
›

›

›

›

ûi
}ûi}

´
ui

}ui}

›

›

›

›

ď
2}ûi ´ ui}

}ui}
ď δD ă

?
2{4.

Thus two normalized empirical rows from the same community are at distance at most 2δD,
whereas rows from distinct communities are at distance at least

?
2 ´ 2δD.

We now verify the farthest-first step. Suppose the selected centers represent a proper sub-
set of the communities. Every point from a represented community lies within 2δD of one of
the selected centers, while every point from an unrepresented community has distance at least?
2 ´ 2δD ą 2δD from all selected centers. Hence the next farthest point belongs to an unrepre-

sented community. Induction shows that the r selected centers contain exactly one representative
from each community. The same distance comparison shows that nearest-center assignment is
exact. A common orthogonal transformation preserves row norms and Euclidean distances, so the
Procrustes alignment does not affect the algorithm.

Proof of Corollary 2. Under the assumptions of the corollary,

sa — naθ
2
0, s´ — d´, µ` — m´1{2

n , µ´ — N´1{2
n (K.5)

where the constants depend only on cθ and Cθ.
Because r is fixed, B is entrywise nonnegative, and its singular values are bounded above and

below, every row and column of B has total mass bounded above and below by positive constants.
Consequently,

dmax — Nnθ
2
0 “ κnd´. (K.6)

Also, pmax ≲ θ20 “ op1q, so Rmax — dmax.
We next evaluate the Γdc. If i belongs to community a, then Lemma K.1 gives

ÿ

j

Pijp1 ´ Pijq}eJ
j U}22 ď θi

r
ÿ

b“1

Bab

ř

j:gpjq“b θ
3
j

sb
≲ θ20

r
ÿ

b“1

Bab ≲ σmaxpBqθ20.

Thus
Γdc ≲ θ0

a

σmaxpBq. (K.7)

Since r is fixed, tD,r —D log n. By (K.5),

τn ě σminpBqs´ — σminpBqd´. (K.8)
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The condition (2.7) implies the two conditions in Theorem 2. Indeed, using σmaxpBq ě σminpBq,
κn ě 1, and the lower bound in (K.6),

dmax ≳ σminpBqκnd´ ≳D log n.

Using the upper bound in (K.6),
a

dmax log n ≲
a

σmaxpBqκnd´ logn ≲D σminpBqd´,

and (2.7) also gives logn ≲D σmaxpBqd´. Hence

τn ≳ σmaxpBqd´ ≳D

a

dmax log n.

Substituting (K.5), (K.6),(K.7), and (K.8) into (2.2) yields

εD,npτnq ≲D
θ0
a

σmaxpBq logn

σminpBqd´

`
log n

σminpBq
?
mn d´

`
σmaxpBqκn

σminpBq2
?
mn d´

≲D
1

?
Nn

«

a

σmaxpBq

σminpBq

d

κn log n

d´

`
1

σminpBq

?
κn log n

d´

`
σmaxpBq

σminpBq2

κ
3{2
n

d´

ff

.

By our assumption on d´, we have

1

σminpBq

?
κn log n

d´

≲

a

σmaxpBq

σminpBq

d

κn log n

d´

.

Then (2.8) follows from Theorem 2.
Finally, divide the last display by µ´ — N

´1{2
n . The two terms on the right-hand side of (2.8)

are made sufficiently small by (2.7). After increasing C1,D, we therefore have εD,npτnq ď cDµ´.
Exact recovery follows from Theorem 2.

K.2 Proofs for the GRDPG application

Throughout this section, the rank r “ p ` q is fixed, and all implicit constants may depend on D,
r, and the constants in Assumption 2.2, but not on n.

We first record the estimation of related parameters under Assumption 2.2. Recall dn “ nρn.

LEMMA K.2. Suppose Assumption 2.2 holds. Then P “ UΛUJ has rank r, with exactly p
positive and q negative nonzero eigenvalues. Denote λsig :“ min1ďaďr |λapP q|. Then

λsig — dn, }P } — dn, }U}2,8 ≲ n´1{2. (K.9)

The row-variance profile satisfies

Ri — dn for all i P rns, Rmax — dn, oscpRq ≲ dn. (K.10)

In addition,

ΓpUq2 :“ max
iPrns

n
ÿ

j“1

Pijp1 ´ Pijq}eJ
j U}22 ≲

dn
n
. (K.11)

Finally, the matrix Q0 in (2.10) may be chosen so that }Q0} ` }Q´1
0 } ≲ 1.
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Proof. For simplicity, set S :“ Y JY “ n∆n. Since ∆n is positive definite,

P “ pY S´1{2q
`

ρnS
1{2JS1{2

˘

pY S´1{2qJ,

and Y S´1{2 has orthonormal columns. Hence the nonzero eigenvalues of P are the eigenvalues
of

ρnS
1{2JS1{2 “ dn∆

1{2
n J∆1{2

n .

By Sylvester’s law of inertia, ∆1{2
n J∆

1{2
n , and therefore P , has exactly p positive and q nega-

tive eigenvalues. Moreover,

}∆1{2
n J∆1{2

n } ≲ 1, }p∆1{2
n J∆1{2

n q´1} “ }∆´1{2
n J∆´1{2

n } ≲ 1.

Since ∆
1{2
n J∆

1{2
n is symmetric, all its eigenvalues have magnitudes bounded above and below by

positive constants. This proves the first two relations in (K.9). For the last relation in (K.9), note
that if V P Oprq diagonalizes dn∆

1{2
n J∆

1{2
n , then U “ Y S´1{2V. Consequently,

}eJ
i U} ď }yi} ¨ }S´1{2} ≲ n´1{2.

Now we prove (K.10). The expected degree of vertex i is
řn
j“1 Pij “ dny

J
i Jȳn — dn. Since

0 ď Pij ď 1 ´ c,

c
n
ÿ

j“1

Pij ď Ri “

n
ÿ

j“1

Pijp1 ´ Pijq ď

n
ÿ

j“1

Pij .

It also gives (K.11): ΓpUq2 ď }U}22,8Rmax ≲ dn
n .

Finally, since X and
?
ρnY have full column rank and the same column space, there is an

invertible matrix Q0 such that
XQ0 “

?
ρnY.

Substituting this identity into XJXJ “ ρnY JY J and using the full column rank of X , we get
Q0JQ

J
0 “ J , or equivalently QJ

0 JQ0 “ J . Thus Q0 P Opp, qq. Furthermore,

QJ
0 |Λ|Q0 “ ρnY

JY “ dn∆n.

Both |Λ| and dn∆n have eigenvalues comparable to dn. This suggests that }Q0}`}Q´1
0 } ≲ 1.

We now prove the full-embedding Theorem 3. Let E :“ Ã´P. Recall RDpUq from (1.6). In
bounded-Bernoulli regime, we have, with probability at least 1 ´ n´D, that

}E} ≲D

a

dn, MD ≲D logn, RDpUq ≲D

c

dn logn

n
`

log n
?
n

. (K.12)

Here the last relation follows from (K.11) and }U}2,8 ≲ n´1{2.

Proof of Theorem 3. By Lemma K.2, every nonzero signal eigenvalue has magnitude comparable
to dn, whereas Rmax — dn. Hence, after choosing C1,D sufficiently large, the condition dn ě

C1,D logn verifies the signal strength condition in Proposition 1.2.
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We apply Proposition 1.2 separately to the complete positive signal block of P and to the
complete negative signal block through ´P . Combining the two orthogonal alignments yields

min
WPOppq‘Opqq

}X̃rW ´ X}2,8 ≲D
RDpUq

?
dn

` }U}2,8
Rmax ` oscpRq

d
3{2
n

`
}U}2,8

?
dn

ηfull,(K.13)

where ηfull :“ η` ` η´ with

η˘ :“ }UJ
˘EU˘} `

`

}Λ¯} ` }E}
˘

} sin∠pU˘, Ũ˘q}2.

By Davis-Kahan theorem,

} sin∠pU˘, Ũ˘q} ≲D
}E}

dn
≲D d´1{2

n .

Consequently,
ηfull ≲D }E} ` dn max

ςPt`,´u
} sin∠pUς , Ũςq}2 ≲D

a

dn.

Substituting this estimate together with (K.9) and (K.12) into (K.13) yields

min
WPOppq‘Opqq

}X̃rW ´ X}2,8 ≲D

c

log n

n
`

log n
?
ndn

`
1

?
n

`
1

?
ndn

≲D

c

log n

n
,

where we used dn ě C1,D logn to get the last inequality. This proves (2.11).
Moreover, by Weyl’s inequality, the r eigenvalues of Ã “ P ` E of largest magnitude are the

signal outliers, with p positive and q negative eigenvalues. Indeed, the r nonzero eigenvalues of P
have magnitudes of order dn, whereas }E} ≲D

?
dn.

It remains to pass from X to the latent positions Y . Let W P Oppq ‘ Opqq attaining (2.11),
and set Q :“ WQ0. Both W and Q0 preserve J , so Q P Opp, qq. By XQ0 “

?
ρn Y from (2.10),

X̃rQ ´
?
ρn Y “ pX̃rW ´ XqQ0.

Hence, by (2.11) and Lemma K.2,

}X̃rQ ´
?
ρn Y }2,8 ≲D

c

log n

n
.

Dividing by
?
ρn “

b

dn
n proves (2.12). The consistency statement follows immediately.

Finally, we provide the proof of Proposition 2.1.

Proof of Proposition 2.1. By Lemma K.2 and Weyl’s inequality, for ς P t`,´u and every a ď kς ,
we have λ̃ςa —

?
dn and thus,

τς :“
`

ÿ

aďkς

λ̃ςa
˘1{2

—
a

dn.

The assumptions dn ě C1,D log n and δn ě C1,D log n imply the signal strength and gap condi-
tions in the corresponding signed versions of Proposition 1.2.
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We directly apply Proposition 1.2 to the retained positive block of P and to the retained neg-
ative block through ´P , and combine the two blockwise alignments. Note that the deterministic
terms are precisely GBiask`,k´

defined in (2.13). Thus

min
WPOpk`q‘Opk´q

}X̃kW ´ Xk}2,8 ď GBiask`,k´
`CD

«

RDpUq
?
dn

`

c

dn
n

log n

ˆ

1

δ`,n
`

1

δ´,n

˙

`
1

?
ndn

`
ÿ

ςPt`,´u

}Uς,kς }2,8?
dn

ης

ff

, (K.14)

where, for each ς P t`,´u,

ης ≲D }UJ
ς,kςEUς,kς } ` dn

˜

Bςkς `

a

kς logn

δς,n
`

1
?
dn

¸2

. (K.15)

It remains to bound the bias quantities and the last term in (K.14).
We first note that if A and B have orthonormal columns and AJB “ 0, then

}AJRB} “ }AJpR ´ c0IqB} ď
1

2
oscpRq, c0 :“

Rmax ` Rmin

2
.

Hence, by (K.10), all variance-profile couplings appearing in Bςkς (defined in (1.4)) are Opdnq and
thus

Bςkς ≲
1

δς,n
`

1

dn
ď

1

δn
`

1

dn
. (K.16)

Since r is fixed and δς,n ě δn, (K.15) and (K.16) give

ης ≲D }UJ
ς,kςEUς,kς } ` dn

ˆ

log n

δn
`

1
?
dn

˙2

ď }E} ` dn

ˆ

logn

δn
`

1
?
dn

˙2

.

Here we used dn ≳D log n to absorb the d´1
n term. Moreover, using }E} ≲D

?
dn and }Uς,kς }2,8 ≲

n´1{2, we get

}Uς,kς }2,8?
dn

ης ≲D
1

?
n

`

c

dn
n

ˆ

log n

δn
`

1
?
dn

˙2

≲D

c

log n

n
`

c

dn
n

log n

δn
.

Indeed, the assumption δn ě C1,D logn implies log n{δn ≲D 1, while dn ≳D log n. Also, note
that 1

δ`,n
` 1

δ´,n
ď 2

δn
and, by (K.12),

RDpUq
?
dn

`
1

?
ndn

≲D

c

log n

n
.

Substituting these estimates into (K.14) proves (2.14).

We wrap up this section with a short derivation of (2.15).
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Proof of (2.15). Suppose δn ě cdn. Then (K.16) gives Bςkς ≲
1
dn
. Since λς,˚ — dn and }U}2,8 ≲

n´1{2, (2.13) yields

GBiask`,k´
≲

1
?
ndn

.

Moreover,
c

dn
n

log n

δn
≲

log n
?
ndn

≲D

c

log n

n
,

where the last inequality is from dn ≳D log n. Substituting these estimates into (2.14) proves
(2.15).
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2867, 2020.

126



[27] A. Bhardwaj and V. Vu. Matrix perturbation: Davis-Kahan in the infinity norm. In Pro-
ceedings of the 2024 Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), pages
880–934. SIAM, 2024.

[28] R. Bhatia. Matrix analysis, volume 169 of Graduate Texts in Mathematics. Springer-Verlag,
New York, 1997.

[29] B. Bhattacharya, A. Chakrabarty, and R. S. Hazra. Outlier eigenvalues and eigen-
vectors of generalized wigner matrices with finite-rank perturbations. arXiv preprint
arXiv:2601.10204, 2026.

[30] A. Bloemendal, A. Knowles, H.-T. Yau, and J. Yin. On the principal components of sample
covariance matrices. Probability Theory and Related Fields, 164(1-2):459–552, 2016.

[31] M. Brennan, G. Bresler, and W. Huleihel. Reducibility and computational lower bounds for
problems with planted sparse structure. In Conference On Learning Theory, pages 48–166.
PMLR, 2018.

[32] C. Butucea and Y. I. Ingster. Detection of a sparse submatrix of a high-dimensional noisy
matrix. Bernoulli, 19(5B):2652–2688, 2013.

[33] C. Butucea, Y. I. Ingster, and I. A. Suslina. Sharp variable selection of a sparse submatrix
in a high-dimensional noisy matrix. ESAIM: Probability and Statistics, 19:115–134, 2015.

[34] C. Cai, G. Li, Y. Chi, H. V. Poor, and Y. Chen. Subspace estimation from unbalanced and
incomplete data matrices: ℓ2,8 statistical guarantees. The Annals of Statistics, 49(2):944–
967, 2021.

[35] T. T. Cai, T. Liang, and A. Rakhlin. Computational and statistical boundaries for submatrix
localization in a large noisy matrix. The Annals of Statistics, 45(4):1403–1430, 2017.

[36] T. T. Cai and A. Zhang. Rate-optimal perturbation bounds for singular subspaces with
applications to high-dimensional statistics. The Annals of Statistics, 46(1):60–89, 2018.

[37] E. J. Candès and Y. Plan. Matrix completion with noise. Proceedings of the IEEE, 98:925–
936, 2010.

[38] E. J. Candès and B. Recht. Exact matrix completion via convex optimization. Found.
Comput. Math., 9(6):717–772, 2009.

[39] J. Cape, M. Tang, and C. E. Priebe. The two-to-infinity norm and singular subspace geom-
etry with applications to high-dimensional statistics. The Annals of Statistics, 47(5):2405–
2439, 2019.

[40] M. Capitaine. Limiting eigenvectors of outliers for Spiked Information-Plus-Noise type
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and the theorem of Rouché. Mathematics of the USSR-Sbornik, 13(4):603–625, 1971.

128



[58] T. F. Gonzalez. Clustering to minimize the maximum intercluster distance. Theoretical
Computer Science, 38:293–306, 1985.

[59] A. Guionnet, J. Ko, F. Krzakala, and L. Zdeborová. Low-rank matrix estimation with
inhomogeneous noise. Information and Inference: A Journal of the IMA, 14(2):iaaf010,
2025.

[60] L. Gulikers, M. Lelarge, and L. Massoulié. A spectral method for community detection in
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